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Abstrakt

V tejto praci sa zaoberame matematickymi zédkladmi navrhu programova-
cieho jazyka a jeho formdlneho systému. Pri nasom pristupe programy su
vlastnosti totdlnych funkcii nad oborom prirodzenych ¢isel spfﬁajﬁce isté
vstupné podmienky. To ndm umoznuje analyzu nekonciacich sa programov
v ramci formalizmu totalnych funkcii. Datové struktiry aritmetizujeme do
prirodzenych &isel pomocou péarovacej funkcie. Specifikaéno-verifikacny sys-
tém je klasicka prvoradova formalizdcia aritmetiky, ktord sa vola Peanova
aritmetika. Nas hlavny prinos spoc¢iva v ndvrhu programovacieho jazyka s tak-
mer neohrani¢enou rekurziou a s flexibilnou syntaxou programatorskych kon-
Strukcii, ktorym je expresivny jazyk podmienkovych vyrazov. NavySe tento
jazyk je plne sformalizovany v Peanovej aritmetike. Cast tychto idey uz bola
implementovana v programovacom jazyku CL vratane interaktivneho doka-
zovacieho systému.

Klicové slova: Deklarativne programovanie, Rekurzivne funkcie, Speci-
fikacia a verifikdcia programov, Peanova aritmetika.
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Abstract

In this work we are concerned with the problem of mathematical explica-
tion of a programming language and its formal system. In our approach pro-
grams are properties of total functions over natural numbers satisfying certain
preconditions. This allows analysis of non-terminating programs within the
framework of total functions. Data structures are arithmetized into natural
numbers with the help of a pairing function. The specification-verification
system is based on the classical first order formalization of arithmetic known
as Peano Arithmetic. Our main contribution lies in the design of the pro-
gramming language with almost unrestricted recursion and with extensible
syntax of programming construct (expressive language of conditionals). More-
over, the language is completely formalized within Peano Arithmetic. Some
of these ideas have already been implemented in the declarative programming
language and proof assistant CL.

Keywords: Declarative Programming, Recursive Functions, Specification
and Verification of Programs, Peano Arithmetic.






Preface

Goals. The main objective of this work is to give a mathematical explication
of a programming language together with its formal system. We are looking
for a solution in the paradigm of declarative programming which combines
simple semantics with expressive power of programming constructs.

Current state of the area. Declarative programming is a modern trend of
programming because programs, being definitions (properties) of mathemati-
cal objects can be rigorously analysed. This aspect allows formal specification
of programs as well as formal verification of their properties. This is a very
active field of research as demonstrated by at least a dozen projects listed
below. Some of them come with an integrated proof assistant.

Current specification-verification languages widely differ in the strength
of the theory they used. We mention here just some of them. The languages
VbMm [18, 9] and RAISE [14] are based on a first order logic with partial
functions. The Z specification language [48] is based on a typed first order
set theory. Algebraic specification languages are OBJ [10, 11] and LARCH [15].
Higher order logic is used by many systems such as Pvs [8, 35, 36], EHDM
[32], IsABELLE [37, 33]. and HoL [12]. Some systems like CoqQ [17, 3] and
NUPRL [7, 1] are based on intuitionistic higher order logics.

In our research we have been influenced also by the systems NQTHM [4]
and AcL2 [20, 19, 13]. The system NQTHM is a theorem prover developed by
R.S. Boyer and J.S. Moore in 1970’s. Its logic is a first order quantifier-free
theory of S-expressions as known from Lisp. The logic permits the user to
axiomatize inductively constructed data types and recursively define (total)
functions. The logic provides also well-founded induction on the ordinals up to
€0 and the witnessed constraint of new function symbols giving the logic some
of the features of a high-order logic. A Computational Logic for Applicative
Common Lisp (AcL2) is a direct descendant of NQTHMintended for large
scale verification projects. While the logic of NQTHM is based on pure LisP,
the logic of ACL2 is based on the applicative subset of COMMON Lisp. The
system is written in the logic it supports.

vii



viii Preface

Proposed solutions. Our approach is based on the thesis of Church assert-
ing that the class of effectively computable functions over natural numbers
coincides with general recursive functions as defined by Herbrand-Godel. We
use Herbrand-Gédel-like recursive equations because they offer the program-
ming comfort with almost unrestricted kinds of recursion and the computa-
tion of recursive equations by reductions permits a fine degree of control over
the length of reduction sequences. We interpret the recursive equations into
natural numbers because the concept of natural numbers is well understood
even by beginners and the theory of recursive functions and arithmetic offers
a firm natural semantic background.

A possible objection by computer scientists that the domain of natural
numbers means unpleasant coding (arithmetization) of the rich set of data
structures as used in computer programming is answered by coding into nat-
ural numbers in the style of LisP with a pairing function (instead of cons).
We obtain a degree of comfort as it is known from declarative programming
languages. The examples given in the last two chapters, where we deal with
programs operating over lists, binary trees and symbolic expressions, should
convince the reader.

The computational model is based on reduction of terms. Programs are
properties of (total) functions over natural numbers. Each program has as-
signed certain precondition describing which elements can be used as its
inputs. Regularity conditions for a program guarantee that computation ter-
minates correctly for every input satisfying its precondition, for other in-
puts computation might return wrong answer or even diverges. This con-
ception of programs being properties with preconditions allows analysis of
non-terminating programs within the framework of total functions.

For efficient computation one needs strong schemes of recursion and case
analysis. Our strongest definitional schemes are regular recursive definitions
into well-founded relations. The language of expressions is extended with
a powerful generalization of (non-extensible) case constructs and pattern
matching known from declarative programming languages. These new con-
structs, called case discrimination terms in this text, have flexible syntax
which legality must be certified by a formal proof. Each case discrimination
term has assigned certain precondition prescribing for which inputs the case
analysis must be pairwise-disjoint and exhaustive.

This should be contrasted with the discipline of Total Functional Pro-
gramming discussed in [51, 52]. In order to avoid the problems with partial
functions, Turner proposed a language with limited expressivity of some pro-
gramming constructs (notably recursion and case analysis) to exclude non-
terminating programs. A similar approach to ours has been used in [56] to
tackle the problem of non-termination but there are some significant differ-
ences between both methods. The idea of extensible syntax of case constructs
is not new: in [56, 30] they consider approach which expressivity is similar
to ours. We think however that our proposed solution has certain advan-
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tages because our case constructs are just ordinary expressions with simple
semantics. This approach has been already studied by the author in [28].

We are interested not only in a programming language but also in ver-
ification of its programs. By restricting ourselves to the domain of natural
numbers we can use the first order formalization of arithmetic called Peano
Arithmetic as our specification-verification system. This is probably the most
simple formal theory suitable for the theory of programming languages. But
we still have to introduce the derived concepts as used in programming, data
structures or recursive programs, for instance. This is done by showing that
these new concepts can be introduced and then prove their properties in some
of definitional extensions of Peano Arithmetic.

Contributions. In the part dealing with recursive bootstrapping of Peano
Arithmetic we have contributed the following:

e A quick and easy introduction of coding into Peano Arithmetic (Chap. 2).
We use a modified version of Cantor pairing function to develop the coding
of tuples and finite sequences. The pairing function is then used in recursive
bootstrapping of Peano Arithmetic in the next chapter.

e A novel proof that Peano Arithmetic admits definitions by nested simple
recursion (Sect. 3.5). We have already investigated the scheme in [25] but
we hope that this new presentation, which is supplied with a detailed
formal proof for the first time, is much simpler and easier to follow.

e Showing that Peano Arithmetic admits definitions by powerful recursive
schemes such as recursion with measure (Sect. 4.2), well-founded recursion
(Sect. 4.3) and regular recursion (Sect. 4.4). The first two schemes are
reduced to nested simple recursion by the technique already developed
in [25, 54]. Dropping the syntactic restrictions imposed on well-founded
recursion leads to regular recursive definitions. This is our most general
scheme of recursion formalized within Peano Arithmetic.

e By allowing programs to be properties obeying certain input conditions
we may have non-terminating algorithms but they can be analysed fully
within the framework of Peano Arithmetic (Sect. 4.5).

In the part dealing with theory of programming our main contribution is in
the choice of a simple semantics of a programming language and in the design
of its formal system. This is discussed in Chap. 5. More specifically, we have
contributed the following:

e Design of a programming language with extensible syntax of programming
constructs (Sect. 5.2). We add to the language of Peano Arithmetic case
discrimination terms, which are powerful generalizations of case constructs
known from declarative programming languages. These new constructs
have flexible syntax which legality must be certified by a formal proof in
Peano Arithmetic.

e Design of a programming language with almost unrestricted recursion
(Sect. 5.2). We will show that Peano Arithmetic admits a very flexible



X Preface

kind of extensions by regular recursive definitions in which user-defined
conditionals can be used. This is our most expressive scheme of recur-
sive definitions formalized within PA. Clausal form of such definitions is
discussed in Sect. 5.4.

e Arithmetization of common data structures needed in the computer pro-
gramming with the level of comfort comparable to that in the declarative
programming languages. Formalization of structural recursion/induction
as shown in Chaps. 6 and 7, where we use these constructs to define func-
tions operating over lists, binary trees and symbolic expressions.

e The use of Peano Arithmetic as a single framework for the design of a
programming language and its specification-verification system.

Finally, we mention here also two of our contributions which did not come
into this text. Nevertheless, they play important part either in the part where
we borrow from mathematical logic or in the part where we are concerned
with the design of the logical framework for verification of programs:

e In [28] we gave a simple finitary proof of conservativity of Skolem axioms.
(see Thm. 1.3.11). The proof is based on the ideas developed in [22, 23].

e In [26] we have proved the admissibility of so-called predicate induction
rules, which are very expressive schemes of induction derived from recur-
sive definitions of predicates. Boyer and Moore [4] were the first to use
such rules, and similar rules are used in HoL [31, 12]

Many of the forementioned contributions are joint results of the scientific
collaboration of the author and his colleague Pavol Voda.

Implementations. We have already achieved some practical results in the
application of our theoretical investigation in the area of computer program-
ming. We have provided our own design and implementation of the declar-
ative programming language CL (Clausal Language) [42, 24]. It comes with
its own theorem prover which enables to formalize and prove properties of
programs in Peano Arithmetic. The system was designed and implemented in
1997-2003. The authors are J. Kluka (interface), J. Komara (proof system)
and P.J. Voda (processor).

We use the programming and verification system CL in the following
courses of undergraduate/graduate study at our university:

e Declarative Programming, where we teach the introduction into declarative
programming within the formalism of primitive recursive functions.

e Theory of Declarative Programming, where we teach theory of declarative
programming languages within the framework of the classical recursion
theory (primitive, general and partial recursive functions).

e Specification and Verification of Programs, where we teach the introduc-
tion into first order arithmetic and where we use Peano Arithmetic as a
specification, implementation and verification framework.

o Computability Theory, where we teach the classical theory of computability
based on Turing machines.



Preface xi

Our experience shows that the undergraduate students have no problems
defining functions in Peano arithmetic and have little problems doing formal
proofs of their properties. This is primarily because they have a good intuition
about the domain of natural numbers.

The interested reader will find in our homepage the executable file of an
implementation of the system as well as the lecture notes for the courses we
teach with the system (see [42, 28, 27]).

Acknowledgements. The author would like to thank his colleague Pavol
Voda for his enormous contribution to this text. We have worked jointly over
many years and the clausal language was designed and implemented as our
common project in the form of the system CL. The author would also like
to thank Jén Sefranek for his support during the last years.
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Prerequisites and Notation

The only prerequisite is a knowledge of naive set theory and familiarity with
basic logic notation. Important facts from the mathematical logic which are
assumed to be known will be introduced in the next chapter.

Logical notation. We will use the symbol = as the syntactical identity over
syntactical objects such as terms and formulas. Also we will use = as the
syntactical identity over finite sequences of such objects.

Terms are formed from variables and constants by applications of function
symbols in the usual way. Closed terms do not have free variables. We use
lower Greek letters 7, p, 0 as syntactic variables ranging over terms.

We will write 7 in contexts like f(Z), where f is an n-ary function

symbol, as an abbreviation for a sequence of n variables x1,...,x,, i.e.
we have f(Z)= f(x1,...,2,). Generally, f(7) will be an abbreviation for
f(r1,...,7n), where 7 is the sequence 71,...,7, of terms. We will also write

fg(7) instead of f(g(7)).
When we write 7[f;Z] we indicate that the term 7 may apply the n-ary

function symbol f and variables from among the m-variables Z. For an n-
ary function symbol g and for an m-tuple of terms g we write 7[g; 5] for
the term obtained from the term 7 by the substitution of terms g for the
corresponding variables of Z as well as by the replacement of all applications
£(6) by applications g(6).

An atomic formula is either a predicate application or an identity 7 = p.
Formulas are formed from atomic formulas and propositional constants by
applications of propositional connectives and quantifiers in the usual way:

T (true) © A1) (conjunction) ¢ < 1 (equivalence)
1 (falsehood) ¢ v (disjunction)  Vay (universal quantifier)
- (negation) ¢ — 1 (implication) Iz (existential quantifier).

Closed formulas (i.e. sentences) do not have free variables. We will use lower
Greek letters ¢, as syntactic variables ranging over formulas.
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In order to improve readability of formulas, we let all binary propositional
connectives group to the right. We assign the highest precedence to the quan-
tifiers and the negation. Next lower precedence has the conjunction and then
the disjunction. The connectives of implication and equivalence have the low-
est precedence. For instance, the formula ¢ — w2 <> =3 v Iz, v @5 should
be read as g1 — (92 < (s v ((Bae1) v 95))).

By 7+ p we designate the formula -7 =p. We generalize some of the
propositional connectives to for finite sequences. The generalized conjunc-
tion AL ; stands for o1 A=~ A, if n>1 and for T if n = 0. We define the
generalized disjunction VI ; similarly. By VZy and 3Z¢ we designate the
formulas Vzi...Vz,¢ and Jz;...3z,p, respectively. By Yy we denote the
universal closure of the formula ¢.

Similar conventions as those for terms will be adopted also for formulas.
Ounly substitution requires a brief explanation. Whenever we write ¢[7] it
is assumed that the bound variables of the formula ¢[Z] are first renamed
so that they do not appear in the terms 7. Recall that a formula does not
change its meaning if one of its bound variables is changed to another.

Natural numbers. If we do not state explicitly n-ary functions and predi-
cates are over the domain of natural numbers

N=1{0,1,2,3,4,5,...}.

We implicitly assume that we have n > 1; this means that our functions
and predicates have always non-zero arity. Furthermore, n-ary functions are
always total, i.e. with the domain being the whole Cartesian product N".
Natural numbers are closed under the operations of addition = + y and
multiplication z x y (written zy for short) but not under subtraction x —y
and division £. For instance, we have 3-5=-2<0 and 1< % < 2.
Instead of subtraction we will use modified subtraction x =y which is over

natural numbers and it is defined by

z-y ifx>y,
rTry= .
0 otherwise.

The modified subtraction has the following basic properties:
y<x—oz=y+(x=y) r<y—->x+y=0.

Note that we then have 53 =2 and 3+5=0.

Instead of division we will use euclidean division. Recall that for every
natural numbers x and y # 0 there exist unique natural numbers g and r <y
such that = = qy + r holds. The numbers ¢ and r are called respectively the
quotient and the remainder of the euclidean division of = by y. We denote
by x +y the binary integer division function and by z mody the binary
remainder function yielding respectively the quotient and remainder of the
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euclidean division of the number = by y. The functions are defined to satisfy:

qg if y+#0 and z = qy +r for some 7 < y,
T+y= i
0 otherwise.

r if y+0and z = qy+r for some ¢ such that r <y,

zmody =
4 {O otherwise.

The functions have the following basic properties:

z+0=2rmod0=0
y+0—->xz=(r+y)y+zmodyAzrmody<y.

For instance, we have 5+3 =1 and 5 mod 3 = 2.
The binary exponentiation function z¥ has a following recursive definition:

20=1

2V = Y.

Note that we have ¥ =0 <>z =0Ay#0and 2y =1<2x=1vy=0.
For an n-ary predicate R, we denote by R, its characteristic function which
is an n-ary function such that

R.(i) = {1 R,

0 if not R(Z).
Note that the value 1 means truth while the value 0 means falsehood. We
designate by x =, y, = <, y and x <, y the characteristic functions of the binary
predicates x =y, x <y and x < y, respectively. We adopt the same convention
also for other binary predicates written in infix notation.

References and meta-logical notation. Chapters are divided into sec-
tions and these into consecutively numbered paragraphs such as definitions,
theorems and remarks. Thus 5.3.4 is the 4th paragraph of the 3rd section of
the 5th chapter. When a reference is made to a numbered equation within
the same paragraph, both chapter and section numbers are omitted.

The word “iff” abbreviates “if and only if”; “s.t.” abbreviates “such that”;
“IH” abbreviates “induction hypothesis” and “IHs” is the plural form of
“IH”. The symbol = denotes the word “implies”, while the symbol < means
“implies and is implied by”. Finally note that the conclusion of a proof is
usually indicated by the symbol O.






Chapter 1
Natural Numbers

We begin by introducing the paradigm of declarative programming and give
some arguments over programming over natural numbers within the frame-
work of (total) functions (Sect. 1.1). To make this text self-contained we have
included three sections where we survey some basic facts from recursion the-
ory and mathematical logic. In Sect. 1.2 we give a brief overview of primitive
and p-recursive functions. The subsequent two sections discuss first order
theories in general (Sect. 1.3) and Peano Arithmetic in detail (Sect. 1.4).

1.1 Declarative Programming

1.1.1 Introduction. The style of programming where programs modify
memory by obeying sequences of commands is called imperative program-
ming. The term declarative programming is used for the style of programming
where programs are definitions (properties) of mathematical objects such as
functions or predicates. To illustrate this paradigm we give here a few typi-
cal algorithms written declaratively. At the end of this section we give some
arguments in favour of declarative programming over natural numbers.

1.1.2 Euclidean algorithm. The greatest common divisor of two numbers
x and y, where at least one is non-zero, is the largest number that divides
them both; we designate it by ged(z,y). The function ged is uniquely deter-
mined by the following specification:

gcd(0,0) =0
x+0vy#0->ged(x,y)|zAged(z,y) |y
(x+0vy+0)Aaz|xzAaz|y—> z<ged(x,y).

Here, the z |y is the binary divisibility predicate holding if the number x
divides the number y, i.e. if we have y = xz for some number z.
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An efficient algorithm for computing the greatest common divisor was
described by the ancient mathematician Euclid which relies on the following
property of divisibility:

x>yAz|ly—=>z|lzeoz|lzsy

This means that the greatest common divisor does not change if the smaller
number is subtracted from the larger. Thus ged(z,y) is ged(z = y,y) if z >y
and ged(z,y ~x) if x < y.

The algorithm of Euclid can be expressed by the following declarative
program which is also a recursive definition of the greatest divisor function:

ged(z,y) =if x #0Ay #0 then

case
x>y =ged(z = y,y)
rT=y=>zx
x<y=ged(z,y = x)

end

else
max(z,y).

Here, the max(z,y) is the maximum of the numbers x and y. The definition
is legal because the arguments of both recursive applications go down in the
measure max(x,y) as we have

x+0Ay+0Az >y > max(z+y,y) < max(z,y)

x+0Ay£0Az<y—>max(z,y=x)<max(z,y).

The properties are called the conditions of reqularity of the definition. They
guarantee that the functional equation has a unique solution.

The expression on the right side of the definition applies two conditionals.
The first one is an ordinary test on whether or not x # 0 A y # 0. The second
conditional is trichotomy discrimination on the numbers x,y by examining
which one of the following properties x <y, £ =y and = >y holds.

We can use the defining equation as a computation rule from left to right
to evaluate applications of the greatest divisor function. For instance, the
following is the reduction sequence for evaluation of ged(21,12):

ged(21,12) = ged(9,12) = ged(9, 3) = ged(6,3) = ged(3,3) = 3.

Regularity conditions guarantee that computation of gcd using the defining
identity always terminates.

1.1.3 Euclidean algorithm revisited. The program for the greatest di-
visor function described in the previous paragraph is less optimal than it
should be due to repeated test x # 0 A y # 0 in each recursive call. We obtain
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a better one by computing the greatest divisor using the following identity
as reduction rule:
ged(zx,y) = case
x>y =ged(z = y,y)
r=y=z
x <y = ged(z,y+x)
end.

The program works correctly for those inputs that satisfy the following prop-
erty: x #0 Ay # 0. This is called the precondition of the program. Note that
if we write the above program together with its precondition

x+0Ay+0 - ged(x,y) = case
x>y =ged(z = y,y)
T=y=>2x
x<y=ged(z,y = x)
end

)

we obtain an assertion in the form of conditional identity which is also the
property of the greatest divisor function.

The following properties are called the (extended) conditions of regularity
of the program:

2+0Ay+0Ax >y > max(z+y,y) <max(xz,y) Ax=y+0Ay+0
2+0Ay#0Ax <y —>max(z,y+x) <max(z,y)Az+0Ay=z+0.

These conditions guarantee that computation of the greatest divisor function
for inputs z,y satisfying the input condition always terminates yielding the
correct result ged(z,y). Note that we require not only that recursion goes
down in the measure max(xz,y) but also that the arguments of recursive
applications satisfy the precondition of the program.

For inputs violating the precondition of the program computation might
not terminate as it shown in the following reduction sequence:

ged(1,0) = ged(1+0,0) = ged(1,0) = ---.

This means that if we allow unrestricted recursion in programs we would have
to deal with partial functions. By insisting that inputs should satisfy precon-
ditions of programs we remain within the framework of (total) functions.

1.1.4 Fibonacci numbers. The function fib(n) yielding the n-th element
of the sequence of Fibonacci satisfies the following recurrences:

fib(0) = 0
fib(1) =1
fib(n +2) =fib(n + 1) +fib(n).
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This is an example of course of values recursive definition, where the argu-
ments of recursive applications decrease in the relation <: we have n+1 < n+2
for the first recursive application and n < n + 2 for the second.

We can use the recurrences directly for computation. For instance:

fib(4) = fib(3) + fib(2) = (fib(2) + fib(1)) + fib(2) =
- ((ﬁb(l) +£ib(0)) + ﬁb(l)) +fib(2) = ((1 +fib(0)) + ﬁb(l)) +fib(2) =
= ((1+0) +fib(1)) +fib(2) = (1 +fib(1)) + fib(2) = (1 + 1) + fib(2) =

=2+1ib(2) = 2+ (fib(1) + fib(0)) = 2+ (1 + fib(0)) =
=2+(1+0)=2+1=3.

The only problem is that the computation sequence is too long. In order to
compute the number fib(n) one needs to use the defining recurrences approx-
imately fib(n) times. The Fibonacci function grows as fast as the exponential
function and to compute the function in this way is simply too wasteful.

We give here more satisfactory implementation of the Fibonacci function
by an imperative program. The following PascaL-like program computes
fib(n + 1) into the variable a:

a:=1; b:=0;
while n+ 0 do
n:i=n-1;c:=a;a:=a+b; b:=c

The reader will note that the while-loop is executed only n times. This ex-
ample is usually given as the ‘standard argument’ against declarative pro-
gramming where the recursive version is clearly inferior to the imperative.

The argument is fallacious as one should define an auxiliary ternary func-
tion g(n,a,b) with two accumulators a and b by primitive recursion:

9(0,a,b) =a
g(n+1,a,b) =g(n,a+b,a)

and then we take the following identity as an alternate program for fib(n):

fib(0) =0
fib(n+1) =g(n,1,0). (1)

The number of recursions of g(n,a,b) is exactly the same as the number of
iterations of the loop of the imperative program. Moreover, a good compiler
can remove the so-called tail recursion in the definition of f and compile it
similarly as the while-loop in the above PASCAL-like program.

It remains to show that the identity (1) is true. For that we need the
following property of the auxiliary function g:

Vk g(n,fib(k +1),fib(k)) = fib(n + 1 + k) (2)
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which is proved by induction on n. In the base case take any k and we have
9(0,fib(k +1),fib(k)) = fib(k+ 1) = fib(0 + 1 + k).

In the induction step take any k and we have

g(n+1,fib(k +1),fib(k)) = g(n, fib(k + 1) + fib(k), fib(k + 1)) =
= g(n,fib(k +2),fib(k + 1)) = g(n, fib(k + 1 + 1), fib(k + 1)) =

=fib(n+1+k+1)=fib(n+1+1+k).

We are now ready to prove (1):

fib(n +1) =fib(n+1+0) 2 g(n, fib(0+ 1), fib(0)) =
= g(n,ﬁb(l),ﬁb(O)) =g(n,1,0).

1.1.5 Arithmetization of word domains. In the examples discussed so
far the domain of values over which the functions were operated was the
domain of natural numbers. But what about complex data structures used in
computer programming? Is not the restriction to natural numbers unrealistic
one? The answer lies in the coding of data structures into the domain of
natural numbers. The process of going from operations over certain domain
to the operations over the codes of elements of the domain in N is called the
arithmetization of the domain. In this paragraph we illustrate the problem
of arithmetization for word domains.

Consider the two-elements alphabet X' = {1,2}. We can code words over
27 with the help of dyadic successors functions explicitly defined by:

r1=2zx+1
xr2 =2+ 2.

It is not difficult to see that every natural number has a unique representa-
tion as a dyadic numeral which are terms built up from the constant 0 by
applications of dyadic successors. This is called dyadic representation of nat-
ural numbers. Consider, for instance, the first eight words from the sequence
of words over the alphabet X which is ordered first on the length and then
within the same length lexicographically:

2,1,2,11,12,21,22,111.

The corresponding dyadic numerals are shown in Fig. 1.1. Arithmetization is
so straightforward that, from now on, we will usually identify dyadic words
with their code numbers.

The dyadic size function |z|; yields the number of dyadic successors in the
dyadic numeral denoting the number x. The function is the arithmetization
of the word-size function taking a word over X and yielding its length. The
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0=0

01=2x0+1=1x2"=1

02=2x0+2=2x2"=2
011=2x(2x0+1)+1=1x2"+1x20=3
012=2x(2x0+1)+2=1x2'+2x20 =4
021=2x(2x0+2)+1=2x2"+1x20=5
022=2x(2x0+2)+2=2x2'+2x20=6
0111 =2x (2x (2x0+1)+1) +1=1x22 +1x2" +1x2° =7,

Fig. 1.1 Dyadic representation of natural numbers

function is defined by

|O|d =0
|z1]y = ||y + 1
|z2]y = |2z|y + 1.

This is a correct definition because recursion decreases the argument since
we clearly have x < x1 and = < z2.

The binary function z * y, called dyadic concatenation, yields a number
whose dyadic representation is obtained from dyadic representations of x and
y by appending the digits of y after the digits of . The dyadic concatenation
function x xy is the arithmetization of the word function concatenating words
over the alphabet Y. The function is defined by

r*x0=z (1)
zxy1=(z*y) (2)
xxy2=(x*y)2. (3)

We can use the identities for computations. For instance, we have

@ (021 012)1 © (021 x 01)21 @ (021 0)121 Y 021121.

021 x 0121
Note that during the computation there is no need to convert the values into
other, say decimal, notation.

The connection between dyadic concatenation and dyadic size is captured
by the following property:

xxy=a2Va 4y,

This is proved by complete induction on y. So take any y and consider three
cases. If y =0 then we have
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rx0=x=22"+0=x2% 4+0.
If y = z1 for some z then z <y and thus
Txz1=(x*2)1 2 (2170 + 2)1 = 22Fla*t 4 21 = gol#tla 4 21,
The case when y is z2 for z is proved similarly.

1.1.6 Arguments in favour of declarative programming over natural
numbers. To understand the meaning of an imperative program requires to
understand its effect on an entire memory which can be changed during the
execution of the program. This impose a great difficulty in reasoning about
the correctness of such programs. The main advantage of the imperative
programming languages over the declarative ones is efficiency — imperative
programs can usually run some times faster as their declarative counterparts.

On the other hand, if we care about the correctness of our programs then
the proofs are much easier for declarative programs. For instance, proving
that the declarative program from Par. 1.1.2 implements the greatest common
divisor can be done within the elementary arithmetic.

In the above examples the domain of values over which the functions oper-
ated was the domain natural numbers. Computer programming, in addition
to the standard numerical types, involves a large number of data structures
such as n-tuples, multidimensional arrays (vectors and matrices), lists, stacks,
tables, trees, graphs, etc. How do we propose to deal with such a bewildering
variety in the seemingly restricted setting of functions over natural numbers?
As we have shown already in Par. 1.1.5, the answer lies in the coding of data
structures into the domain of natural numbers.

A possible objection that the domain N means unpleasant coding of the
rich set of data structures used in computer programming is answered by
coding into N in the style of Lisp with a pairing function (instead of cons).
We obtain a degree of comfort as it is known from declarative programming
languages. The examples in Chaps. 6-7 should convince the reader.

Many modern functional programming languages allowed arbitrary forms
of recursive programs. With unrestricted recursion the best we can do is to
compute partial functions. To overcome this obstacle, we propose that pro-
grams are properties of (total) functions satisfying certain input conditions.
We do not insist that programs have to be definitions.

Each program P is a property of some function f which can be used as a
computational rule to calculate this function. The program P has assigned
a precondition describing which elements can be used as inputs. Regularity
conditions for the program P guarantee that computation terminates for
every input Z which satisfies its precondition yielding the correct value f(Z).
for other inputs computation might return wrong answer or even diverge.
This will be proved in Sect. 4.5.
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1.2 Recursive Functions

1.2.1 Introduction. In this section we review some basic facts about two
(sub-)classes of effectively computable functions: primitive recursive (p.r.)
functions and p-recursive functions (see also [21, 41, 43, 54]). The section
contains only basic development. We will show, for instance, that many well-
known arithmetic functions and predicates are primitive recursive. We will
also show some simple closure properties of both classes (closure under ex-
plicit definitions or bounded minimalization). Further investigation is the
object of study of the next chapters.

1.2.2 Basic primitive recursive functions. The zero function Z is such
that Z(x) = 0; the successor function S satisfies the equation S(z) =z + 1.
For every n > 1 and 1 < i < n, the n-ary identity function I yields its i-th
argument, i.e. we have

IM (21, ..., 2n) = 25
We usually write I instead of I; and we have I(z) = =.

1.2.3 Composition. Forevery m > 1 and n > 1, the operator of composition
takes an m-ary function h and m n-ary functions gi,...,¢n and yields an
n-ary function f satisfying:

f(@) = 1(g1(2), -, gm (%))

1.2.4 Primitive recursion. For every n > 1, the operator of primitive re-
cursion takes an n-ary function g and an (n+2)-ary function h and yields an
(n+1)-ary function f such that

£(0,9) = 9(9)
f($+ lvg) = h(x,f(a:,yj),yj)

The first argument is the recursive argument whereas the remaining argu-
ments are parameters. Note that the definition has at least one parameter.

1.2.5 Primitive recursive functions. A sequence of functions fi,..., fx
is called a primitive recursive derivation of a function f if
(i) f =Tk

(ii) for every i such that 1 < <k, the function f; is either one of the basic
primitive recursive functions or is obtained from some of the previous
functions fi,..., fi-1 by composition or primitive recursion.

A function is primitive recursive if it has a primitive recursive derivation. A
predicate is primitive recursive if its characteristic function is.
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A class of functions is primitively recursively closed if it contains all basic
primitive recursive functions and it is closed under composition and primitive
recursion. It is easy to see that the class of primitive recursive functions is
the smallest primitively recursively closed class of functions. Note that the
properties of the class of primitive recursive functions discussed in the next
paragraphs depend only on the fact that the class is primitively recursively
closed. We will use this observation in Thm. 1.2.33.

1.2.6 Constant functions are primitive recursive. We first show, by
induction on m, that every unary constant function C,,(x) = m is primitive
recursive. In the base case we have Cy = Z is one of the basic p.r. functions.
In the induction step we assume that C,, is primitive recursive by ITH and
define C),+1 as primitive recursive by unary composition:

Om+1 ({E) = SCm(I)

The n-ary constant function C" (Z) = m is obtained as primitive recursive by
the following composition:

Cr(x1y...,2n) = Cp I (21, ...y p).
1.2.7 Explicit definitions of functions. Every explicit definition

fl@y,.. o zn) =7[T1, ..., 2]

can be viewed as a function operator which takes all functions applied in
the term 7 and returns as a result the function f satisfying the identity. We
suppose here that the term 7 does not apply the symbol f and that all its
free variables are among the indicated ones.

1.2.8 Theorem Primitive recursive functions are closed under explicit def-
initions of functions.

Proof. By induction on the structure of terms 7 we prove that primitive
recursive functions are closed under explicit definitions of n-ary functions:

7(@) = 7l

If 7 = x; then the function f is the n-ary identity function I;* which is one
of the basic primitive recursive functions.

If 7 = m then the function f is the n-ary constant function C}}, which is
primitive recursive by Par. 1.2.6.

If 7= h(p1,. .., pm), where h is an m-ary primitive recursive function, then
the n-ary functions g1, ..., gm, defined explicitly by

91(Z) = p1[7] v gm(3) = pm[T]
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are primitive recursive by IH. The function f is obtained as primitive recursive
by the following composition

f(@) = (91 (2), -, gm (%)) o

1.2.9 Primitive recursive definitions. Let 71[9,Z] and 72(¥,x,a,Z] be
terms containing at most the indicated variables free and neither of them
applies the function symbol f. Then the functional equations

f(ga 07 5) =T1 [gv 2]
f(gax + 172) = Tz[g],x,f(g],x,f),i]
has a unique solution f. The definition is called primitive recursive definition
of f. The definition can be viewed as a function operator which takes all
functions applied in the terms 7 and 72 and yields the function f as a result.

Note that we do not exclude the case when the parameters 3 or Z or both are
empty. Also the variable a does not have to occur freely in the term 5.

Ezxample. Note that the operator of iteration of unary function is a special
case of primitive recursive definitions. The operator takes a unary function f
and yields a binary function f"(z) satisfying:
fx)=u
@) = £ ().
The function f™(z) is called the iteration of f. As a simple corollary of the

next theorem we obtain that primitive recursive functions are closed also
under iteration of unary functions.

1.2.10 Theorem Primitive recursive functions are closed under primitive
recursive definitions.

Proof. Let f be defined by the primitive recursive definition as in Par. 1.2.9
from p.r. functions. First we define explicitly two auxiliary functions

g(wvgaz) =T1 [gaz]
h(w,mw,ﬂ,%) = TQ[@,(E,CL,?],

which are primitive recursive by Thm. 1.2.8. Next we define a p.r. function
f1 by primitive recursion (note that we have at least one parameter!):

fl(ovwvyvg) :g(wvgaz)
f1(:1:+1,w,y,5) = h(I,fl(x,w,ﬂ,f),w,ﬂ,E)-

We derive f as primitive recursive by the following explicit definition
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f(ﬂ,x,f) :.f1(I,O,§,2). o

1.2.11 Addition is primitive recursive. The addition function z +y is a
p.r. function by the following primitive recursive definition:

O+y=y
(z+1)+y=S(z+y).
Note that we have x +y = S¥(y) = SY(x).

1.2.12 Multiplication is primitive recursive. The multiplication func-
tion x x y is a p.r. function by the following primitive recursive definition:

Oxy=0
(x+1)xy=zxy+y.

1.2.13 Exponentiation is primitive recursive. The exponentiation func-
tion x¥ is a p.r. function by the following primitive recursive definition:

2% =1

y+1

Y97 = xaY.

1.2.14 Summation function. The summation function Y7 ;7 is a p.r.
function by the following primitive recursive definition:

0
1=0
=0
n+1 n
i=Y i+n+l.
=0 =0

This is an example of parameterless primitive recursive definition.

1.2.15 Predecessor function is primitive recursive. The unary pre-
decessor function x =1 is defined by the following explicit definition with
monadic discrimination on x:

0-1=0
(x+1)=1=2x.
The definition has a form of parameterless primitive recursive definition,

where the term on the right hand side of the second identity is without any
recursive application. Hence the predecessor function is primitive recursive.
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1.2.16 Modified subtraction is primitive recursive. The modified sub-
traction function x =y is a p.r. function by primitive recursive definition:

Note that the last occurrence of the symbol = in the second equation be-
longs to the application of the predecessor function. Note also that we have
x+y=PY(x), where P(y) =y~ 1.

1.2.17 Case discrimination function is primitive recursive. The case
discrimination function D is defined by

D(z,y,z)=v<ex0Av=yvae=0Av=2.

The function is primitive recursive by the following explicit definition which
uses monadic discrimination on the first argument:

D(0,y,2) = 2
D(zx+1,y,2) =y.

1.2.18 Equality predicate is primitive recursive. The characteristic
function x =, y of the equality predicate x = y is primitive recursive by the
following explicit definition:

(z=vy)=D(z=-y+(y=2),0,1).

This is because we have x =y <>z -y + (y~z) =0.

1.2.19 Bounded minimalization. Forevery n > 1, the operator of bounded
minimalization takes an (n+1)-ary function g and yields an (n+1)-ary func-
tion f satisfying:

the least z <z s.t. g(z,9) =1 holds if 3z2<xg(2,9) =1;

0 if there is no such number.

This is usually abbreviated to

f(l',g) = HZSZU[Q(%@) = 1]

1.2.20 Theorem Primitive recursive functions are closed under the opera-
tor of bounded minimalization.

Proof. Suppose that f is obtained by the bounded minimalization

f(x,9) = pz<zlg(z,9) =1]
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of a primitive recursive function g. Clearly we have

9(f(2,9),5) =1~ f(z+1,9) = f(z,7)
9(f(z,5),9) #1rg(z+1,9) =1~ f(z+1,5) =z +1
9(f(@,9),4) #1rglz+1,9) #1 > f(z+1,7) = 0.

We derive f as a p.r. function by the following primitive recursive definition:

f($+1, ) :D(g(f(sv,ﬂ),ﬂ) T 1,f(:c,37),D(g(:v+1,37) = Lx+ 170)) o

1.2.21 Boolean functions are primitive recursive. The boolean func-
tions are defined by

(wz)=yozxt0ry=0vae=0Ay=1
(xArcy)=2ox2+0Ay+0Az=1v(z=0vy=0)Az=0
(zviy)=z2<(r£0vy+0)Az=1ve=0Ay=0A2=0
(x—osy)=z<(x=0vy+0)Az=1va+0Ay=0A2=0
(zory)=zox+0Ay+0Az=1ve=0Ay=0Az=1v
z#0AYy=0Az=0ve=0Ay0Az=0.

Note that we identify non-zero values with truth and 0 with falsehood.
The functions are primitive recursive by the following explicit definitions:

(=+x) = D(«,0,1)
(z Avy) = D(z,D(y,1,0),0)
(2 Ve y) = (cx (2o A ~0y)
(=>4 y) = (mzVey)
(2o y) = (222 y) Ar (Y=o 1)),

1.2.22 Formulas with bounded quantifiers. Bounded quantifiers are
formulas of the form Vx <7¢ and 3z <7y, where the variable z is not free
in 7. The bounded quantifiers abbreviate the formulas Vz(z <7 — ¢) and
Jx(x <7 A ), respectively. Strict bounded quantifiers Vo <7 and Jx<7¢
are defined similarly.

Bounded formulas are formulas which are built from atomic formulas by
propositional connectives and bounded quantifiers.

1.2.23 Explicit definitions of predicates with bounded formulas.
Ezxplicit definitions of predicates with bounded formulas are of a form

P(x1,...,2n) < @[x1,.. ., 2],
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where ¢ is a bounded formula with at most the indicated n-tuple of variables
free and without any application of the predicate symbol P.

Every such definition can be viewed as a function operator which takes
all functions occurring in the formula ¢ (this also includes the characteristic
functions of every predicate occurring in ¢) and which yields as a result the
characteristic function P, of the predicate P.

1.2.24 Theorem Primitive recursive predicates are closed under explicit
definitions of predicates with bounded formulas.

Proof. We show that the class of primitive recursive predicates is closed un-
der explicit definitions P(Z) < ¢[Z] of n-ary predicates by induction on the
structure of bounded formulas .

If o = 7 = p then the characteristic function P, of P is primitive recursive
by the following explicit definition: P, (Z) = (7[Z] =« p[Z]).

If ¢ = R(7) then, since R, is primitive recursive, we define P, as primitive
recursive by explicit definition: P, (Z) = R.(7[Z]).

If o = =) then we use IH and define an n-ary p.r. predicate R by explicit
definition: R(Z) < ¢[Z]. Now we define P, as primitive recursive by the fol-
lowing explicit definition: P, (%) = (=+R«(Z)).

If o = 9 A x then we obtain as primitive recursive two auxiliary n-ary pred-
icates R(Z) « ¢[Z] and Q(Z) < x[Z] by IH. We define P, as primitive re-
cursive by explicit definition: Py (%) = (R«(Z) Ax Q4 (T)).

If o =3y<7Y[y,Z] then we use TH and define an auxiliary (n + 1)-ary
p.r. predicate R by explicit definition: R(y,Z) <> ¥[y,2]. Then we define an
auxiliary witnessing p.r. function f by bounded minimalization:

f(z,2) =y < 2[R (y, %) =1].
The characteristic function P, of the predicate P has the following explicit

definition: P.(Z) = R.(f(7[Z],%),%) as a p.r. function.
The remaining cases are treated similarly. ]

1.2.25 Comparison predicates are primitive recursive. The standard
comparison predicates are primitive recursive by explicit definitions:

r<y« Jz<yr=2 T2y y<x

r<y<eytw T>Yyey<m.

1.2.26 Divisibility is primitive recursive. The binary divisibility pred-
icate x|y is a p.r. predicate by the following explicit definition:

x|y Iz<yy =2z

1.2.27 Definitions by bounded minimalization. Definitions of func-
tions by bounded minimalization are of the form
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. the least y < 7[Z] s.t. p[Z,y] holds if Jy < 7[Z] p[Z,y];
f(@) = . )
0 if there is no such number.

Here 7[Z] is a term and ¢[Z, y] a bounded formula with at most the indicated
variables free, both without any application of the symbol f. Every such
definition can be viewed as a function operator taking all functions and the
characteristic functions of all predicates occurring in either the term 7 or
formula ¢ and yielding the function f.

In the sequel we abbreviate the definition to

f(@) = wy <7[&][0[2,y]]-

We permit also strict bounds in definitions by bounded minimalization; i.e.
we allow definitions of the form

f(@) = wy <7[2][p[Z,y]]
as abbreviation for f(Z) = Hy < T[x][y <7[Z] A [T, y]]

1.2.28 Theorem Primitive recursive functions are closed under definitions
of functions with bounded minimalization.

Proof. Consider an n-ary function f defined by the bounded minimalization
(@) = wy < 7[2][p[7,y]]

from primitive recursive functions and predicates. We can define f by the
following series of definitions:

P(y,2) < ¢[Z,y]
9(z,%) = Yy < 2[ P (y,2) = 1]
f(@) =g(r[Z],7)

By Thm. 1.2.24 and Thm. 1.2.20, the characteristic function P, of P and the
auxiliary function g are primitive recursive, and so is the function f. o

1.2.29 Integer division is primitive recursive. The integer division
function = +y is a p.r. function by the following bounded minimalization:

1.2.30 Remainder is primitive recursive. The binary remainder func-
tion « mod y is a p.r. function by the following explicit definition:

zmody = D(y,x = (z+y)y,0).
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1.2.31 Regular minimalization. For every n > 1, the operator of regular
minimalization takes an (n+1)-ary function ¢ satisfying the following condi-
tion of reqularity:

Vidyg(y,z) =1
and yields an n-ary function f such that
f(Z) = the least y such that g(y,Z) = 1 holds,

This is usually abbreviated to
f(@) = pylg(y,2) =1].

1.2.32 p-Recursive functions. The class of p-recursive functions is the
smallest class of functions containing the zero, successor and identity func-
tions and which is closed under composition, primitive recursion and regular
minimalization. A predicate is p-recursive if its characteristic function is.

1.2.33 Theorem W-Recursive functions are closed under explicit definitions
of functions, primitive recursive definitions, and definitions of functions with
bounded minimalization. \U-Recursive predicates are closed under explicit def-
initions of predicates with bounded formulas.

Proof. Tt follows from the fact that the class of p-recursive functions is prim-
itively recursively closed and from the proofs of the corresponding theorems
for primitive recursive functions and predicates. O

1.2.34 Definitions by regular minimalization. Definitions of functions
by reqular minimalization are of the form

f(Z) = the least y such that ¢[Z,y] holds,

where p[Z,y] is a bounded formula with at most the indicated variables free
and without any application of the symbol f. Moreover we require that the
formula ¢ satisfies the following condition of regularity:

VZ3ye[Z,y].

Every such definition can be viewed as a function operator taking all functions
and the characteristic functions of all predicates occurring in the formula ¢
and yielding the function f.

In the sequel we will abbreviate the definition to

£(@) = ny[elz,y]].
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1.2.35 Theorem U-Recursive functions are closed under definitions of func-
tions with reqular minimalization.

Proof. Consider an n-ary function f defined by the bounded minimalization

£(@) = wy[elz,y]]

from p-recursive functions and predicates. We can define f by the following
series of definitions:

P(y,2) < »[Z,y]
f(@) =py[Pu(y,2) = 1].

By Par. 1.2.33 the char. function P, of P is p-recursive and so is f. m]

1.3 First Order Logic

1.3.1 Introduction. In order to establish the terminology we start with
a quick review of the standard syntactic and semantic notions for the first
order logic and theories. The reader may refer for details to [44, 2].

1.3.2 First order languages. A first order language L is given by de-
numerable (finite or infinite) set of non-logical symbols, which are function
and predicate symbols. This includes constants and propositional variables
as they have the zero arity. Terms and formulas of £ are formed in usual way.

The first order language L4 is an extension of the first language £, if every
nonlogical symbol of £; is a nonlogical symbol of Ls.

1.3.3 Semantics. A first order structure M for a first order language £
consists of a non-empty domain together with an interpretation of function
and predicate symbols of £. The denotation ™' of closed terms and the
notion a formula ¢ of L is true in the structure M, written as Mk ¢, is
defined in the usual way.

A structure M is a model of a set of formulas T if every formula of T
is true in M. A formula ¢ is a logical consequence of a set of formulas T,
written as T k& ¢, if it is true in every model of T'. We abbreviate @ k& ¢ to
E . A formula is logically valid if = @, i.e. if it is true in every structure.

Let M1 be a structure for a first order language £; and Lo an extension
of £1. By adding interpretation of nonlogical symbols of L5 \ £1 we obtain a
structure Ms for L£o. We call My an expansion of My to Ls.

1.3.4 Example of a formal system. We consider here a Hilbert-style
axiom system H. Such systems are completely specified by their logical axioms
and inference rules. The logical axioms of H are all (propositional) tautologies,
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all equality azioms, which are formulas of the form

T=T T=p—>p=T T=pAp=0->71=0
Tl:Pl/\"'/\Tn:pn—>f(le-an):f(Pla--an)
TL=P1 A ATy =pn— P(11,...,7) > P(p1,--,pn),

and all quantifier axzioms, which are formulas of the form

Vop[z] = o[r]  o[7] > Jzp[z].

Its inference rules are modus ponens, generalization rules, and axiom rules
introducing formulas from a fixed set of formulas T' (listed in that order):

o=>1P @ o = P[z] Ylr] -
—peT.
v poVaylr]  Fedlel-p @'

We suppose here that the variable z is not free in . Formulas of the set T
are usually referred as non-logical axioms of the system H.

By a proof of a formula v from a set of formulas 7" in the system H we
mean a sequence of formulas )1, ..., such that

(1) ¢ =,

(ii) for every 4 such that 1 < i < n, the formula v; is either one of its logical
axioms or it is a conclusion of one of its inference rules obtained from
some of the previous formulas ¢1,...,1;_1 or it is a formula from 7.

We say v is provable in T if there is a proof of ¥ from the set T

1.3.5 Formal systems and provability. We write T + ¢ if the formula ¢
is provable from the set of formulas T'; we write + ¢ if the set T is empty.
To demonstrate provability, we will usually use natural language as a formal
system. However, the reader is invite to use his own favourite formal system
satisfying the following theorem; for instance, the Hilbert system H from the
previous paragraph is one of such formal systems.

1.3.6 Theorem T+ ¢ if and only if T E .

1.3.7 First order theories. A first order theory T of a first order language
L is any set of formulas of £. Formulas from the set T" are called the azioms
of the theory T'. We shall designate the language of the theory T' by L. A
formula ¢ of L is called a theorem of T if T'+ . The theory T is consistent if
it does not prove contradiction, i.e. if 1 is not a theorem of 7. By Thm. 1.3.6,
a theory is consistent iff it has a model.

We will write T+~ T" if every axiom of T" is a theorem of T'. A theory T" is
an extension of a theory T if L+ is an extension of L1 and every theorem of
T is also theorem of T'. A conservative extension of T is an extension T" of
T such that every formula of L7 which is a theorem of T” is also a theorem
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of T. The theories T and T’ are equivalent if they have the same language
and the same theorems, i.e. if we have T~ T and T' + T.

1.3.8 Explicit definitions of predicates. Let T be a theory and ¢[Z] a
formula of L7 with all its free variables among the n indicated ones. Consider
the theory T’ obtained from T by adding a new n-ary predicate symbol P
and the defining axiom:

P(Z) < o[7].

We say that T' is an extension of T by explicit definition of a predicate.

Given a formula v of L, we designate by 1* a formula of Lr obtained
from 1) by replacing in it every application P(7) by ¢[7]. The formula ¢* is
called the translation of ¢ into T. We clearly have

T' k1 > 1", (1)

1.3.9 Theorem We have

(i) T '+~ if and only if T + Y™,
(i) T’ is a conservative extension of T,
(i11)  every model of T has a unique expansion to a model of T".

Proof. (i): We prove the direction (=) first; this will be demonstrated for the
Hilbert formal system H (see Par. 1.3.4). Suppose that 1)1, ...,%,, is a proof
of the formula 1 in the theory T’. By complete induction on i we prove that
every formula v is a theorem of T'; consequently * = ¢} is a theorem of T'.

If ¢; is a logical axiom then there are two subcases to consider. If 1); is the
equality axiom of a form

TI=p1 A ATy =pn—>P(r1,....,7) > P(p1,...,pn)
then its translation ¢ is a logically valid formula
TL=PLA ATy = pp > @[T, Ta] = @lp1, -5 pn]-

If this is not the case then the formula 1 is a logical axiom of the same kind
and hence trivially provable in T
If 1); is a conclusion of an axiom rule introducing the formula

VE(P(%) < o[Z])
then its translation ¢} is a logically valid formula
VE(p[Z] < ¢[Z]).

If the formula 1); is inferred from v; and ¥ = 1; — 1; by modus ponens then
its translation ¢ is inferred from ¢} and ¢; =97 — ¢} by the same rule. By
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IH, the formulas ¢} and ¢y are theorems of T" and so is ;. The remaining
inferences rules are treated similarly.

In the proof of the reverse direction (<)-direction assume that the formula
1* is a theorem of T'. The theory T’ is an extension of T" and thus 3* is a
theorem of T” as well. We apply 1.3.8(1) to obtain that v is a theorem of T".

(ii): Let ¢ be a formula of £ which is a theorem of the theory T". By (i),
its translation ¢* is a theorem of T'. But ¢* = ¢ and we are done.

(iii): Obvious. |

1.3.10 Skolem axioms. Let T be a theory whose language does not contain
the n-ary function symbol f. Let further ¢[Z,y] be a formula of L7 with all
its free variables among the n + 1 indicated ones. The formula

Iy e[, y] = o[, f(7)] (1)

is called the Skolem axiom for ¢ and f.

Extension of T' to T’ by the addition of the symbol f to its language and
of the axiom (1) to its axioms is called a Skolem extension of T'. The next
theorem shows that T” is a conservative extension of T.

1.3.11 Theorem Skolem extensions are conservative extensions.

Proof. A model-theoretic proof is easy. A syntactic proof is much harder;
the reader is invited to consult Shoenfield’s book [44]. For our contribution
in this topic, see the proof in [28], which is based on the ideas developed in
(22, 23]. i

1.3.12 Contextual definitions of functions. Let T be a theory whose
language does not contain the n-ary function symbol f. Let further ¢[Z,y]
be a formula of L1 in which no other variable than the n + 1 indicated ones
is free. Suppose that T proves the existence and uniqueness conditions for p:

TeVi3yp[t,yl T+ o[Z,y]AelZ,y2] = y1 =y

Let T” be the theory obtained from T by adding f and the defining axiom

f(Z) =y < o[Z,y].

We say that T is an extension of T by contextual definition of f.

Given a formula v of Lr, we designate by 1* a formula of L1 obtained
from ¢ by replacing in it each its subformula ¥1[f(7)] by the formula
Fz2(@[7,z] Ap1[z]) (or, alternatively, by the formula Vz(p[7,z] = ¥1[2])).
Here, the z is a new variable. The formula ¢* is called the translation of 1
into T. We clearly have

T+ <", (1)
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Note also that the following formula is always provable

FYY(f(2) =y < [2,y]) < [T, f(@)] A Vy(p[Z,y] = f(Z) =y).

In the sequel we will use this observation without referring to it.

1.3.13 Theorem We have

(i) T '+~ if and only if T + Y™,
(i) T’ is a conservative extension of T,
(i11)  every model of T has a unique expansion to a model of T".

Proof. (ii): Consider the extension Ty of T by adding the function symbol f
and nothing else. From the uniqueness condition for ¢ we get

Ty = Vy(f(2) =y < ¢[Z,y]) < (2, f(2)].

On the other hand, the existence condition for ¢ yields

Ty = (Qyelz,yl = e[z, f(2)]) < [z, f(2)].

By combining these facts together we can see that

Ty =Vy(f(2) =y < ¢[Z,y]) < Fyel[Z,y] = ¢[Z, f(2)]).

Thus 7" is equivalent to the Skolem extension T" of T with the axiom:

Jyelz,y] = ¢[Z, f(2)].

By Thm. 1.3.11, the theory T" is conservative over T' and so is T".

(i): For every formula ¢ of L7+, we have T’ + ¢ iff, by 1.3.12(1), T' + ¢*
iff T+ 1" since T" is conservative over T.

(iii): Obvious. m

1.3.14 Extensions by definitions. We say that a theory 7" is an extension
by definition of a theory T if the theory T" is equivalent to a theory obtained
from T either by an explicit definition of a predicate or by a contextual
definition of a function.

A theory T" is an extension by definitions of a theory T if T' is obtained
from T by a finite number of extensions by definition.

1.3.15 Theorem If T’ is an extension by definitions of T then

(i) there is an effective translation of the formulas 1 of L1+ to the formulas
V* of Lr such that for every formula ¢ of L1+ we have

T+ if and only if T + 1™,

(i) T’ is a conservative extension of T,
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(iii)  every model of T has a unique expansion to a model of T'.

Proof. 1t follows directly from Thm. 1.3.9 and Thm. 1.3.13. ]

1.3.16 Implicit definitions of functions. Let T be a theory and ¢[Z,y]
a formula of L7 as in Par. 1.3.12. Let 7" be the theory obtained from T by
adding a new n-ary function symbol f and the defining axiom

o[z, f(2)].

We say that T is an extension of T by implicit definition of a function.

1.3.17 Theorem Implicit definitions of functions are extensions by defini-
tions.

Proof. Let T’ be the extension of the theory T by the implicit definition
of f as in the previous paragraph. It suffices to show that the theory T’ is
equivalent to the extension T of T by the contextual definition:

[(Z) =y < ¢[Z,y].

Let us denote by Tt the extension of T by adding the function symbol f.
From the uniqueness condition for ¢ we get

Ty = Vy(f(Z) =y < ¢[z,y]) < o[, f(2)]

from which the equivalence of T” and T" follows immediately. O

1.3.18 Explicit definitions of functions. Let 7[Z] be a term of a theory
T in which no other variables than the n indicated ones are free. Let 7" be the
theory obtained from the theory T by adding a new n-ary function symbol
f and the defining axiom

f(#) = 7[Z].
We say that T” is an extension of T by ezplicit definition of a function.

1.3.19 Theorem FEzplicit definitions of functions are extensions by defini-
tions.

Proof. Let T” be the extension of T by the explicit definition of f as in the
previous paragraph and 7" an extension of T' by the contextual definition

[(@) =y o y=7[Z],
whose existence and uniqueness conditions

FVEJyy = 7[7] Ry =T[E) Ay = T[E] > y1 = w2
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are always provable. The equivalence of 77 and T" follows from

Ff(Z) = 1[Z] & Vy(f(2) =y <y = T[Z]).

But T" is an extension of T' by definition and so is T". o

1.4 Peano Arithmetic

1.4.1 Introduction. In this section we introduce the classical first order
axiomatic system for natural numbers called Peano arithmetic (PA). In the
following discussion we state many properties of PA without proofs. The
reader is advised to consult [16] for details.

1.4.2 Peano arithmetic. The language Lpa consists of the constant 0,
the unary function symbol S, two binary function symbols + and x, and
two binary predicate symbols < and <. We will use standard conventions in
writing terms and formulas of PA. We use infix notation for binary symbols;
e.g. we write x + y instead of +(z,y), similarly for x, < and <.

We denote by N the intended interpretation of the language Lpa with the
domain of natural numbers N and with the interpretation of its symbols in
the above order as the zero number, the successor function (adding one), the
addition and multiplication functions, and the non-strict and strict less-than
linear order relations.

The axioms of PA consist of the following eight formulas:

0+S(z)
S(x)=5(y)>=z=y
O+y=y
S(z)+y=5(x+y)
Oxy=0

S(x)xy=axy+y
<y dzx+z=y

r<y< Jzz+S(z) =y
together with all mathematical induction azioms

e[0] AV (p[z] = p[S(2)]) = Yap[z].

The induction formula p[z] may contain, in addition to the induction variable
x, zero or more free variables as parameters. Clearly, every axiom of PA is
true in the intepretation A. The first order structure A is called the standard
model of PA. We use the symbol s ¢ of provability in PA.
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1.4.3 Remark. Many basic facts about addition, multiplication and order
relations can be formalize in PA together with their proofs; for example, one
can easily prove that addition is commutative, associative and distributive
over multiplication. In the sequel, we will not explicitly refer to the properties
of the basic arithmetic functions and relations of PA. We mention here only
one property, which is called called monadic case analysis:

tpa £ =0V Iyx=S(y).
The property can be proved by a straightforward induction on x.

1.4.4 The principle of complete induction. For every formula [z], the
formula of complete induction on z for ¢ is the following one:

v (Yy(y <z > ¢[y]) - ¢la]) > Vap[z]. (1)

It is assumed here that the variable y is different from the induction variable
x and it does not occur freely in ¢. The induction formula ¢ may contain
additional variables as parameters.

1.4.5 Theorem PA proves the principle of complete induction for each for-
mula of Lpa.

Proof. The principle of complete induction 1.4.4(1) is reduced to mathemat-
ical induction as follows. Under the assumption that ¢ is progressive:

Vo (Yy(y <z - ¢ly]) - ¢lz]), (f1)
we prove first, by induction on n, the following auxiliary property
Vz(z <n - p[z]). (f2)

In the base case there is nothing to prove. In the induction step take any
z < S(n) and consider two cases. If z <n then we obtain p[z] by IH. If z=n
then by instantiating of (t;) with x := z we obtain

Vy(y <n—¢lyl) = p[z].

Now we apply TH to get ¢[z].
With the auxiliary property proved we obtain that ¢[z] holds for every x
by instantiating of Vn(f,) with n:=S(z) and z := x. o

1.4.6 The least number principle. For every formula ¢[z], the formula
of the least number principle for ¢ is the following one:

Jzp[x] - z(p[z] A Vy(y <z > -¢[y])). (1)
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We assume here that y is different from x and that it does not occur in ¢.
The formula ¢ may contain additional variables as parameters.

1.4.7 Theorem PA proves the least number principle for each formula of
ﬁpA.

Proof. The claim follows from Thm. 1.4.5 by noting that the least number
principle 1.4.6(1) is logically equivalent to the principle of complete induction
for the formula -p[x]:

Va(Yy(y <z - -¢[y]) - -plz]) > Ya-p[z]. o

1.4.8 Extensions of PA. Now we consider the problem of introducing new
functions and predicates into PA. Since we do not wish the extended theory
to be inconsistent we are interested in extensions by definitions of PA. Recall
that such extensions are conservative and thus they do not prove any new
theorems in the language before the extension. Since the original theory PA is
consistent, the same holds for any extension by definitions of PA. Moreover,
any argument formally expressed in the extended language can be effectively
translated back into the language of PA. New function and predicate symbols
introduced by this kind of extensions are thus only a notational convenience
which give us expressivity but not power.

For these reasons we keep the notation PA for the current extension by
definitions of PA. We will be using the symbol of provability ta ¢ in this
relativized sense. We will also use the expression “standard model of PA”
in the relativized sense to designate the unique expansion of the standard
model A of PA to the model of the current extension of PA. The uniqueness
of expansion is guaranteed by Thm. 1.3.15. Only in situations where we will
be introducing new schemes of extension of PA we will temporary revert to
designating the extensions of PA by symbols T, T', etc.

1.4.9 Theorem IfT is an extension by definitions of PA then it proves the
principle of mathematical induction, the principle of complete induction, and
the least number principle for each formulas of L.

Proof. Consider the following induction axiom for a formula ¢ of Lp:
pl0] A Va(p[z] = ¢[S(2)]) - Yop[z]. (1)
Its translation into PA is the induction axiom for the formula ¢* of Lpa:
P (0] AVa(e (2] » " [S(2)]) - Vap' [z] (f2)

The formula (f,) is an axiom of PA and hence trivially provable in PA.
Therefore, by Thm. 1.3.15, the induction axiom () is a theorem of T'.
The other two principles are derived in T' similarly. ]
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1.4.10 Decimal constants. In the sequel, we will often use decimal con-
stants in our discussion. For instance, we can introduce the decimal con-
stants 1, 2 and 3 into PA by the explicit definitions 1 = 5(0), 2=.55(0) and
3=.555(0). Other decimal constants are defined similarly. With the help of
the constant 1 we can rewrite the principle of mathematical induction in a
more convenient form:

ea @[0] AVa(plz] » gz +1]) > Yap[z].

1.4.11 Comparison predicates. The inverse of the comparison predicates
< and < are introduced into PA by the following explicit definitions:

r2y<y<x

T>Y<>y<a.

1.4.12 Modified subtraction. The modified subtraction function x +y is
introduced into PA by the following contextual definition:

rry=zeorx<yrz=0vy<zArr=y+z.

1.4.13 Integer division and remainder. The existence and uniqueness
conditions of euclidean division can be easily expressed and proved in PA:

bpa Yy£0—>3qAr(z=qy+rAT<y)
A T1 <YAT2<YAQY+T1=GY+7r2 >q1=q2AT1 =T2.

The integer division z + y and remainder function x mod y are introduced
into PA by the following contextual definitions:

x+y=qoy=0Ag=0vy+0Adr(z=qy+rArr<y)
zmody=r<y=0Ar=0vy+0Adg(z=qy+rArr<y).

1.4.14 Divisibility predicate. The binary divisibility predicate z |y is
introduced into PA explicitly by

x|y < Jzy=xz.

1.4.15 Extensions by regular minimalization. Definitions of functions
by regular minimalization (see Par. 1.2.34) are formalized as follows. Let T'
be an extension by definitions of PA. Let further ¢[Z,y] be a formula of Lp
in which no other variables than the n + 1 indicated ones are free. Suppose
that the theory T proves the condition of regularity for (:

T+ ViIy e[z, y].
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Let T’ be the theory obtained from the theory T by adding a new n-ary
function symbol f and the defining axiom:

oz, f(Z)] AVy < f(Z) -~0lZ, y].

We say that T is an extension of T by regular minimalization. As before we
abbreviate the above definition by f(Z) = py[p[Z, y]]-

1.4.16 Theorem IfT is an extension by definitions of PA then any exten-
sion of T' by regular minimalization is an extension by definition.

Proof. Let T be an extension of T' by regular minimalization as in Par. 1.4.15
and 7" an extension of T by the implicit definition of f

o[, f(2)] A Vz < f(2) -7, 2]

for the formula ¢[Z,y] A Vz <y-p[Z,z]. Since the defining axioms of both
extensions are variant of each other, the theories 7" and T" are equivalent.
By Thm. 1.3.17, T" is conservative over T and so is T".

It remains to check the legality of the implicit definition, i.e. that the
theory T proves its existence and uniqueness conditions

T+ Ely(gp[f,y] AVz< y—mp[:ﬁ,z])
Tz, y1] AVz <y1 [T, 2] A p[Z,y2] A V2 <y2 —@[Z,2] = y1 = ya.

The existence condition is a straightforward consequence of the condition of
regularity for ¢ and the least number principle

T+ 3yeld,y] - y(elz,y] AVz(z <y > ~p[2,2]).

In the proof of the uniqueness property, assume its antecedent and consider
three cases. If y; < y2 then we obtain the contradiction —p[Z,y1] from the
assumption Yz < yo =[Z, z]. If y1 > yo then we derive a similar contradiction.
So it must be y1 = yo. m]

1.4.17 Extensions by bounded minimalization. Definitions of func-
tions by bounded minimalization (see Par. 1.2.27) are formalized as follows.
Let T be an extension by definitions of PA. Let further ¢[Z,y] be a formula
of L1 in which no other variables than the n + 1 indicated ones are free and
7[Z] a term of L with all its free variables among the indicated ones.

Suppose that T is the theory obtained from the theory T" by adding a new
n-ary function symbol f and the defining axiom:

[(@) <Az n@lz, f(2)] A Yy < f(Z) ~p[Z,y] v Vy < 2] ~p[Z,y] A f(Z) = 0.

We say that T" is an extension of T by bounded minimalization As before we
abbreviate the above definition by f(Z) = uy<-[¢].
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1.4.18 Theorem If T is an extension by definitions of PA then any exten-
sion of T' by bounded minimalization is an extension by definition.

Proof. Note that the bounded minimalization
F(@) = wy < 2] [0[z,y]]
is equivalent to the regular minimalization
F(@) = pyly < dz] n [,y v ¥z <1{@] -2, 2] Ay = 0],

which condition of regularity is always provable. The claim is now a direct
consequence of Thm. 1.4.16. ]



Chapter 2
Beginning of Arithmetization

The most difficult part of the recursive development of PA is the formalization
of some kind of coding of finite sequences. The encoding is needed to show
that various recursion schemes can be formalized within PA. The most famous
encoding is via Godel’s 3-function and relies on a rather non-trivial Chinese
Remainder Theorem. For that reason many authors use a slightly simpler
method of coding which is based on the binary representation of N. This
approach requires a derivation of exponentiation, which is done achieved the
help of a temporary, usually highly non-trivial, coding of finite sets.

In our approach we look for a solution to the programming language LIsp
which offers excellent coding of programming data structures into the domain
of S-expressions. The domain is freely generated from denumerable many
atoms by a binary operation cons. We obtain the coding convenience of Lisp
with help of a suitable pairing function. Numbers which are not in the range
of the pairing function play the role of atoms while the pairing function itself
plays the role of the operation cons. As we will see later there is no advantage
in having infinitely many atoms; just one, say 0, suffices.

The Cantor pairing function J(x,y) = Zf:oy i+ x is a classical example of
pairing function. The function is a bijection and hence there are no atoms. By
increasing J by one we obtain the so-called modified Cantor pairing function
(z,y) = J(z,y) + 1, which has the number 0 as the only atom. This simple
modification enables us to use the coding techniques of LiSpP with a degree
of comfort comparable to that in other functional programming languages.
Examples from the second part of this text should convince the reader.

Basic properties of the pairing function (x,y) are studied in Sect. 2.1. The
next section contains probably the most difficult part of this text: we prove
that PA is closed under a restricted form of iteration of unary functions.
The formalization of the scheme is based on elementary facts about p-ary
representation of numbers (p is a prime); essentially no coding is needed for
this. The scheme is then used in the last two sections where we investigate
the coding of tuples and finite sequences based on the pairing function.

33
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2.1 Pairing Function

2.1.1 Introduction. In this section we will be studying the properties of
the binary function (z,y), which is the standard Cantor pairing function
when offset by one:

T+y

(z,y) = zi+x+1,
i=0

Figure 2.1 shows the initial segment of values of this modified pairing function
of Cantor in tabular form.

Wz w)[[ o] 1] 2] 3[ 4] 5] 6]
0 [ 1] 2] 4] 7[11]16]22]-
3] 5] s8|12[17[23[30] -
6] o[13[18]24[31[39] -
10[14]19]2532[40[49]
15[20[26[33]41]50[60] -
21[27[34[42[51[61[72|
38[35(43[52[62[73[85

ooy sl W N =

Fig. 2.1 The modified Cantor pairing function

2.1.2 Summation function. The summation function

1=0+14+2++n

-

Il
(=)

K3

can be introduced into PA by the following explicit definition as p.r. function

i=n(n+1)+2.

s

I
[}

3

2.1.3 Recurrent properties of the summation function. We have

0
pa zl =0 (1)
=0

n+1 n

pa p.i=y it+n+l. (2)
=0 i=0

In the sequel we will use these properties without explicitly referring to them.

Proof. (1): Obvious. (2): It follows from



2.1 Pairing Function 35

n+1
Yi=(n+1)(n+1+1):2=(n(n+1)+2(n+1))=+2=
=0
=n(n+1)+2+n+1=)i+n+1. O
=0

2.1.4 Ordering properties of the summation function. We have
tpa k1 <np Ako <ng —

1 n2
Zi+k132i+k2<—>n1 <ngVng=ngs Aky <k

=0 =0
ni n2
kpAk1snlAk2£n2—>Zi+k1:Zi+k2<—>n1=n2/\k1:k2- (2)
i=0 i=0
Proof. First we prove
n m
pa Ym(n<m—> > i< > 1) (1)
i=0 =0

by induction on n. The base case is obvious. In the induction step take any
m such that n+1 <m. Then m =m; +1 for some mq s.t. n < my. We obtain

n+l n 1H ™1 mi mi+1
Yi=Yitn+1< Y i+tn+1<Y i+mi+l= ) i
i=0 =0 i=0 i=0 i=0

Note that the induction hypothesis is applied with m; in place of m.

(1): Under the assumptions k1 < ny and ks < ny we consider three cases.
The case when n; = ng is obvious; the case n; < ng follows from (f;). So
suppose that nj > ng. The desired claim follows from

no no no+1 (1) M ni
Ditko<Y itno+l= > i < Y i<y itk
i=0 i=0 i=0 i=0 =0
(2): Tt follows from (1). m

2.1.5 Additional properties of the summation function. We have
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Proof. (1): By a straightforward induction on n. (2): By induction on z. The
base case follows from 0< 1= ZLOZ'. In the induction step, we obtain from
IH that z < Y1 ¢ for some n. Now we consider two cases. If z +1 < Y14
then we are done. Otherwise we have x+1 = ;" ¢, but now the claim follows
from the inequality Y77 < Y1 .

(3): We need the following auxiliary property

n+1

k n
oA x<Zi—>3n(ZiSI< Zl), (1)
=0 =0 =0

which is proved by induction on k. In the base case there is nothing to prove.
In the induction step assume z < Zf:oli and consider two cases. If x > Zfzoi
then it suffices to take k for n. Otherwise we have z < ¥ i and now the
claim follows directly from IH.

With the auxiliary property (t;) proved we obtain (3) from (2). o

2.1.6 Modified Cantor pairing function. The modified Cantor pairing
function is introduced into PA by the next explicit definition as a p.r. function
T+y

(zy)y=> i+x+1.
i=0

From now on by a pairing function we always mean the modified Cantor
pairing function (z,y).

2.1.7 Basic properties of the pairing function. We have

toa (21, 22) = (Y1,92) > 21 =y1 AT2 = Y2 (1)
ea @ < (z,y) Ay < (z,y) (2)
ba =0V 3IyIzz = (y,2). (3)

Property (1) is called the pairing property and it says that the function is an
injection. Property (2) is needed for induction and/or recursion. From (2) we
get that 0 # (z,y) for every x and y. This means that 0 is not in the range
of the pairing function and plays the role of the atom nil of Lisp. From this
and (3) we can see that the pairing function is onto the set N \ {0}, i.e. that
0 is the only atom.

Proof. (1): Tt follows from

T1+T2 ) Y1t+y2 ) 2.1.4(2)
(z1,22) = (y1,y2) & ) i+azi+1l= ) i+yp+l <
1=0 =0

S T1+T2=Y1 +Y2ANT1 =Y1 <= T1 =Y1 NT2 =Y2.

(2): The first conjunct is obvious and the second one follows from
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2.1.5(1) **Y
y<z+y+x+1l < Y i+z+1l=(z,y).
i=0

(3): Assume x # 0. By 2.1.5(3) there is a number n such that

n+1

ii+1gw< Yi+ 1
=0 1=0

Clearly = Y i +y+ 1 for some y. From this get

n n+1 n
Yity+l=az< Y i+l=) i+n+1+1
i=0 i=0 i=0

and therefore y <n. Let z be the number such that n =y + z. We obtain
y+Z
r=Y i+y+1={(y,z2). m
i=0
2.1.8 Ordering properties of the pairing function. We have
e (21, 22) <(Y1,42) © T1+ T2 <yr+y VT +r2=y1+y2 AT <y (1)

[3IN ($1,$2> < <y1,y2) <> T1+T2<Y1+Y2VIT1+T2=Y1 +Yy2N1 <Yi1. (2)

Proof. (1): It follows from

Trye vityz 2.1.4(1)
(z1,22) < {y1,92) < Z i+x1+1< Z ity +1 <
i=0 i=0

S T1+T2<Y1+Y2VIT1 +T2=Y1 +Y2AZ1 <Y1.
(2): Tt follows from 2.1.7(1) and (1). i

2.1.9 Pair representation of natural numbers. The class of pair nu-
merals consists of terms obtained from 0 by finitely many pairing operations.
It can be easily proved by complete induction that every natural number z
can be uniquely presented as a pair numeral. We call this the pair represen-
tation of natural numbers. Pair numerals can be visualized as finite binary
trees.

Zeroes are leaves and a pair numeral (71, 72) is a tree with two sons 7 and
To. Figure 2.2 enumerates the finite binary trees corresponding to the pair
numerals. We will denote by 2|, the number of nodes of the tree correspond-
ing to the pair numeral 7 = z. In other words, |a:|p is the number of pairing
operations needed to construct the pair numeral 7 = z.

In order to obtain a simple recursive characterization of subelementary
complexity classes (such as PTIME) one should use a pairing function such
that 2], = 2(1g(x)) (see [53]). The system CLuses such a function but for
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1=(0,0) 2=(0,1) 3=(1,0)

4=0,2) 5=(1,1) 6 = (0, 3) 7=(0,3)
AN AT

8=(1,2) 9=(2,1) 10 = (3,0) 11 = (0, 4)

12 =(1,3) 13 =(2,2) 14 = (3,1) 15 = (4,0)
N

16 = (0, 5)

17 = (1,4) 18 = (2,3) 19 = (3,2)
20 = (4,1) 21 = (5,0) 22 = (0, 6)

Fig. 2.2 Pair representation of natural numbers
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the purposes of this paper this requirement is not important and we use a
much simpler pairing function which does not satisfy the requirement.

2.1.10 Projection functions. From the basic properties of the pairing
function we can see that every non-zero number z can be uniquely writ-
ten in the form x = (y, z) for some y, z. The numbers y and z are called the
first and the second projection of x, respectively.
The first projection function T and second projection Tk are unary func-

tions satisfying

bpa ThH (O) =0 A T[Q(O) =0

pa T[1(£L',y>=$ pa T[2<:C7y>:y'

The projection functions are introduced into PA by contextual definitions:
m(z)=y<x=0Ay=0v3Iza=(y,z)
W(z)=2z<x=0A2z=0v3Iyz=(y,2).

Both projections are primitive recursive as we might equally well have intro-
duced them by bounded minimalization as shown here

m(z)=Hy <z[Fz<zz =(y,2)] To(z) =Pz <z[Iy<zz=(y,2)]

2.2 Contracted Iteration

2.2.1 Introduction. We now turn to the problem of formalization of the
iteration of the second projection within PA. That is, we wish to introduce
into PA the binary function T4 (x) such that

tea Th(2) = @

e TG () = To TG ().
The demonstration of this fact is far from obvious. We will not able to derive
the iteration T (z) directly, but we will do this by encoding its computation
from these recurrences.

The derivation of T (x) depends only on the following two simple proper-
ties of the second projection:

(59N T[Q(O) = 0
pa ¢+ 0> Th(z) <.

This allows us to formulate our problem in a slightly general way.

2.2.2 Extensions by contracted iteration. Let T be an extension by
definitions of PA. Let further f be a unary function of T" such that
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ea £(0)=0 (1)
pa 2+ 0 f(x) <. (2)

Consider the theory T’ obtained from T by adding a new binary function
symbol f™(x), the defining axioms

pa fO(z) =2 (3)
wa [N () = £ (@), (4)

and the scheme of mathematical induction for the formulas of L7 containing
the symbol f"(x). We say that T” is an extension of T by contracted iteration.

Fizing notation. We keep the notation introduced in this paragraph fixed
until the end of this section where we prove in Thm. 2.2.17 that the theory
T' is an extension by definition of T. We will be working in an extension
by definitions of the theory T'. We will keep the notation T also for this
(inessential) extension of 7.

2.2.3 The outline of the proof. For the introduction of contracted iter-
ation into PA we will develop a temporary coding of finite sequences based
on the standard notation of natural numbers. Recall that, given a base p > 1,
every number x >0 can be uniquely written in the form

T = :Copo + xlpl + x2p2 PR T L Tnp",

where x1,...,x, are single digits of x in the base p, i.e.
To<p T1<p X2<P ... Tpa<p 0<z,<p.
We can think of the number = as the code of the finite sequence x,...,x,.

We will write y €, z if y = x; for some .

We plan to introduce the contracted iteration by encoding the computation
of f*(x) from its natural recurrences 2.2.2(3)(4). For that we define a ternary
course of values predicate Cvs,(s,2) which holds if the number s is the code
of the course of values sequence

(f2(2),0), (1 (2),1),(f*(2),2),.... (f* " (2).n = 1),{f"(2),n)

in the base p, i.e.

(fi(x),i) xp" and (f*(x),i) < p for every i =0,...,n.

M=

S =
3

Il
(=)

Note that we do not need to consider all combinations of arguments in the
definition of the course values predicate. Namely from 2.2.2(1)(2) we can
easily see that the following holds for some n < x:
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2= @) > @) > s @) 0= (@) = () =
The contracted iteration f™(z) can be introduced by
ff(x)=yeon<zA HpHS(Cvsp(s,x) Ay, n) e, s) vn>zAy=0.

Note also that for our purposes it suffices to consider encoding of sequences
containing only nonzero elements.

The rest of this section is organized as follows. First we develop the coding
of finite sequences, where we consider only notations with a prime base. Then
we investigate the properties of course of values sequences. Finally we prove
in Thm. 2.2.17 that the contracted iteration can be formalized within PA.

2.2.4 Prime numbers. Recall that a number > 2 is said to be prime if
its only divisors are one and itself. This is captured in PA by the following
explicit definition

Prime(p) < p>1aAVd(d|p—d=1vd=p).

Many properties of prime numbers can be easily formalized in PA together
with their proofs; for example the second theorem of Euclid:

o 3p(z < p A Prime(p)), (1)
and the Fundamental theorem of arithmetic:
tea Prime(p) < p>1aVaVy(play > plavply). (2)

Both properties will be needed below.

2.2.5 Powers of primes. A number ¢ is a power of the number p if ¢ = p
for some 4. If p is prime we can define the predicate of being a power of p
without recourse to exponential as we have the following for every g¢:

q is a power of p iff every divisor of g is either 1 or is divisible by p.

This is formally captured by the following definition
Pow,(q) < ¥d(d|q~d=1vp|d)
of the binary predicate Pow,(q).
2.2.6 Discrimination property of powers of primes. We have

tpa Prime(p) - Powy(q) < ¢ =1V 3q1(q = pg1 A Pow,(q1)). (1)

Proof. We need the following properties:
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tea Powy(0) > p=1

tpa Pow,(1)

tea Powy,(pg) — Pow,(q)

tea Prime(p) A Powp(q) - Pow,(pq)

(t1): Suppose, by contradiction, that we have Pow,(0) for some p # 1.
Then Vd(d =1V p|d) by definition. Now either p = 0 and then 0|2 or p > 1
and then p| (p+ 1). In either case we have a contradiction.

(t5): This is trivial. (t5): Straightforward.

(t4): Under the assumption of the claim take any d such that d|pq. We
then have pg = dx for some x. We have also d = yp + r for some y and r < p. By
combining both equations we obtain that pq = ypz + rz. From this p|rz and
thus, by the Fundamental theorem of arithmetic (see 2.2.4(2)), the number
p divides either r or z. The first case leads to contradiction with r < p. So it
must be p|z, i.e. x = pz for some z. We have pq = dpz and thus ¢=dz. As a
consequence d | g and thus, since ¢ is a power of p, we have either ¢ = 1 or
pld.

We are in position to prove the equivalence (1). The (< )-direction is a
straightforward consequence of (f5) and (f,). In the proof of the reverse
direction (—) under the assumptions of the claim we consider two cases ac-
cording to (f;). If ¢ = 1 then the claim holds trivially. If ¢ > 1 then from the
assumption Pow,(q) we obtain p|q by noting that ¢|g¢. This means that we
have ¢ = pg1 for some ¢;. Now it suffices to apply (f3) to get Pow,(q1). O

2.2.7 Finite sequences in a prime base. We now return to the problem
of arithmetization of finite sequences as described in Par. 2.2.3. Let p be a
prime number. Let further s =3}, z;p’ be the code of the finite sequence of
nonzero numbers g, 1, ... in the base p. We wish to introduce into PA the
ternary predicate x €, s which holds if x = z; for some x;. First note that

Saip’ = xp) vaipt+ > xp’ = (O xip? " pp' i’ + Y ap
J 7> J<i 7> J<i
From this we obtain

the predicate = €, s holds iff there is a power ¢ of p and numbers a and b < g such
that s = apq + xq + b holds.

The last condition can be easily formalized within PA.
In order to shorten our presentation first we introduce into PA the follow-
ing 4-ary auxiliary predicate:

rel s x#0Ar=s+gmodp.
The predicate has a simple meaning;:

T eg s iff x is the i-th non-zero digit in the p-ary representation of s.
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The ternary membership predicate x €, s is defined explicitly by
r €y 5 <> Iq(Powy(q) A €] 5).

In the sequel we will write = ¢/ s and x ¢, s as an abbreviation for ~(z € s)
and -(x €, s), respectively.

In addition to the membership predicate we will also need two operations
for creating finite sequences. The empty sequence is coded by the number 0.
The ternary insertion operation su, {z} adds the number = to the sequence
s in the base p. The function has the following simple explicit definition:

sup{z}=sp+u.

From now on we will identify (finite) sequences with their codes and we
say the sequence s instead of the code the sequence s.

2.2.8 Basic properties of the auxiliary predicate z €l s. We have

s €20 (1)
fpa O<x<p—>y€;sup{x}<—>y:x (2)
ba O<z<p-oye?su,{z}oyels. (3)

Proof. (1): Tt follows from
s s=0vg=0vp=0—->s+gmodp=0.
(2): First note that for « < p we have the following
(sp+x)+1modp=(sp+x)modp=2modp==z (t1)
If 0 < z < p then we obtain
ye;sup{x}c»yth/\y:(sp+a:)+1modp(<T:1>)y¢O/\y:x<:>y::c.
(3): First note that for 2 < p we have the following
(sp+x)+(pg) modp=(sp+x)+p+qgmodp=s-+qgmod p. (t9)

If 0 < = < p then we obtain

yegqsup{x}@ythAy:(sp+x)+(pq)modp(j:2>)

<y#0ry=s+qmodp < yels. O

2.2.9 Basic properties of the membership predicate. We have
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tpa T ¢ 0 (1)

pa Prime(p) A0<z<p—ye,sUp{z} o ye,svy=u. (2)

Proof. (1) follows from 2.2.8(1). (2): If Prime(p) and 0 < z < p then we have
2.2.6(1)

Y €p sUp {z} < 3g(Pow,(q) Ay eg sup{z}) <=

2.2.8(2)(3
< 3q(Pow,(q) ny €p? s Uy {x})vyeésup {z} B

< 3q(Pow,(q) Ay el s)vy=z e ye, svy=um. o

2.2.10 Course of values sequences. Now we are ready to define the
ternary course of values predicate Cus,(s,z) discussed in Par. 2.2.3. The
predicate is defined explicitly by

Cusp(s,z) «Vy((y,0) e, s >y =x) A

Vy¥n((y,n+1) e, s > 3z(y = f(2) A(z,n) & s))

2.2.11 Uniqueness of course of values sequences. We have

2
T'_/\(C’U‘gpi(sivx)/\<yi7n> €p; Si)_)ylzy2' (1)

i=1
Proof. By a straightforward induction on n as Vy; Vya(1). |

2.2.12 Bounded property of course of values sequences. We have

T+n<xA Cusp(s,z)A(y,n) e, s—>(y,n)<(z,0). (1)
Trn<xzA Cusp(s,x) Aly,n) e, s> {(f(y),n+1)<p. (2)

Proof. First we prove the following two auxiliary properties

Trn<zna{y,n)<(z,0)->(f(y),n+1)<(z,0) (t1)
T+ Cusp(s,z) Ay,n) €, s > (x,0) €, s. (t9)

(t1): Assume n < z and (y,n) < (z,0). We consider two cases. If y = 0 then
£(0) =0 by 2.2.2(1) and therefore

(£(0),n+1)=(0,n+1)<(0,z) <{(z,0).
If y # 0 then f(y) <y by 2.2.2(2) and thus
(f(y);n+1) <(f(y) +1,n) <(y,n) < (,0).

(t5): By a straightforward induction on n as Vy(f,).
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(1): By induction on n as Vy(1). The base case follows directly from the
definition. In the induction step take any y such that n+1 <z, Cus,(s,z),
and (y,n + 1) €, s. By definition there is z such that y = f(z) and (z,n) €, s.
We then have (z,n) < (z,0) by IH and thus (f(z),n+1) < (z,0) by (f1).

(2): Assume n <z, Cusp(s,x) and (y,n) €, s. We have (z,0) €, s by (},)
and hence (z,0) < p. From (1) we get (y,n) < (x,0) < p. O

2.2.13 Extension properties of course of values sequences. The fol-
lowing two properties

T + Prime(p) A {x,0) < p > Cvs,(0U, {{z,0)},z) (1)
T + Prime(p) An<x A Cusp(s,x) A{y,n) €, s > Cusp(sup {{f(y),n+ 1)},(;0))

show the way how to construct course of values sequences.

Proof. (1): Let Prime(p) and (z,0). From the results of Par. 2.2.9 we get

{y,n) &p 00y {(2,0)} < (y,n) € 0V (y,n) = (x,0) <
< (y,n)=(z,0) = y=xAn=0.

Consequently, the number 0u, {{z, 0}} is a course of values sequence for f"(x)
in the base p.

(2): Suppose that n <z, Cvs,(s,x) and (y,n) €, s. Let us denote by s’ the
number s U, {(f(y),n+1)}. We wish to show that s’ is a course of values
sequence for f™(x) in the base p, i.e.

Vu((u,0) € s — u =) (t1)
VuVk((u,k+1) €, 8" > J2(u= f(2) A (2, k) € s')). (t9)

Property (1;) follows from

(0,0 €5 5" S (1,00 € 5v (1, 0) = (F(y)im + 1) = (1,0) € 5 = u = a

since s is a course of values sequence for f"(z) in the base p.

In the proof of (f,) suppose that (u,k+1) €, s’. We consider two cases
according to 2.2.9(2). If (u,k +1) €, s then from the assumption Cvs,(s,x)
we obtain that there is a number z such that u = f(z) and (z,k) €, s. By
2.2.9(2) again, we have (z,k) €, s" and thus we are done. Otherwise we have
(u,k+1)=(f(y),n+1),ie u=f(y) and k =n. By 2.2.9(2) again, (y,n) €, s’
and we are done. O

2.2.14 The graph of the contracted iteration. By G(n,z,y) we denote
the graph of the iteration of f which is a ternary predicate defined by

G(n,z,y) < n<xAIpIs(Prime(p) A Cusp(s,2) A{y,n) ey s)vn>x Ay =0.
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2.2.15 Extension properties the graph. We have:

T+G(0,z,1) (1)
TrGn,z,y) > Gn+1,z f(y)). (2)

Proof. (1): By the second theorem of Euclid (see 2.2.4(1)) there is a prime
number p > (z,0). By 2.2.13(1) the number 0u, {(x,0)} is a course of values
sequence for f™(z) in the base p. We have also (z,0) €, 0, {{(z,0)} and thus
G(0,z,z) by definition.

(2): First note that we have

Trn2zAG(n,z,y) >y =0. (t1)

The claim holds trivially for n > z. If n = & then we have (y,z) < (x,0) by
2.2.12(1) and thus y + z < 2 + 0 from which we get y = 0.

Under the assumption G(n,z,y) we consider two cases. If n + 1 < x then
n < x and thus there is a course of values sequence s for f™(x) containing the
pair (y,n). Then, by 2.2.13(2), the number su, {(f(y),n+1)} is a course
of values sequence for f™(x) containing the pair (f(y),n + 1), i.e. we have
Gn+1l,z,f(y)). If n+1 >z, ie n >z, we get y=0 from above and since
f(0) = 0 we clearly have G(n + 1, z, f(y)) from the assumption G(n,z,y). O

2.2.16 Existence and uniqueness conditions for the graph. We have

T+ 3yG(n,z,y) (1)
T+ G(n,z,y1) AG(n,7,92) = y1 = ya. (2)

Proof. (1): Tt follows from 2.2.15(1)(2) by a straightforward induction on x.
The uniqueness property (2) is proved by considering two cases. If n > x then
y1 = 0 = yo from the definition of the graph. The case when n < x follows from
the uniqueness property 2.2.11(1) of course of values sequences. O

2.2.17 Theorem IfT is an extension by definitions of PA then any exten-
sion of T' by contracted iteration is an extension by definition.

Proof. Let T' be an extension of T' by contracted iteration as in Par. 2.2.2
and T" an extension of T' by the contextual definition

fn(x) =Yy <= G(?’L,,T,y),

where G is as in Par. 2.2.14. We have L7~ = L7 and T" is an extension by
definition of T'. In order to prove the theorem it suffices to show that the
theories 7" and 7" have the same theorems.

We first show T+ T’. The theory T" is an extension by definitions of
PA, and therefore, by Thm. 1.4.9, it proves the principle of mathematical
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induction for each formula of L7+ containing the symbol f™(x). It remains
to show that T" proves both defining axioms of the unary iteration of f.

We have G(0,z, f°(x)) from the definition of the iteration and G(0,z,z)
by 2.2.15(1). Consequently f°(z) =z by the uniqueness of the graph.

The second defining axiom is proved as follows. By definition G(n, z, f™(z))
and thus G(n+ 1,z, f f™(x)) by the second extension property of the graph.
On the other hand, we have also G(n + 1,z, f"**(x)) by definition. Now the
uniqueness of the graph applies and we get f"*(x) = f f"(x).

Vice versa, in order to show T + T" it suffices to show
T'+G(n,z, f"(x))

by Thm. 1.3.17. The property is proved by induction on n.! The base case
follows immediately from the first defining axiom and 2.2.15(1). In the in-
duction step we have G(n,z, f"(x)) by IH and thus G(n +1,z, f f™(x)) by
2.2.15(2). Consequently G(n + 1,z, f*"1(x)) by definition. o

2.2.18 Basic properties of the contracted iteration. We have

T+ f**H(x) = f* f(2) (1)
Tr3n<z f*(z)=0 (2)
T - £7(0) = 0. (3)

Proof. (1): By induction on n. The base case follows from

o @) = () = f(a) = [0 f(2).

In the induction step we have

Fr @y = £ ) T F ) = 0 f ().

(2): By complete induction on x. Take any x and consider two cases. If z =0
then £°(0) = 0 and thus it suffices to set n := 0. Otherwise we have z = (v, w)
for some v, w. Since w < x then by IH there is a number m < w such that
f™(w) =0. We then obtain

£ w,w) D plo,w) = M (w) = 0.

We have m +1 < w+1 < (v,w) and thus it suffices to set n:=m + 1.
(3): By a straightforward induction on n. m

2.2.19 Iteration of the second projection. As a straightforward corol-
lary of Thm. 2.2.17 and the previous paragraph we obtain that there is a

I This is the only place that we use the principle of mathematical induction for a formula
containing the symbol f™(z) inside the theory T".
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binary function 15 (z) of PA such that

pa TH(2) = (1)
a o (2) = TR TG (2) (2)

and also
ea T (2) = T To(2) (3)
pa In<zTG(2) =0 (4)
tea TG (0) = 0. (5)
2.3 Tuples

2.3.1 Introduction. In this section we introduce a particular encoding of
ordered n-tuples of natural numbers based on our pairing function {(x,y). Our
aim is to assign to each element (z1,...,2,) of the Cartesian product N" a
number "(z1,...,z,) ", called the code of (x1,...,x,), so that different codes
are assigned to different n-tuples. Moreover we would like to have decoding
effective. This means we can effectively decide whether a number is the code
of an n-tuple and if it is, find that tuple. We will use this encoding throughout
the rest of this text.

2.3.2 Arithmetization of tuples. Encoding of Cartesian products N",
where n > 0, is defined inductively on n as follows:

r®‘|O:O

r$11 =
r an r n-1 3
(z1,22,...,2n) " = (21, (22,...,2y) ) if n>2.

The reader will note that the code of an 1-tuple x is the number itself and the

code of the empty tuple @ is the number 0. Note also that "(z,y)"? = (z,y).
The reader will also note that these encodings may overlap. Consider, for

instance, the number 2. We have 2 = (0,1) and 1 = (0,0). Therefore

(0,1)="(0,1)"
(0,1) = (0,(0,0)) = (0,7(0,0)) = "(0,0,0)™.

2
2
Hence, the number 2 is the code both of the ordered pair (0,1) € N? and the
ordered triple (0,0,0) € N3.

2.3.3 Notational conventions. We will adopt the following conventions
for the pairing function (z,y). We postulate that the pairing operator groups
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to the right, i.e. (z,y, z) abbreviates <a:, (y, z)) If7=(m,...,7,) is an n-tuple

of terms then the term (7) stands for (7y,...,7,) when n > 2, for 71 when
n =1, and for 0 when n = 0. Note that we then have

(21, xn) " = (21, .., 2p)
for every n and every element (x1,...,z,) of N™.
2.3.4 Predicate holding of the codes of tuples. For n > 2, we have
bpa 321 ... dxp = (21,...,2n) < Tlg_2(x) +0.

Consequently, the binary predicate Tuple(n,z), which holds when z is the
code of an n-tuple, is primitive recursive by the following explicit definition

Tuple(n,z) on=0Az=0vn=1vn>2AT4 %(z) %0.

2.3.5 Projection function for tuples. The ternary projection function
[z]; selects the i-th element of the n-tuple coded by z, i.e.

oa ({21, an)]) =2 (1)

for every i =1,...,n. We clearly have

ba T ={T1,...,Zp) —>1.l/__\11:131- = T[1TI.Z;1($) ATy :Tlgfl(:zz)

for n > 2. Thus we can define [z]; explicitly as a p.r. function by

(2]} = D(i <o n, 5 (2), 157 (2)).
The projection function satisfies

a [21]] = 21

n+2 _

pa [<$17‘T>]1 =T
+2 +1
Pa [<$17$>]?+2 = [‘T]?H :
2.3.6 Contraction to unary functions. As a simple application of the
arithmetization of n-tuples we obtain the following natural correspondence
between n-ary and unary functions. If f is an n-ary function then its con-
traction is the unary function (f) such that

flxe,...,z,) ifx=(x1,...,2,) for some numbers x1,...,x,,

0 if there are no such numbers.

(f)(@) ={

Note that the contraction of an unary function is the function itself.
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We can define the contraction of f explicitly by

(£)(@) = D( Tuple, (n,2), f([z]} ... []}),0).
Vice versa, we can recover f from its contraction by

flay,..o zn) = (fY{z1,...,zn)).

Thus a function is primitive recursive if and only if its contraction is.

2.4 Finite Sequences

2.4.1 Introduction. Now we consider the problem of the arithmetization
of finite sequences of natural numbers. Mathematically speaking, finite se-
quences are just tuples of variable length and so the set of all such sequences
is the infinite union U,y N". We cannot use the method of codings of tuples
of fixed length since such encodings overlap. Our uniform encoding of finite
sequences is based on the fact that the number 0 is the atom, i.e. it is not in
the range of the pairing function (z,y).

2.4.2 Arithmetization of finite sequences. A uniform method for cod-
ing of finite sequences of numbers into N is obtained as follows. We assign
the code 0 to the empty sequence @. A non-empty sequence x1,...,T, is
coded by the number (z1,2s,...,z,,0) as shown in Fig. 2.3. The num-
ber (z1,x2,...,2,,0) is often called the sequence number of the sequence
LlyeeeyLp.

The reader will note that the assignment of codes is one to one: i.e. every
finite sequence of natural numbers is coded by exactly one natural number,
and vice versa, every natural number is the code of exactly one finite sequence
of natural numbers.

NIN I AN
SREONREAN

Tn 0

(IE,O) <£B,y,0> ($7y7270) <ZB1,IE2,...,(E7L,0)

Fig. 2.3 Arithmetization of finite sequences
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2.4.3 Length of sequences. The code z = (z1,22,...,2,,0) of the se-
quence 1,...,T, has the length n. The function L(z) yielding the length
of z is introduced into PA by the bounded minimalization as a p.r. function:

L(x) = un < 2[18 () = 0]
The function satisfies
tea L(0) =0 (1)
ea L(v,w)=L(w)+1. (2)
Proof. First note that from the definition of L and 2.2.19(4) we obtain that
o 1,7 (2) = 0 (1)
tpa T (2) =0~ L(z) <n. (f2)

Note also that we have

ea TG (v,w0) =0 < TG (w) =0 . (f3)

(1): We have 15(0) =0 and thus L(0) <0 by (t,), i.e. L(0)=0. (2): We
have 15 (w) = 0 by (f,) and hence T )" (v, w) = 0 by (f,). From this and
(t5) we obtain L{v,w) < L(w) + 1. The reverse inequality is proved as follows.

We have T[zL(”'w)(v.w) =0 by (f;). Now since (v, w) = (v,w) # 0 it must be

L{v,w) # 0 and thus 5“1 () = 0 by (f,). From this and (f,) we conclude
that L(w) < L{v,w) = 1, i.e. that we have L(w) + 1 < L{v, w). m

2.4.4 Indexing function. The indezing function (), yields the (i +1)-st
element of the sequence z, i.e.

((JJQ,...7{Ei,...7$n_1,0>)i =T;.

The function is defined explicitly by

(2); = Tu ()

as a primitive recursive function.
The recurrent properties of the indexing function are:

pa ((va))o =v (1)
a ((0,w));44 = (W), (2)

Proof. (1): It follows from ((v,w)), =T (v, w) = T (v,w) = v. The second
property (2) follows from
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({v,w)) 41 = 0 TG v, w) = T0 TG To(v, w) = 10 Th(w) = (w),. o

2.4.5 Uniqueness of arithmetization. We say that a number y is an
element of x if there is i < L(x) such that y = (z),. The following property

ba =1y < L(z)=L(y) A Vi(i <L(z) - (x); = (y)i) (1)

asserts that the codes of sequences are uniquely determined by their length
and their elements.

Proof. Property Vy(1) is proved by complete induction on z. Take any y and
consider four cases according to whether x or y is 0 or not. We will show here
only the case when x = (v, w1} and y = (ve,ws) for some vy, w;,ve,ws; the
remaining cases are straightforward. We have w; < z and thus
H
(v1,w1) = (v2, wa) < v1 = V2 Awy = Wa <

v1 = v A L(w1) = L(w2) AVj(j < L(wy) - (w1); = (wg)j) @
((vl,wl))o = ((1)2,102))0 A\ L(Ul,UJl) = L(’UQ,’LUQ) A

A V](] +1< L{vy,w1) > ((1}1,11)1))j+1 = (<v27w2))j+1) (g)

L(’Ul,’w1> = L(’Ug,wg) A Vi(i < L(vl,wl) - ((’Ul,’w1>)i = ((’Ug,wg))i).

The step marked by (*1) follows from the basic properties of the length
and indexing functions; the second one marked by (*2) is just monadic case
analysis on the bound variable i. Note also that the induction hypothesis is
applied with ws in place of y. ]



Chapter 3
Primitive Recursive Schemes

We are now going to investigate various schemes of extensions of PA which
support recursive definitions of primitive recursive functions. We start by
showing PA admits definitions by primitive recursion. More precisely, we will
prove in Sect. 3.1 that extensions of PA by primitive recursion are extensions
by definitions. In the proof we use coding of finite sequences based on the
modified Cantor pairing function introduced in the previous chapter.

The method of course of values sequences can be easily adapted to show
that PA admits definitions by course of values recursion as shown in Sect. 3.2.
By a reverting the flow of computation we obtain the scheme backward re-
cursion which admissibility is proved in the next section. In Sect. 3.4 we
will investigate recursive definitions for which parameters change in recursive
applications. This is called recursion with parameter substitution. The admis-
sibility of the scheme is proved by arithmetization of computation trees.

The hardest part of our recursive bootstrapping is the demonstration that
PA admits definitions of functions by nested simple recursion. The scheme has
a form of primitive recursion where parameters may be arbitrarily substituted
for even with nested recursive applications. R. Péter has proved in [39] that
primitive recursive functions are closed under such recursion. We have already
investigated the scheme in [25], but we hope that this new presentation, which
is supplied with a detailed formal proof for the first time, is much simpler
and easier to follow (see Sect. 3.5).

3.1 Primitive Recursion

3.1.1 Introduction. We already know that some primitive recursive func-
tions (e.g. x+y or Y1 ) can be easily introduced into PA. For other primitive
recursive functions, such as the exponentiation z¥ for instance, finding their
definition in PA is a quite challenging task.

53
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In this section we show that PA admits definitions by primitive recursion.
Namely, we prove that if functions ¢(7) and h(z, z,7) are already introduced
into PA then we can also introduce into PA a function f(z,y) satisfying

Pa f(OaZ?) :g(g)
wa f(z+1,5) = b(z, f(2,9),9)-

Note that this is more than just merely stating that PA contains all primitive
recursive functions: we do not require that g and h are primitive recursive.

3.1.2 Extensions by primitive recursion. Let T be an extension by def-
initions of PA. Let p[§] and 7[x, 2, §j] be terms of L7 in which no other vari-
ables than the indicated ones are free. Consider a theory T’ obtained from
the theory T by adding a new (n+l)-ary function symbol f, the defining
axioms

f(0,%) = ply] (1)
f(:v+1,37):7[x,f(:v,gj),y], (2)

and the scheme of mathematical induction for the formulas of L7 containing
the symbol f. We say that T” is an extension of T by primitive recursion.

Fizing notation. We keep the notation introduced in this paragraph fixed
until the end of this section where we prove in Thm. 3.1.10 that the theory
T' is an extension by definition of the theory T'. We will be working in an
extension by definitions of the theory 7. We will keep the notation T also for
this extension of T'.

3.1.3 The outline of the proof. We plan to extend the theory T' by ex-
plicitly defining an (n+2)-ary predicate Cuvs such that

C’US(S,.I,Q) g S = <f($,g),f($ - 17@)7 .. -,f(27g)7f(17g)7f(07y)70)'
In other words, we would like to have
Cvs(s,x,§) < L(s) =z +1AVu<z (s),., = f(u, 7).

The number s such that Cvs(s,z, ) holds is called a course of values (c.v.)
sequence for f(x,3). With the course of values predicate introduced into PA
we can define the function f in PA by the following contextual definition:

f(@,9) =z < 3s(Cus(s,2,9) A (s)y = z)

3.1.4 Course of values sequences. The (n+2)-ary course of values pred-
icate Cvs has the following explicit definition:
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Cus(s,x,9) < L(s) =x+1A(s),.o = ply]r

Vu<z (8),euery = TLU (8) puy - U]
3.1.5 Extension properties of course of values sequences. We have

T+ Cos((p[5],0),0,9) (1)
T+ Cus(s,x,j) » Cus ((T[x, () ,ﬂ],s),x + 1,@). (2)

The first property says that the number (p[7],0) is a course of values sequence
for f(0,%). The second property shows how to built course of values sequences
by stages: if the number s is a course of sequence for f(z,%) then the number
(7'[:1:, (8)g 4], s) is a course of values sequence for the next stage f(x +1,7).

Proof. (1): Directly from definition. (2): Take any number s which is a course
of values sequence for f(z,7), i.e.

L(s)=xz+1 (1)
(8) -0 = 4] (f2)
Vu(u<:1c - (S)m;(u+l) :T[U”(S)m:u,’g])' (t3)

We show that (r[z,(s),,%],s) is a course of values sequence for f(z+1,7):

L<T[x,(s)0,g]],s>=(:13+1)+1 )
({7l ()o.hs)) = ola] (f5)
Vu(u <x+1 —>((T[x, (8)g,4]s S>)m+14(u+l) = (fe)

. [u, ((T[I, (8)o, 9], S>)m+1~u’g])'

(t,): It follows from

ty

L{r[z,(s)y, 5], 5) = L(s) + 12 (@4 1) +1.

(5): It follows from
((T[:c, (<9)oaﬂ],<9>)mk0 = ((T[:c, (S)O’g]’s>)m+1 = (s), (t2) oLl

(t¢): Take any u < z + 1 and consider two cases. If w < z then v+ 1 <z and
we have



56 3 Primitive Recursive Schemes

(GEXOMIB) (GEXOM )
= ()gequrny 2 0 () 8] =

=T [u, (<T[{E, (s)o,gj],s>)xiu ,17] =T [u, (<7’[:17, (5)o 9], s)) g] )

z+1=(u+l) z=(u+l)+1

+1 x+14u7

Otherwise we have u = z and thus

({le. ()0.9).5)) = ({7l (5)g.8).5)), = 7l ()g 5] =

z+1=(z+1)

= T[:v, ((T[:v, (8)o 9], s))l,ﬂ] = T[x, ((T[x, (S)O,ﬂ],s>)w+1ﬂ,y]. o

3.1.6 The existential and uniqueness properties of c.v. sequences.
The following properties express the fact that course of values sequences can
be uniquely constructed for all arguments:

T+ 3sCus(s,z,7) (1)
T+ Cus(s1,z,9) A Cvs(sa,x,7) — 1 = S2. (2)

Proof. The existence property (1) is proved by a straightforward induction
on x, where both the base case and the induction step follow directly from
the extension properties of course of values sequences (see Par. 3.1.5).

The uniqueness property (2) is proved as follows. Assume Cvs(s1,x,7) and
Cus(s2,x,4). Then the course of values sequences s; and sy have the same
length = + 1. According to 2.4.5(1) it suffices to show that both sequences
have the same elements up to the last index «, i.e. that we have

Vi(i <a — (s1), = (s2),)- (1)
For that we need the following auxiliary property
UL = (81)40y = (52) ey » (t2)
which is proved by induction on u. The base case is straightforward:
(51) 320 = PLU] = (52) 520 -
In the induction step assume v+ 1 <. Then u < x and we have
1 IH L
(51)14(u+1) = T[u’? (Sl);ﬂAU 7y] = T[u7 (52)14u ) y] = (82)1;4(11,4—1) .

We are now in position to prove (f;). Take any ¢ < 2. Then i+ u = z for some
u < x. We then have

(51); = (51) o0 2 (52),0 = (52), - D
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3.1.7 The graph predicate. By G(z,4,2) we denote the graph of the
function f which is a (n+2)-ary predicate explicitly defined by

G(z,4,2) < 3s(Cvs(s,z,5) A (s), = 2).
3.1.8 Recurrent properties of the graph. We have

T+ G(0,5,p[5]) (1)
T+ G(z,9,2) —>G(x+1,y,7'[a:,z,ﬁ]). (2)

Proof. Tt follows directly from the extension properties of c.v. sequences. 0O

3.1.9 The existential and uniqueness properties of the graph.

Tr32G(x,9,2) (1)
Tl—G((E,g,Zl)/\G((E,ﬂ,Zg)—>21:Z2, (2)

Proof. This is a straightforward consequence of the existential and uniqueness
properties of course of values sequences. O

3.1.10 Theorem IfT is an extension by definitions of PA then any exten-
sion of T' by primitive recursion is an extension by definition.

Proof. Let T' be an extension of T' by primitive recursion as in Par. 3.1.2
and 7" an extension of T' by the contextual definition

f(fl?,jj) =z G(CC,@,Z),

where G is the graph predicate from Par. 3.1.7. We have Ly» = L7+ and T
is an extension by definition of T'. In order to prove the claim it suffices to
show that both theories 7" and T"" have the same theorems.

First we show that T + T’. The theory T" is an extension by definitions
of PA, and therefore, by Thm. 1.4.9, it proves the principle of mathematical
induction for each formula of L7 containing the symbol f. It remains to show
that 7" proves both defining axioms 3.1.2(1)(2) of f.

We have G(O,gj, f(O,g'j)) by definition of f and G(O, 7, p[g’j]) by first recur-
rent property of the graph. Now the uniqueness property of the graph applies
and we obtain f(0,§) = p[¢]. This proves in T" the first defining axiom of f.

We have G(:v, i, f (w,g’j)) by definition of f. Second recurrent property of
the graph yields G(w, g, 7[z, f(x,9), gj]) By definition of f again we have also
G(xz+ 1,9, f(zx+1,%)) and thus f(x+1,9) =7[x, f(z,7),7] by the unique-
ness of the graph. This proves in 7" the second defining axiom of f.

Vice versa, in order to prove T' + T, it suffices to show

'+ G(z,9,f(=.9))
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in view of Thm. 1.3.17. This is proved by induction on z.!

The base case G(0,7, f(0,4)) is a direct consequence of the defining axiom
f£(0,9) = p[y] and first recurrent property G(0, 4, p[¢]) of the graph.

In the induction step we obtain G(z,%, f(x,7)) from IH and thus, by
second recurrent property of the graph, we have G(:v +1,g, [z, f(x,9), gj])
From this and the second definition axiom f(z + 1,%) = 7[z, f(x,§), J] we can
conclude that G(xz + 1,9, f(x +1,7)) holds. |

3.1.11 Remark. A careful reader has noted that instead of adding infinitely
many induction axioms to the non-logical axioms of T" it was sufficient to
add only one induction axiom. Its sole purpose is to show that the definition
by primitive recursion has a unique solution. The induction formula can be
easily read off from the proof of Thm. 3.1.10. We will encounter a similar
situation with each of the remaining extension principles discussed in this
chapter.

3.2 Course of Values Recursion

3.2.1 Introduction. In this section we will study a simple generalization
of primitive recursion called course of values recursion. In this new scheme
the value at the (n+1)-stage depends not only on the value from the previous
n-th stage but on the values from <n-th stages as well. We show that course
of values recursion is admissible in PA by reducing it to primitive recursion.

3.2.2 Example. The scheme of course of values recursion is best explained
with an example. Consider again the function fib(n) from Par. 1.1.4 which
yields the n-th element of the sequence of Fibonacci:

fib(0) =0
fib(1) =1
fib(n + 2) = fib(n + 1) + fib(n).

These three identities can be re-written in a more compact form with the
help of the case discrimination function D (see Par. 1.2.17) as follows:

fib(0) =0
fib(n + 1) = D(n,fib(n) +fib(n = 1),1).

This is not a definition by primitive recursion since the value fib(n + 1) de-
pends not only on the value fib(n) but on the value fib(n = 1)) as well.

1 This is the only place that we use the principle of mathematical induction for a formula
containing the symbol f inside the theory T”.
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3.2.3 Extensions by course of values recursion. Let T be an extension
by definitions of PA. Let further

p[gLT[quu?_ngl [xagL R 7€k[xug]
be terms of L1 with all their free variables indicated such that
Tr&[x,g]l<z ... Tr &z, 7)< (1)

Consider a theory T” obtained from the theory T by adding a new (n+1)-ary
function symbol f, the defining axioms

f(0,9) = p[y] (2)
fla+1,39) =7 [z, f(&alz.91.9), -, f(&l. 51 9), 7], (3)

and the scheme of complete induction for the formulas of L7+ containing the
symbol f. We say that T" is an extension of T by course of values recursion.

Fizing notation. We keep the notation introduced in this paragraph fixed
until the end of this section where we prove in Thm. 3.2.6 that the theory
T' is an extension by definition of the theory T. We will be working in an
extension by definitions of the theory T. We will keep the notation T also for
this extension of T'.

Remark. The definition can be viewed as a function operator which takes
all functions applied in the terms p,7,&1,...,& and yields the function f as
a result. We will prove in Thm. 3.2.7 that the class of primitive recursive
functions is closed under the operator of course of values recursion.

3.2.4 The outline of the proof. We wish to introduce into 7' the course
of values function f(z,%) yielding the course of values sequence for f(z,%),
i.e. we would like to have

F(@,9) = (f(@,9), f(@=1,9),..., f(2,5), F(1,9). £(0,5),0).

Note that then the following holds for every u < x:

Fu,9) = (f(z,9))

The function f can be thus defined explicitly by

f('rvg) = (T(xvy))o

3.2.5 Course of values function. We define the (n+1)-ary course of value
function f(x,%) as primitive recursive by the primitive recursive definition:
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1(0.9) = {pl71,0)
Fa+rg) =(r[e.(F@D),eq oy F@ D), oy 8] F @)

The following holds for ¢ =1,... k:

T (F(&l,91.9)) = (F@.9),.c0 (1)
Proof. First note that we have

T+ (7(331 +$2aﬂ))x2 = (7($1,ﬂ))0- (t1)

This is proved by induction on 2. The base case is obvious and the induction
step follows from

(7(3:1 + 29 + 175))z2+1 = ((7’[ o f(o xzvﬂ)))m =

+1

= (F@1+22,9)),, = (F(21,9)),
We are now ready to prove (1). We have &;[z,9] <« by 3.2.3(1) and thus

ilz, gl + (2= &fx,9]) = = (f2)

for every i =1,...,k. We obtain

(Fatwag), Y (= + @) Y

z=&;[z,9]

= (F@9),e gy °
3.2.6 Theorem IfT is an extension by definitions of PA then any extension
of T by course of values recursion is an extension by definition.

Proof. Let T' be an extension of T by course of values recursion as in
Par. 3.2.3 and T" an extension of T by the explicit definition

f(@.9) = (F(2.9)),,

where f is the course of values function from Par. 3.2.5. We have Lqn = L
and T" is an extension by definition of T' by Thm. 1.3.19. It suffices to show
that both theories T” and T" have the same theorems.

First we show T" + T’. The theory T" is an extension by definitions of PA,
and therefore, by Thm. 1.4.9, it proves the principle of complete induction
for each formula of L7 containing f. It remains to show that 7" proves both
defining axioms 3.2.3(2)(3) of f. The first defining axiom follows from

£(0,9) = (£(0,3)), = ({r[5],0)), = pL3].
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The second defining axiom follows from
f@+1,9) = (fz +1,9)), =
=72 (F@) ey gy F@0) g ] 2
= (Flale.90.9)) oo (F(EL50.9)) 5] -
=7 [z, f(&lz,51.9).- -, F(&[=.9).9). 5]

Vice versa, in order to show T’ + T" it suffices to prove

T+ f(z,9) = (f(=,9)),-

This is proved by complete induction on x. There are two cases to consider.
If 2 = 0 then we have

£(0,9) = pli] = ((p[3],0)),, = (F(0,9)),-
If x =2’ + 1 for some &’ then &[2',9] <2’ <2’ +1 by 3.2.3(1) and therefore

kxIH

f(ZC +1 y) _T[ f(gl[x jj] y) f({k[xl,ﬂ],ﬂ),ﬂ] =
- (Pl 1.9) - (Flale 319)) 9] 22
= [ (F@9)) e gy FE D) o 7] = (F@ 4 1,3)) B

3.2.7 Theorem Primitive recursive functions are closed under course of
values recursion.

Proof. By inspection of the proof of Thm. 3.2.6. o

3.3 Backward Recursion

3.3.1 Introduction. In this section we will study a simple modification of
course of values recursion which is called backward recursion. In this new
scheme the computation goes from 0 to an arbitrary but fixed upper bound.
We show that backward recursion is admissible in PA by reducing it to course
of values recursion.

3.3.2 Example. Suppose that f is defined by

(o) if = > b(y),
f(zy) = {h(x,f(x +1,y),y) if 2 <b(y).
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We have x < z +1 < b(y) for = < b(y) and therefore the definition is legal
because the value b(y) =z decreases for the arguments of the (only) recursive
application f(z +1,y):

x<b(y)—>by)=(x+1)<b(y) <.

We say that f is defined by backward recursion on the difference b(y) = .
We want to show that if g, h and b are all p.r. functions then so is f. For
that we shall define a new binary function f such that

v+a=b(y) > f(v,y) = f(z,y). (1)

Under the assumption v + z = b(y), if the number z grows from 0 to the
upper bound b(y), the number v decreases from b(y) to 0. This suggests the
following p.r. derivation of f. If 0+ x = b(y) then xz = b(y) and so it must be

R 1)
F0.0) 2 1(b(),v) = 9(w).
Ifv+1+x=>b(y) then v+xz+1=>b(y) and x =b(y) = (v+1), and so it must be

Fw+1,9) L fa,y) = h(z, f(z+1,9),y) S

= h(z, f(v,9),9) = h(b(y) = (v +1), f(v,9),9).
It suffices to define f as a p.r. function by

F(0,9) = g(y)
f(’l} + 173/) = h(b(y) - (U + 1),f(v,y),y).

Now from (1) we get
z<b(y) > f(w,y) = F(b(y) = 2,y).

If 2 > b(y) then b(y) =2 = 0 and thus f(z,y) = g(y) = F(0,9) = F(b(y) = x,v).
This means that we have also

x> b(y) — f(z,y) = F(b(y) = 2,y).

By combining these last two properties together we obtain

f(a,y) = f(b(y) = z,y).

We can take this identity as an explicit definition of f as a p.r. function.

3.3.3 Example. Our second example of backward recursion is the following
definition of a binary function f:
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9(y) if x> b(y),

f(z,y) = {h(x’f(g[x’y],y)7y) if x <b(y),

where z < £[z,y] for every x,y. We clearly have

z<b(y) = b(y) = ([, y] +1) <b(y) <z

and therefore the recursion is legal because the difference b(y) +~ = decreases
for the arguments of the recursive application f(&[z,y]+1,y).

We want to show that if g, h, b and £ are are all primitive recursive then
so is f. For that we shall define a new binary function f such that

vtz =b(y) > f(v.y) = f(,9). (1)
If 0+ = b(y) then = =b(y) and so it must be

£0,9) Y £(bw),y) = a(y).

Suppose now v + 1+ z = b(y) and for simplicity assume that [z, y] < b(y).
We have © = b(y) = (v+1). Let further &[v,y] be a term defined by

E[v,y] = b(y) = &[b(y) = (v+1),y].

Then £[v,y] +&[x,y] = b(y) and so it must be

fw+1,9) F fy) = b, £(Elr0)0)0) @
=z, f(lv.9]9),w) = B (W) = (v + 1), (€0, 91, 9). ).
Note also that the inequality £[v,y] < v holds as we have
E[v,y] =b(y) = €[b(y) = (v +1),y] <b(») = ((b() = (v+1)) +1) <
<b(y) = (b(y) +1=(v+ 1)) =b(y) - (b(y) - v) <.
The following is a course of values recursive definition of f as a p.r. function:

£(0,9) = g(y)
Fo+1,9) = h(b(y) = (v+ 1), f(€v,9),9),v)

From (1) we get

z <b(y) — f(z,y) = F(b(y) = 2,y).
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If 7 > b(y) then b(y) =z = 0 and thus f(z,y) = g(y) = £(0,y) = f(b(y) = z,y).
Consequently

x> b(y) — f(z,y) = F(b(y) ~2,y).

By combining these last two properties together we obtain

flz,y) = F(b(y) = z,y).

We can take this identity as an explicit definition of f as a p.r. function.

3.3.4 The principle of backward induction. Properties of functions de-
fined by backward recursion are usually verified by backward induction. The
principle of backward induction is formalized within PA as follows.

For every formula o[z, ] and term 6[§], the formula of backward induction
on the difference 0[y] = x for ¢ is the following one:

vy (Va1 (0[7] = 21 < 0[§] = @ > ¢l21,5]) > ¢l 5]) > Yavielz,g]. (1)

We assume here that the variable z; is different from x, 4 and does not occur
freely in ¢. The formula ¢ and the term € may contain additional variables
as parameters.

3.3.5 Theorem IfT is an extension by definitions of PA containing < then
it proves the principle of backward induction for each formula of L.

Proof. The principle of backward induction 3.3.4(1) of L7 is reduced to math-
ematical induction as follows. Under the assumption

vav (Ve (0[5] = o1 < 0[5] = = > ¢la1,5]) — olw.7]) (t1)
we first prove, by induction on n, the following auxiliary property

Vo(8[w] + v <n - p[v,w]). )

In the base case there is nothing to prove. In the induction step take any v
such that [w] = v <n + 1 and consider two cases. If §[w] = v < n then we ob-
tain ¢[v,w] by ITH. If [w] = v = n then by instantiating of (f,) with z, § := v,
we obtain

Vo (0[0] = 21 < n = @[z1,0]) > plv, @].
Now we apply TH to get o[z, 7].

With the auxiliary property proved we obtain that @[z, %] holds for every
x, ¢ by instantiating of YnVw(ty) with n,@,v:=0[g] ~z+1,7,x. O
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3.3.6 Extensions by backward recursion. Let T be an extension by
definitions of PA. Let further

p[w,ﬂ],T[l',f,g],@[g],fl [.’L‘,g], cee ,fk[%ﬂ]

be terms of L with all their free variables indicated. Suppose that

Trx<&lz,g] ... Trax<&lzy] (1)

Consider a theory T” obtained from the theory T by adding a new (n+1)-ary
function symbol f, the defining axioms

xze[g]_)f(xvg):p[xvg] (2)
<O[g] > f(x. ) =7 [z, f(&l2,9).9), - f(le,9),9).5] . (3)

and the scheme of backward induction for the formulas of L7+ containing the
symbol f. We say that 7' is an extension of T by backward recursion on the
difference 0[y] = x.

Fizing notation. We keep the notation introduced in this paragraph fixed
until the end of this section where we prove in Thm. 3.3.8 that the theory
T’ is an extension by definition of the theory T'. We will be working in an
extension by definitions of the theory T'. We will keep the notation 1" also for
this extension of T'.

Remark. The definition can be viewed as a function operator which takes
all functions applied in the terms p,7,6,&1,...,& and yields the function f
as a result. We will prove in Thm. 3.3.9 that the class of primitive recursive
functions is closed under the operator of backward recursion.

3.3.7 Auxiliary function. We will introduce the function f with the help
of an auxiliary (n+1)-ary function f such that

v+ =0[g] > f(v.9) = f(2,7).

Let 7[v,Z,9],&1[v, 4], - -, &k [v, §] be terms of L1 defined by
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gk[e[g] - (1) + 1)7@] < e[g]azk,f’[&w[?ﬂ - (’U + 1)7@]7@])7@]
&ilv, 9] = 0[9] = &[0[9] = (v +1),9]-

For every i=1,..., k we have

T+ &v,j] <v. (1)
The function f is defined by the following course of values recursion
£(0,9) = p[ 0151, 9]
fo+1,9) = #v, f(&[v,50.9).- - F(Elv. 51,9). 5]
In the sequel we will need the following property of f :

Tz <0[g] > f(0[g] = 2.9) = (2)

D(&l. 5] <. 6151, F (915) = &L, 91 9). pl e, 9], y]),y].

Proof. (1): Tt follows from

3.3.6(1)

&) =0ly] = G[0ly] = (v 1),9] < OLw] = ((Bly] = (v 1)) +1) <
<Oyl = (Oly] + 1= (v+1)) = 0y] = (0[y] = v) <v.

(2): If < 0[] then x + v + 1 = 0[§] for some v. We then have

olg) = w=v+1 (1)
oyl =(v+1)=x (t2)

and also
(&[613] = (v+1),5] <. 0[3)) = (&l 7] < 0[37) (ta)

F(&lv,51.9) = F(019] = &[005] = (v +1),9).5) = F(0[5] = &l 51, 9). ()
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‘We now obtain

This proves (2). m

3.3.8 Theorem IfT is an extension by definitions of PA then any extension
of T' by backward recursion is an extension by definition.

Proof. Let T' be an extension of T' by backward recursion as in Par. 3.3.6
and 7" an extension of T by the explicit definition

f(@.9) = D(@ <. 014], F(614] = 2.5), pl. 5]),

where f is the function from Par. 3.3.7. We have Lp» = L7 and T" is an
extension by definition of 7" by Thm. 1.3.19. It suffices to show that both
theories T and T" have the same theorems.

We show T" + T" first. The theory T" is an extension by definitions of PA
and therefore, by Thm. 3.3.5, it proves the principle of backward induction
for each formula of L7/ containing the symbol f. It remains to derive both
defining axioms 3.3.6(2)(3) of f in T". If x > 0[] then we have

f(@.g) = D( <. 014], F(015] = z,5), pl. 5]) =
= D(0, /(015 = ,5), pl,5) = Pl 5]
This proves the first defining axiom of f in T". If 2 < §[§] then we have
f(@.9) = D(w <. 0[5], F(614] = v, 5), pl.5]) =
= D(1, (014] = 2,9), pl 71) = F (0[] = . 7) **2

= T[va(gl[Iag] <x 9[3]],f(9[§] ;gl[xvg]vg)vp[gl[xvg]vg])a L)
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This proves the second defining axiom of f in 7.
Vice versa, in order to show T' + T" it suffices to prove

'+ f(2,9) = D(x <. 0[5), f(015] = .5). oLz, 7).

The property is proved by backward induction on the difference 0[] = z. So
take any x,3 and consider two cases by dichotomy. If 2 > 6[§] then we have

f(@.) = ple. 5] = D(0, F(0[5] = =.5), plz.7]) =
= D(w <. 6[g], £ (615] = 2,9), pla,9]).

If x < 0[y] then 0[y] = & [z, 7] < 0[y] = = by 3.3.6(1) for all i =1,..., k. Thus

kxIH

F@.g) =l f(&le,91.9), - £ (&l 9].9).5] 2
- T[x,D(&[:c,y] < 0[5, (019 = &l 50.9). [ .91 5] )

D€L, 5] <. 0131, F(017) ;@[x,m,y),p[gk[x,m,y]),y] 5310)
= J(014) = 2,9) = D(1.F (015] = ,5). pl. 1) =
= D( <. 0151, (015] = 2,9), pl,5]). 0

3.3.9 Theorem Primitive recursive functions are closed under backward re-
CUrsion.

Proof. By inspection of the proof of Thm. 3.3.8. m]

3.4 Recursion with Parameter Substitution

3.4.1 Introduction. In this section we will investigate in PA recursive def-
initions for which parameters change in recursive applications. This new
scheme is called recursion with parameter substitution.

3.4.2 Example of primitive recursion with parameter substitution.
Our first example of recursion with parameter substitution is the efficient
implementation of the sequence of Fibonacci (see Par. 1.1.4). Recall that the
fast program for the Fibonacci function

fib(0) =0
fib(n+1) =g(n,1,0)
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is obtained with the help of the auxiliary ternary function g defined by

9(0,a,b) =a
g(n+1,a,b) =g(n,a+b,a).

Note that the value g(n + 1,a,b) depends on the value g(n,a + b,a) from
the previous stage, where the terms a + b and a has been substituted for the
parameters a and b, respectively. We say that the function g(n, a,b) is defined
by primitive recursion on n with substitution in the parameters a and b.

3.4.3 Example of course of values recursion with parameter substi-
tution. The second example is the algorithm of Euclid for computing of the
greatest common divisor of two numbers:

ged(0,y) =y
ged(z+ 1,y) = gcd(y mod (z+ 1),z + 1),

which relies on the following property of divisibility:
ba Y£0—>z|xzAaz|y<o z|yaz|xzmody.

These two equations have a form of a course of values recursive definition
because the first argument decreases in the recursive application:

ymod (r+1)<z<xz+1.

The only difference between the above definition and the one discussed in
Sect. 3.2 is that in this case the parameter changes in recursion. Namely, the
term x + 1 is substituted for the parameter y in the second equation. We say
that the function ged(z,y) is defined by course of values recursion on x with
substitution in the parameter y.

3.4.4 Extensions by recursion with substitution in parameters. Let
T be an extension by definitions of PA and f a new (n+1)-ary function
symbol. Let further

p[y],T[$,2,g],§1[$7ﬂ],51 [x,gj], s 7€k[$7g]75k[1"7g]

be terms of L7 in which no other variables than the indicated ones are free
such that

Tr&[x,g]l<z ... Tr &z, 7)<

Consider the theory T obtained from the theory T' by adding the function
symbol f, the defining axioms of f
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£0,9) = ply]
f(I + l,ﬂ) =T [Iaf(gl[xvg]aa'l[xag])a s af(gk[xvy]va'k[xag])ag] :

and the scheme of mathematical induction for the formulas of L7+ containing
the symbol f. We say that T’ is an extension of T by (course of values)
recursion with parameter substitution.

The assertion that T’ is an extension by definition of T' will be proved at
the end of this section. The proof proceeds in stages. First, we show that the
scheme of primitive recursion with parameter substitution with two recursive
applications (k = 2) and one parameter (n = 1) is admissible in PA. This
is proved in Thm. 3.4.14 by reducing the scheme to backward recursion.
Next, we extend the result to primitive recursion with arbitrary number of
recursive applications (Thm. 3.4.18) and parameters (Thm. 3.4.22). Finally,
we show how to reduce course of values recursion with parameter substitution
to primitive recursion (Thm. 3.4.27).

Remark. The definition can be viewed as a function operator which takes all
functions applied in the terms p,7,&1,01,...,&, 0% and yields the function f
as a result. We will prove in Thm. 3.4.28 that the class of primitive recur-
sive functions is closed under the operator of course of values recursion with
parameter substitution.

Primitive Recursion with Parameter Substitution:
Casek=2andn=1

3.4.5 Introduction. In this subsection we will investigate the scheme of
primitive recursion with substitution in one parameter (n = 1), where only
two different recursive applications are allowed (k = 2). The admissibility of
the scheme in PA will be shown in Thm. 3.4.14.

We will fix the notation used in this subsection as follows. Let T" be an
extension by definitions of PA and T’ an extension of T' by primitive recursion
with parameter substitution with the defining axioms

f(0,y) = ply] (1)
f@+1,y) =7[z, f(2,01[z,9]), [ (2, 02[x,9]). y]. (2)

Here f is a new binary function symbol. We claim that 7" is an extension of
T by definitions. We will prove this fact by reducing the scheme to backward
recursion.

We will be working in an extension by definitions of the theory 7. We will
keep the notation T also for this extension of T.
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3.4.6 The outline of of the proof. We will introduce the function f into
the theory T by the arithmetization of computation trees for f in which we use
as computational rules its defining axioms 3.4.5(1)(2). The computation of
the application f(x,y) can be visualized as a binary tree with labels consisting
of all applications f(x;,y;) which are needed to compute the value f(z,y).

Binary trees are coded as follows. The empty tree is coded by the number
0. A non-empty tree is coded by the number (z,,7), where z is the label of its
root node, and [ and r are the codes of its left and right subtrees, respectively.
Note that if ¢ is the code of a non-empty tree then the label of its root node
is the first projection of ¢, i.e. the number Ty ().

We intend to introduce f into T with the help of its course of values func-
tion f. The function f(z,%) yields the computation tree for the application
f(x,y), i.e. we would like to have

F(0,9) = (£(0,9),0,0)
?(‘T + 17y) = (f(x + 17y)=?($701 [xvy])v?(‘TaU?[xvy]))

in the standard model. The function f can then be defined explicitly by

f('rvy) = nl?(xvy)

as primitive recursive.

Figure 3.1 shows an example of computation tree f(z,y) for the applica-
tion f(z,y). Note that each node of the tree has the form f(z;,y;) for some
word 4 over two-symbol alphabet X' = {1,2}. The dyadic word i represents the
path from the root to that node in obvious manner. Note that we can easily
recover the arguments of the application f(x;,y;) from the arguments of the
application f(z,y) and the path i. Clearly, the recursive argument z; is the
difference between = and the and the length of the dyadic word i. Moreover

Yz =Y Yi1 =01 [xilayi] Yi2 = U2|:xi2ayi]'

This gives us simple recurrences for computing the parameter y;.

By the results of Par. 1.1.5, there is simple correspondence between dyadic
words and dyadic representation of natural numbers. Recall that every natu-
ral number has a unique representation as a dyadic numeral which are terms
built up from the constant 0 by applications of the dyadic successors

r1=2x+1 xr2 =21+ 2.

Dyadic representation allows simple coding of dyadic words into natural num-
bers. For instance, the code number of the dyadic word 221 is the number

0221=2x (2x(2x0+2)+2)+1=2x27+2x2" +1x2°=13.
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/f(901111,y1111)
Sz, y111)
f(z1112,91112)
f(z11,911
/f(xuzl,ynm)
f(z112,9112)
f(z1122,91122)
f(z1,91)
/f(xlzu,ylzu)
flx121,y121)
f(z1212,y1212)
f(z12, 912
___f(z1221,y1221)
f(z122,y122)
f(z1222,y1222)
f(z,y)
/f(902111,y2111)
Slxo11,y211)
f(z2112,¥2112)
f(@a1,y21
/f(x2121,y2121)
f(z212,y212)
f(z2122,y2122)
f(z2,y2)
/f(xzzu,yzzu)
f(x201,y221)
f(z2212,y2212)
f(za2,y22
___f(z2221,y2221)
f(x202,y222)
f (w2222, y2222)

Fig. 3.1 Computation tree of depth 5

Arithmetization is so straightforward that, from now on, we will usually iden-
tify dyadic words with their code numbers.

We intend to compute f(z,y) from bottom-up using backward recursion.
This is done with the help of the course of values subtree function f(z,v).i
which returns the subtree of the computation tree for f(x,y) at position
indexed by the dyadic path ¢. That is, we would like to have

0 f(2,y)0 = f(ai, )
for every dyadic path i in the computation tree f(z,y). Hence

T(Ia y) = T[17(I, y)o

and we can take the identity as an explicit definition of the course of values
function. Note that 0 is the code number of the empty dyadic word @.

3.4.7 Dyadic case analysis. Note that we have
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bpa =0V Iyx=x1vIyzx =22 (1)
This is called the principle of dyadic case analysis on the number x.

3.4.8 Dyadic size. The unary function |z|; yields the number of dyadic
successors in the dyadic representation of z. The dyadic size function satisfies

oa 0], =0 (1)
toa |71y = |2y + 1 (2)
ea |72]4 = |2|g + 1 (3)

and it is defined by course of values recursion as a p.r. function by

[0]q =0
|z + 1|, =]z +2[, + 1.

The following property will be needed later:
lz[g <n e x+1<2". (4)
In the sequel we will tacitly use the properties (1)-(3) of dyadic size.
Proof. (1): Directly from definition. (2): It follows from
x|y =22+ 1], =20 + 2|, + 1 = |z, + 1.

(3): This is proved similarly.

(4): By complete induction on z as ¥n(4). In the induction step take any
n and consider three cases according to 3.4.7(1). If = 0 then we have

Oy<ne0<ne1<2" < 0+1<2"

If x = y1 for some y then y < z and we obtain

2
|y1|d<n$:2|y|d+1<n<:>3m(n:m+1A|y|d+1<m+1)<:>

@Elm(n:m+1/\|y|d<m)g3m(n:m+1/\y+1<2m)@

< Im(n=m+1r2y+2<2"") = 2y+2<2" o y1+1<2"

The case when x = y2 for some y has a similar proof. o

3.4.9 Dyadic concatenation. The binary function = * y yields a number
which dyadic representation is obtained from the dyadic representations of x
and y by appending the digits of y after the digits of z. The dyadic concate-
nation function z x y satisfies the identities
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—_
~

ba zx0=x (
oa T*yl=(zxy)1 (
toa & % y2 = (2 % y)2 (3)

[\)
~

and it is defined explicitly as a p.r. function by
zxy =2V 4y,

We will need the following distributive property:

@ % ylg = lelq + lylq - (4)
In the sequel we will tacitly use the properties (1)-(3) of dyadic concatenation.
Proof. (1): We have x x 0 = 22/% + 0 = 22° = 2. (2): It follows from

z oyl =z2¥ta 4 y1 = galWlatl 4 oy 1122 (x2|y|d + y) +1=(z+*y)1.

(3): This is proved similarly.

(4): By complete induction on y. In the induction step we consider three
cases according to 3.4.7(1). If y = 0 then

e
% 0l = |z[g = |2lq + 0 = o]y +[0]4-
If y = z1 for some z then z < y and we obtain

(2 IH
|vx 21|y = [(z*2)1]g = |z * 2|y + 1= 2|y +|2]q + 1 = [z]q +]21]4 .

The case when y = 22 for some z has a similar proof. o

3.4.10 Selector function for recursive arguments. By x;(z) we denote
the binary function which computes the recursive argument of the recursive
application of f at position indexed by the dyadic path ¢ in the computation
tree for f(x,y). The function satisfies

pa Xo(z) =2 (1)
ta X () = x;(2) = 1 (2)
ta Xia () = x;(2) = 1 (3)

and it is defined explicitly as a p.r. function by
xi(x) == ilq .-
We will need the following composition property of the selector function:

A Xixj (7) = Xj%; (7). (4)
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In the sequel we will tacitly use the properties (1)-(3).

Proof. (1): We have xg(z) =2 = |0|; =2 =0=z. (2): It follows from
Xp(z) =z =|itly=a=(li|y+1) =z =i =1 =x;(x) = 1.

(3): This is proved similarly. (4): It follows from

.. 3.4.9(4) . . . .
Xixj(2) =@ =i jlg =" = (lilg +1ila) = 2 = lilg = lila =

=xi(z) = [j]4 = x;%i (). o
3.4.11 Selector function for parameters. The ternary function y;(z,y)

computes the parameter of the recursive application of f at position indexed
by the dyadic path 4 in the computation tree for f(x,y). The function satisfies

Tryo(z,y)=y (1)
T vryi(z,y) = o1[xi (), yi(z,9)] (2)
T vyia(2,y) = 02[xiz (), yi(2,y)] (3)

and it is defined by course of values recursion on ¢ as a p.r. function:
yo(z,y) =y
yie1(2,y) = D((i +1) mod 2,01 [Xi41 (2), yiz2(2,9)], 02 [%is1 (2), yiz2(2,9)]).
The following is the composition property of the parameter selector function:
T'_yi*j(x7y):yj(xi(x)uyi(xuy))' (4)
In the sequel we will use the properties (1)-(3) without explicit reference.
Proof. (1): From definition. (2): We have (2i+ 1) mod 2 = 1 # 0 and therefore
Yir(2,y) = y2ir1(2,y) = 01[%2i41 (), y2i:2(7,9)] = 01 [xia (2), yi (2, 9) ].

(3): This is proved similarly. (4): By complete induction on j. In the induction
step we consider three cases according to 3.4.7(1). If j = 0 then

Yiro(2,9) = yi(,y) = yo(xi(2), yi(x,9)).
If j = k1 for some k then k < j and we obtain

2)
Yick1 (2,Y) = ¥ (ink)2 (2, 7) @ o [(X(ixk)s (2), Yirk (2, )] =

3.441_0(4) IH

= 01 [Xink1 (%), Yisr (2, )] 01 (X1 % (), Yisk (2, )]
= o1 [xaxi (@), yi (x:(2), yi (@) ] Dy (i (@), yi (2, 9) ).

The case when j = k2 for some k is similar. ]
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3.4.12 Course of values subtree function. The ternary function f(z,y).i
returns the subtree of the computation tree for f(x,y) at position indexed
by the dyadic path 7. It has the following basic properties:

T'_|i|d:I_)7(Iay)'i:(p[yi(xvy)]voao) (1)
T+lily <z~ f(z,y).i= (2)

(T[xi(x) =1, (f(z,y).i1), T (f(2,9).i2),yi(z, )],
f(z,y).i1, f(z, y)22>

The course of values subtree function f(x,y).i for f is defined by backward
recursion on the difference 2% =1 =4 as a p.r. function by

022" =1~ f(x,y)i=(plyi(2,9)],0,0)
i<2% =1 f(x,y).i= (T[Xl(I) =1,m (7(:17, y).il), m (T(x,y).iZ),yi(:zr, y)],
?(w,y).il,?(w,y).iz).
The composition property of the course of values subtree function is
T fin jly <2 = F,y).(i * ) = F(xi(w), yi(w,9)) (3)
Proof. (1),(2): Directly from definition by noting that

) . 3.4.8(4)
i1<2"=1ei+1<2" < i<

(3): By backward induction on the difference z = |j|4. So take any ¢, 7,z such
that i » j|; <« and consider two cases. If |i * j|; =2 then |i|, +|j|, =« by
3.4.9(4) and therefore [j|; = = |i|; = x;(x). We obtain

Fa,9)-(i % 5) Y (plyies (2,9)],0,0

= ?(Xi(fﬂ)a%(wvy))'j

€]

>3.4.1:1(4) (p[yj(xi(w),yz‘(iﬂay))]7070> =

So suppose that |i x j|; < . We then have |i|, + |j|; <z by 3.4.9(4) and there-
fore |j|4 <« = |i|4 = x;(z) and

L 3.4.934) . . . .
i % gilg "= Jilg + gl = lilg + Ldlg + 1< 2

From [j|; <« we obtain |j|; < |j|4 + 1 =1|j1|4 <z and thus z = |j1|; <z = |j]4-
Therefore
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Fla,y)(ixj) @

= (r[xies (@) = 1,10 (F(2,9)-G % 1), 10 (F(2,9)- % )2), 515 (2, 9) ],
Pl w)-Ge )1, F ()G jz) HH 24O

= {rlxxi@) = 11 (Fl) (o j0), 0 (Fa,9).G 52)),
y; (xi(@),yi(w )] F(@,9). G« 1), F ) (i j2)) 72

= (rlxxi(@) = 1, (Fxila), yile,9)) 1), 1 (Fxila), yi (e, 9)) 2),
v (i), i (,9)) ] F i (), v, 9)) 1, Fea(), v, ))-52)

= f(xi(2),yi(z,y)).J. o

)

3.4.13 Course of values function. The binary function f(z,y) returns
the computation tree for f(x,y). The function satisfies

T+ T(Ovy) = (p[y],0,0) (1)
Trf(zx+1,y)= (T[I, 1'[17(:17, o1z, y]), 1'[17(3:, P [x,y]),y], (2)

?(xvo'l [x,y]),?(:v,aﬂx,y]))

and it is defined explicitly with the help of the course of values subtree func-
tion f(x,y).i for f as follows

f(@y) = F(z,9).0.
Proof. (1): We have |0|; = 0 and thus

F(0,9) =70.9).0 ™ E {plyo(0.9)].0,0) = (p[y1,0,0).
(2): First note that the following holds
Trlily <z~ f(a,y)i = f(xi(2),yi(2,9). (1)
Indeed, if |i|; < 2 then [i » 0|, = |i|; < = and therefore

3.4.12(

F@y).i=f(z,y).(ix0) VT (i (@), yi(.)) -0 = F(x:(2), yi(.9)).

Further note that we have also
xoo(z+1)=x%xp(z+1)+1=x+1=1=x (t2)

You(z+ 1,y) = o1[x0n (2 + 1), yo (2 + 1,9)] & o[, 9] - (ts)
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We have [0]; =0 <z + 1 and therefore

Fz+1,y) = Fz+1,y9).0 "2

= <T[x0(x+1)L1,1T1(7(:v+1,y).01),7‘[1(7(x+1,y).02),y0(:v+1,y)],
flx+1,9).01, f(z+1,y). 02>
T, ( flz+1,y). 01) (f(x+1,y).02),y],

I
[
e +1,).00, F(z+1,y).02) ¥
[
it

-

B

x T[1f(x01(:17 +1),yo.(z+1 y)) 1'[17(x02(:17 +1),y02(x + l,y)),y],
)> (f2) (T3)

f(xo(z+1),y0.(z+1, y)) (x02(:17+1) yo=(z +1,y)
= (T[:C,T[lf(x,ol [x,y]),nl?(x,ag[:v,y]),y],?(x,al [x,y]),f(:v,aﬂx,y])).
This proves the property (2). |

3.4.14 Theorem IfT is an extension by definitions of PA then any exten-
sion of T by primitive recursion with parameter substitution for the case k = 2
and n =1 is an extension by definition.

Proof. Let T’ be an extension of T' by recursion with parameter substitution
as in Par. 3.4.5 and 7" an extension of T by the explicit definition

f(xvy) = T[lf(‘ruy)u

where f is the course of values function for f from Par. 3.4.13. We have
Lrpn = Ly and T" is an extension by definition of T' by Thm. 1.3.19. It suffices
to show that the theories T’ and T" have the same theorems.

First we show T" + T". The theory T" is an extension by definitions of PA
and thus, by Thm. 1.4.9, it proves the principle of mathematical induction
for each formula of L7 containing f. It remains to show that 7" proves both
defining axioms 3.4.5(1)(2) of f. The first defining axiom follows from

3.4.13(1)

f(an) = 1T17(0,y)

The second defining axiom follows from

Tu(ply],0,0) = p[y].

Fa+1y) = f@+1,y) PO e T (2,002, 0]), 1 F (2, 00 [2,y]), ] =

= T[x,f(x,crl[:zr,y]),f(:z:,crg[:zr,y]),y].

Vice versa, in order to show T + T" it suffices to prove
) 1%
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T'+Vy f(z,y) = Tuf(z,y).
This is proved by induction on z. In the base case take any y and we have

3.4.13(1

£(0,9) = ply] = T (g(y),0,0) "7 (0,y).

In the induction step take any y and we obtain
2xIH
f(.’L' + 17y) = T[(E,f((E,Ul [ZC,y]),f(fL',O'Q[fE,y]),y] =

MO Faey). o

= T[:I;a T[l?(‘ru 01 [(E, y])u T[lf(xa 02 [1’, y])7 y]
3.4.15 Theorem Primitive recursive functions are closed under primitive
recursion with parameter substitution for the case k=2 and n =1.

Proof. By inspection of the proof of Thm. 3.4.14. o

Primitive Recursion with Parameter Substitution:
Casen=1

3.4.16 Introduction. In this subsection we will show that the scheme of
primitive recursion with substitution in one parameter is admissible in PA.
This will be proved in Thm. 3.4.18 by reducing the number of recursive
applications. This leads eventually to primitive recursion with substitution
in one parameter and two recursive applications.

We will fix the notation used in this subsection as follows. Let T be an
extension by definitions of PA and T’ an extension of T' by primitive recursion
with parameter substitution with the defining axioms

f(0,y) = ply] (1)
flx+1,y) = T[a:,f(x,al[:zr,y]), ... ,f(a:,crkﬂ[x,y]),y] . (2)

Here f is a new binary function symbol. We claim that 7" is an extension of
T by definitions.

We will be working in an extension by definitions of the theory 7. We will
keep the notation T also for this extension of T.

3.4.17 Reduction of the number of recursive applications. We will
reduce the above definition for k£ > 2 to a new one, where only k£ recursive
applications are allowed. This new definition is for a binary function f (u,v)
such that f(2z,y) = f(z,y) and it is of the form
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£(0,v) = p[v]
f(u+ 1,v) = %[u,f(u,&l[u,v]),...,f(u,&k[u,v]),v]

for suitable terms 7[u,w,v],1[u,v],...,dk[u,v]. Note that this is primitive
recursion on u with substitution in the parameter v with k recursive appli-
cations. We will take then the identity f(z,y) = f(2z,y) as an alternative,
explicit definition of f.

The idea behind reduction of recursive applications is as follows. We would
like to have f(2z,y) = f(x,y) and so it must be

T+ f(2(x+ 1),y) =T [:E,f(Qx,ol[:E,y]), e ,f(2;v,ak+1[;v,y]),y]. (1)

For the values of the form f(2z + 1,v) we require

f(2x+ 1,(1,y)) = (f(:z:,crl[x,y]),...,f(:z:,crk[x,y])>
f(2:1c +1, (2,y)) = f(x,oml[x,y]).

Note that the application f(2:1c +1, (1,y)) returns a number which codes k
values f(x,al [x,y]), e ,f(x,ak[x,y]) of the function f.

These informal arguments can be rewritten without mentioning the func-
tion f as follows:

Tl—f(2x+1 (1, )) (f(2x o1z, y]) ...,f(2$,0'k[$,y])> (2)
Tl—f(2x+1 ) (2:1: ok+1[2,y] ) (3)
T f(2+2.y)= [ [f(20+ 14 L)L, [F e+ L)), (@)

f2z+1,42,)),9]

This means that the terms 7,671, ..., 0. satisfy the properties
. k k
Tr2x+ 1,2, 2541, --.,Y] = T[:c, (z]7,..-, (2] ,Zk+1,y] (5)
Tl—%[2x,zl,...,zk,( Y )] (21, 21) (6)
T+ ?[Zx,zkﬂ, {2,y )] = Zksl (7)
and
T+ G2z + 1,y] = (1,y) (8)

T+ o[22+ 1,y] = (2,y) 9)
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T+ i_/k\l&i[Zx,(l,y)] =o;[x,y] (10)
T+ 61[22,(2,9)] = ok [2,y]. (11)
For that it is sufficient to set
Flu,wy, ..., wg,v] = D(u mod 2,T[u+ 2, [wl]]lc e, [wl]z ,wg,v],
D(T[l(v) = 1, (wy,... ,wk),wl))

and
G1lu,v] = D(u mod 2, (1,v),

D(nl(v) = Lon[u+2,15(v)], o5 [u+ 2,n2(v)]))
Go[u,v] = D(u mod 2, (2,v), 09 [u +2, T[g(’l})])
Gilu,v] = Ji[u+ 2,1‘[2(1))] fori=3,...,k.

Proof. (5)-(11): Directly from definition. (2): It follows from

fe+1,(1,y)) =
= 722, f(22,61[22,(1,9)])...... F (22,6022 (1, )] ). (1,1 =
=7[22, f(22,01[x ),...,f(2x o[z, y]), (1y)] @

<f(2:v o1z, y]) f(2x oz, y])>
(3): Tt follows from
f(22+1,(2,9) = 722, F(22,61[22,(2,9)]), .. (2.)] i

%[2x, f(2x, Okl [x,y]), (2, y)] @ f(2:17, Ok+1]2, y])

(4): It follows from
f@Rr+2,y)=fRx+1+1,y)=
= #20+ 1, f(20+ 1,61 (20 + Ly)), f(20+ 1,6a[20 + 1,y))....y] P27
=20+ 1, f(20 4 1,(1,p)), F(20+1,(2,9). . y] @

- T[LL', [f(22+1, (1,y))]’f v [f(2e 41, (1,y))]z fr+1, (2,y)),y].
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We are now in position to prove (1):

f@a+1),y) = fa+2,49) @

_T[ JF(22+1, (1,y))]’f,...,[f(2x+1,(1,y>)]z,f(2x+1,(2,y>),y] (2),(3)
= T[:v, f(2x,01 [:C,y]), . ,f(2:v,ak [x,y]), f(2:v,ak+1[x,y]),y]. o

3.4.18 Theorem IfT is an extension by definitions of PA then any exten-
sion of T' by primitive recursion with parameter substitution for the case n =1
is an extension by definition.

Proof. The claim is proved by (meta-)induction on the number k of recursive
applications in the defining axiom 3.4.16(2). The case k = 0 is in fact explicit
definition with monadic discrimination on the first argument and it follows
from Thm. 3.1.10. The cases k = 1 or k = 2 follow from Thm. 3.4.14. So
suppose that the claim holds for the case k > 2. We will prove that the claim
holds also for the case k + 1.

Let T’ be an extension of T' by primitive recursion with parameter substi-
tution as in Par. 3.4.16 and T an extension of T by the explicit definition

f(xay) = f(2x7y)v

where f is from Par. 3.4.17. We have L7+ = L7v and T" is an extension by
definition of T by (meta-)IH. In order to prove the claim it suffices to show
that the theories T and T" have the same theorems.

First we show that 7" + T". The theory T" is an extension by definitions
of PA and therefore, by Thm. 1.4.9, it proves the principle of mathematical
induction for each formula of L7+ containing the symbol f. It remains to
show that T" proves both defining axioms 3.4.16(1)(2) of f. The first defining
axiom follows from

F(0,9) = f(2x0,9) = f(0,y) = ply].

The second defining axiom follows from

) 3.4.17(1)

f(2(z+1),y
T[x,f(2:v,01 [x,y]), . ,f(2x Oke1[ ),y]
:T[x,f(x,crl[x,y]),...,f(x k12, Y] ),y]

f(z+1,y)

Now we show that 7'+ T". For that it suffices to prove

T+ Yy f(z,y) = f(22,y).

This is proved by induction on x. In the base case take any y and we have
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F(0,9) = plyl = F(0,9) = f(2x0,9).
In the induction step take any y and we obtain

(k+1)xIH

flzx+1,y)= T[:v,f(x,ol[ac,y]),...,f(w,oml[x,y]),y]
= T[:v,f(Qx,al[:v,y]),...,f(2:v,ak+1[:v,y]),y
:f(2(a:+1),y). o

] 3.4.17(1)

3.4.19 Theorem Primitive recursive functions are closed under primitive
recursion with parameter substitution for the case n = 1.

Proof. By inspection of the proof of Thm. 3.4.18. ]

Primitive Recursion with Parameter Substitution

3.4.20 Introduction. In this subsection we will show that the scheme of
primitive recursion with substitution in arbitrary number of parameters is ad-
missible in PA. This will be proved in Thm. 3.4.22 by reducing it to primitive
recursion with substitution in one parameter.

We will fix the notation used in this subsection as follows. Let T be an
extension by definitions of PA and T’ an extension of T' by primitive recursion
with parameter substitution with the defining axioms

£(0,9) = p[y] (1)
flx+1,9) =7z, f(z,61[2,9]),- ... f(z,6%[2,5]), 5] (2)

Here f is a new (n+1)-ary function symbol (n > 1). We claim that 7" is an
extension of T" by definitions.

Below we will consider the case when the definition has at least two pa-
rameters, i.e. n > 2. The case n = 0 is in fact parameterless primitive recursion
for which the claim has been already proved in Thm. 3.1.10. The case with
one parameter (n = 1) follows from Thm. 3.4.18.

We will be working in an extension by definitions of the theory T. We will
keep the notation T also for this extension of T.

3.4.21 Contraction of parameters. We will reduce the above scheme,
where n > 2, to a new one for a binary function (f)(z,y) so that

(F) ) = f (] D)) -

The n parameters § = y1, ...,y are replaced by a single parameter y. We will
call the number y = (g) = (y1,...,yn) the contraction of the numbers 3.
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The contraction function (f)(x,y) is defined by primitive recursion on
with substitution in the (only) parameter y as a p.r. function by

(N0, =p[ly]7 - [w]7]
(A +1y) = 7]o (F) (2 (51 [ 17 10])), -
(£) (s (el TolT o l])) T T

3.4.22 Theorem IfT is an extension by definitions of PA then any exten-
sion of T by primitive recursion with parameter substitution is an extension
by definition.

Proof. Let T' be an extension of T by primitive recursion with parameter
substitution as in Par. 3.4.20, where the number of parameters is at least two
(n >2).2 Let further 7" be an extension of T' by the explicit definition

F(@,9) = ()=, (5)),

where (f) is the contraction function of f from Par. 3.4.21. We have Ly = Lp»
and T" is an extension by definition of T' by Thm. 3.4.18. In order to prove the
claim it suffices to show that the theories T” and T"" have the same theorems.

We show T" + T first. The theory T" is an extension by definitions of
PA and therefore, by Thm. 1.4.9, it proves the principle of mathematical
induction for each formula of L7/ containing the symbol f. It remains to
show that 7" proves both defining axioms 3.4.20(1)(2) of f. The first defining
axiom follows from

£00,9) = (£)(0,(5) = o[}, L] 7= plg]-

The second defining axiom follows from

fla+1,9) = (f)(z+1,(5)) =

1}
\]
| —|
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—
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Now we show that T’ + T". For that it suffices to prove

T' =5 f(2,9) = (f)(=, (7))

2 The cases n = 0 or n = 1 follow from Thm. 3.1.10 or Thm. 3.4.16, respectively.
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This is proved by induction on x. In the base case take any ¢ and we have

£(0,9) = p[7] p[L@NY - L] = (£)(0, (@)

In the induction step take any 3 and we obtain

2.3.5(1)

flx+1,3) = T[:v, (z,61[2,9]), ... ,f(x,&k[x,g]),g] fodH
{

Il
ﬂ
—
8
—
~

3.4.23 Theorem Primitive recursive functions are closed under primitive
recursion with parameter substitution.

Proof. By inspection of the proof of Thm. 3.4.22. ]

Course of Values Recursion with Parameter
Substitution

3.4.24 Introduction. In this subsection we will show that the general
scheme of course of values recursion with parameter substitution is admis-
sible in PA. This will be proved in Thm. 3.4.27 by it to primitive recursion
with parameter substitution.

The notation used in this subsection is fixed as follows. Let T be an ex-
tension by definitions of PA and T’ an extension of T by course of values
recursion with parameter substitution with the defining axioms

£(0,9) = p[9] (1)
flx+1,9) = T[.’L‘,f(fﬂ:&ﬂ],&l [l‘,g]), e 7f(§k[x7g]=6k[x7g])vg] ) (2)

where
Tr&[x,g]l<z ... Tr&[z, 7)< (3)

Here f is a new (n+1)-ary function symbol. We claim that T" is an extension
of T by definitions.

We will be working in an extension by definitions of the theory 7. We will
keep the notation T also for this extension of T.
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3.4.25 Approximation function. We will introduce the function f(z,%)
into the theory T with the help of its approximation function f*(z,z, ). The
additional argument z plays the role of the depth of recursion counter. It
estimates the depth of recursion needed to compute the value f(x,%). If z is
sufficiently large then we have f*(z,z,9) = f(x, 7). As we will see below every
number z > x gives us sufficient estimation of the depth of recursion. This
will allow us to introduce f into PA explicitly by f(z,4) = f*(z + 1,z,7).
The (n+2)-ary function f*(z,z,y) satisfies

T+ f7(0,2,5)=0 (1)
Tr [ (2+1,0,9) = p[¥] (2)
Trf(z+1,0+1,9)= T[a:,f(z,gl[x,g],&l[x,g]), o (3)

£ (2 &l 91 el 91). 51,

and it is defined by primitive recursion on z with substitution in the param-
eters x, ¢ as a p.r. function by

f*(O,x,g'j) =0

F(z+1,2,9) = D(:C,T[x =1, (2,6 = 1,5),61 [z = 1,5]),...,
(a6l Lakae = 1) .ol

3.4.26 Monotonicity of the approximation function. We have
Tra<znAz<z - f(2,2,9) = f(22,2,9). (1)

The property asserts that the application f*(z,z,¢) yields the same result
for every number z > .

Proof. The property is proved by induction on z1 as VzVg§Vz2(1). In the base
case there is nothing to prove. In the induction step take any numbers x, 9, 25
such that 2 < 21 +1 and « < z3. Then 29 = 25 + 1 for some z5. We consider two
cases. If z = 0 then we have

3.4.25(2) 3.4.25(2)
= p =

fT(z1+1,0,9) [4] f(z5+1,0,9).

If x =2’ +1 for some 2’ then &[2',§] <2’ < z; and §[2',7] < 2’ < 2 for every

i=1,...,k by 3.4.24(3), We obtain

Fra+ 1 +1,5) 7 EY

= T[x,7f+(217§1 [x/,g]761[$17g])7 s ,f+(21,§k[$,,ﬂ],a'k[$,,ﬂ]),ﬂ] =
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R A CHI R A 1) R R CAA R A P 1) K7l e

= f(z5+1,2" + 1,9). o

3.4.27 Theorem If T is an extension by definitions of PA then any ex-
tension of T by course of values recursion with parameter substitution is an
extension by definition.

Proof. Let T’ be an extension of T' by course of values recursion with param-
eter substitution as in Par. 3.4.24. Let further 7" be an extension of T' by
the explicit definition

f(‘r7?_j) = f+(‘r+17x7g)7

where f* is the approximation function of f from Par. 3.4.25. We have
Ly =Lpr and T” is an extension by definition of 7" by Thm. 1.3.18. In
order to prove the claim it suffices to show that the theories 77 and T have
the same theorems.

First we show that T + T’. The theory T" is an extension by definitions
of PA and therefore, by Thm. 1.4.9, it proves the principle of mathematical
induction for each formula of L7+ containing the symbol f. It remains to
show that T" proves both defining axioms 3.4.24(1)(2) of f. The first defining
axiom follows from

3.4.25(2)

f(0,5) = f7(0+1,0,7) plg]-

The second defining axiom is proved as follows. Recall that by 3.4.24(3) we
have &[x,y] < +1 for every i = 1,..., k. We then obtain

Fa+1,9) = f@+1+Lz+1,5) > 2O

T[x, Frz+ 1,602,961 [2,9]),
£ (w+1,6lw, 50, a3l 5]), 5] E
rle, £ (6l 9]+ 1,60, 5], 612, 5). -
f (&l g1+ 1 &lw gl oule, 5),9) =

= TI:CC,f(g1[I,Zj:|,6’1 [xvy])v s 7f(§k[xag]aa'k|:xvg])vg]'

We now show that 77~ T". For that it suffices to prove

Ty f(z,9) = f*(z+1,2,9).

This is proved by complete induction on x. So take any 4 and consider two
cases. If =0 then we have
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£00,9) = p[g] > F® 10+ 1,0,5).

If x = 2'+1 for some a’ then &;[2/, ] <2’ + 1 for every i = 1,...,k by 3.4.24(3),
We then obtain

F@ 1) = 7|’ f(&le,5)a [ 5)). - F(&le 5] aule’, 5), 5] P20
UEBNGIEN RN RTEN ) N

P (&l g1+ L&l gl ol ), 5] EY
o, (2 + L@l 5,6 ),

7@+ Ll gl alel g),9] *HE

=f (2" +1+1,2" +1,7). o

3.4.28 Theorem Primitive recursive functions are closed under course of
values recursion with parameter substitution.

Proof. By inspection of the proof of Thm. 3.4.27. m]

3.5 Nested Simple Recursion

3.5.1 Introduction. In this section we will investigate recursive definitions
for which parameters may be arbitrarily substituted for, even with nested
recursive applications. For instance:

f(0,9) = 9(y)
f(@+1,9) = (=, f (2,02, F(z.9)]),y).

The function f is an example of a 1-recursive function in the hierarchy of
multiply recursive functions. Péter has proved in [39, 40] that primitive re-
cursive functions are closed under 1-recursion. The scheme of 1-recursion is
usually called nested simple recursion and we will also adopt this convention.

3.5.2 Notation. Let 7[f] be a term which may apply an n-ary function
symbol f and Z pairwise different n variables. We will use the special lambda
notation T[AZ.p[Z]], for the term obtained from 7 by the replacement of all

applications f(#) in it by terms p[6].

3.5.3 Extensions by nested simple recursion. Let T be an extension
by definitions of PA and f a new (n+1)-ary function symbol. Let further p[y]
be a term of Lr and 7[f;z,4] a term of the extended language L u {f} in
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which no other variables than the indicated ones are free. Consider the theory
T’ obtained from T by adding the symbol f, the defining axioms

£(0,9) = p[4] (1)
fl@+1,9) = r[A19.f (2,5); 2, 5], (2)

and the scheme of mathematical induction for the formulas of L7+ containing
the symbol f. We say that T" is an extension of T by nested simple recursion.

We will show at the end of this section in Thm. 3.5.19 that the theory T" is
an extension by definition of T'. The proof proceeds in stages. First, we prove
the claim for the scheme with with two recursive applications (k = 2) and
one parameter (n = 1). This is proved in Thm. 3.5.11 by reducing the scheme
to course of values recursion with parameter substitution. Next, we extend
this result to the scheme with arbitrary number of recursive applications
(Thm. 3.5.15). Finally, we prove the claim for the scheme with arbitrary
number of parameters (Thm. 3.5.19).

We may assume that the function f is applied in 7 at least once because
otherwise there would be nothing to prove. In order to simplify our discussion
we transform the equation (2) into equivalent one by ‘unnesting’ all recursive
applications of f in the term 7:

k
/\ f(xaa—i[:E?gugi—l]) =2z~ f((E + 17@) = 9[1’,2,@] (3)
i=1

Here Z; abbreviates z1,...,2; and the terms o1, ...,0, 0 contain at most the

indicated variables and do not apply f.

Remark. The definition can be viewed as a function operator which takes
all auxiliary functions applied in the terms p,7 and yields the function f as
a result. We will prove in Thm. 3.5.20 that the class of primitive recursive
functions is closed under the operator of nested simple recursion.

Nested Simple Recursion: Case k=2 and n=1

3.5.4 Introduction. In this subsection we will investigate the scheme of
nested simple recursion with two different recursive applications (k = 2) and
one parameter (n = 1). The admissibility of the scheme in PA will be shown
in Thm. 3.5.11.

We will fix the notation used in this subsection as follows. Let T' be an
extension by definitions of PA and 7" an extension of T by nested simple
recursion with the defining axioms
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f(0,y) = ply] (1)
f($+ 1ay) = G[x,f(a:,crl[x,y]),f(a:,crg[a:,y,f(a:,crl[a:,y])]),y]. (2)

Here f is a new binary function symbol. We claim that 7" is an extension
of T' by definitions. We will prove this fact by reducing the above scheme to
previous recursive schemes.

We will be working in an extension by definitions of the theory 7. We will
keep the notation T also for this extension of T.

3.5.5 The outline of the proof. We will introduce the function f into
the theory T by arithmetization of its computation trees in which we use as
computational rules the defining axioms 3.5.4(1)(2). The evaluation of the
application f(x,y) can be visualized as a full binary tree of depth x + 1 with
labels consisting of all applications f(z;,y;) which are needed to compute
the value f(z,y).

Binary trees are coded as follows. The empty tree is coded by the number
0. A non-empty tree is coded by the number (z,1,7), where z is the label of its
root node, and [ and r are the codes of its left and right subtree, respectively.
Note that if ¢ is the code of a non-empty tree then the label of its root node
is the first projection of ¢, i.e. the number 1Y (¢).

We intend to introduce f with the help of its course of values function f.
The function f(z,y) yields the computation tree for the application f(z,y):

1(0.9) = (£(0.1),0,0)
Fa+1,9) = (@ + 1) F(w.0u[e,9]), F (2,02 [,y f(@,01 [, 9])]))

We will introduce the course of values function into the theory T as a p.r.
function. Hence, the following explicit definition f(z,y) =T f(z,y). intro-
duces f into T as a p.r. function.

Note that the natural evaluation strategy for calculating f(x,y) corre-
sponds to postorder traversal of the computation tree f(z,y) for f(z,y).
Consider, for instance, the computation tree from Fig. 3.2. The sequence

f(xovyo)vf(xlvyl)af(anyQ)a s af(xivyi)v s (1)

of its labels consists of all applications which are needed to compute its root
value. Note that the parameter y; of each application f(x;,y;) depends only
on those values f(x;,y;) which are directly before it (j < ¢). This means
that the order in which the sequence (1) is sorted corresponds to postorder
traversal of the computation tree. We will extend this indexing scheme also
for binary trees (already shown in Fig. 3.2).

Let us now consider a finite sequence of full binary trees of depth x + 1

to, 1,82,y tiy .., tozr1aq
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where each tree t;,1 satisfies the following condition: the subtree of t;y1 at
position i is a computation tree for f(x;,y;). We will call such trees partial
computation trees for f(x,y). Note that the last tree toz+1.7 is in fact a (full)
computation tree for f(x,y).

This suggests the following method for building the computation tree for
f(z,y). We start by creating a 'dummy’ full binary tree to of depth = + 1.
Suppose now that after i < 2**1-steps we have a partial computation tree t;
for f(x,y), The tree is updated at position ¢ by the value f(x;,y;) whereby
we obtain a new partial computation tree t;, for f(z,y). After 2**! steps
we obtain a full computation tree for f(z,y).

f(z14,914)

(o, ys \m,ym
. \/ PN

f(z2,y2 f(zs,u5 f(z9,y9 f(z12,y12)

/

f(zo,y0) f(z1,y1) f(zs,y3) f(za,ya) f(x7,y7) f(xs,us) f(z10,y10) f(z11,911)

~
~
~

Fig. 3.2 Postorder traversal of a computation tree of depth 4

3.5.6 Full binary trees. The function Full(n) creates a full binary tree of
the depth n. The function is defined by primitive recursion as a p.r. function:

Fuli(0) =0
Full(n+1) = (0, Full(n), Full(n)).

3.5.7 Local node condition. The application V (z,y,l,r) determines the
correct value f(z,y) from the subtrees [ and r of a partial computation tree
(z,1,7) for f(z,y). The function is primitive recursive by the following explicit
definition (with monadic discrimination):

V(anvlvr) = p[y]
V(z+1,y,0,7)=0[x,m(l), m(r),y]

3.5.8 Local update. The 4-ary function U (¢,4,z,y) updates the partial
computation tree t for f(x,y) at position ¢ by the expected value f(x;,v;).
The function has the following basic properties

TrHi<2®=1— U((z,l,r),i,x,y) = (z, U(l,i,xLl,aﬂxLl,y]),r) (1)
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Trj<2®=1-U((z,0,r),2"=1+j,z,y) =

(z,l, U(r,j,x =1,00[x = l,y,ﬂl(l)])>

T+ U((z,l,r),?”l K 2,x,y) = (V(w,y,l,r),l,r). (3)

(2)

Note that both ’recursive’ applications of the function U on the right-hand
side of the conditional equations (1) and (2) are applied to lesser arguments [ <
(2,1,r) and r < (z,1,r) than the one on the left. We will use this observation to
find a course of values recursive definition of U as follows. The transformation
of the specification properties into course of values derivation of U is based
on the following simple properties of the projection functions:

tpa 3233rt=(z,l,r) < (t) 0
pa t=(2,1,1) > 2 =To(t) Al = TuTh(t) AT = TR(1)
pa TU(t+1) <tATUTR(E+1) <tATR(E+1) <t

Now let £ be the term
&t b, 4, 2,y] = D(T[g(t),
D(z’+1 <4 2%,
{ru(t), 1, 5(1)),
D(i+2 <, 2%t
(T (t), umn(t), r),

(V(a:,y,T[thg(t),Tlg(t)),anIQ(t),T@(t)))),o).

The function U (t,i,x,y) is defined by course of values recursion on ¢ with
substitution in parameters as a p.r. function by

U(Ovivxvy) =0
U(t+1,i,2,y) = §[t+ 1L, U(mm(t+1),4,2 = 1,01 [z = 1,y]),
U(m(t+1),i= (2" =1),z = 1,00[z = 1,y, MTR(t + 1)]),
i,x,y].
It is clear that the function U satisfies (1)-(3).

3.5.9 Global update. The 4-ary function M;(z,y,t) updates the partial
computation tree ¢ for f(x,y) at each position j < i by the expected value
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f(x;,y;). The function is defined by primitive recursion on i as a p.r. function:

Mo(xayut) =t
Mi+1(x7y7t) = U(Mi(xayut)ui7x7y)-

It has the following properties which will be needed in the sequel:

Tri+l< 2x+1 — MZ((E + 1,y, (z,l,r)) = <Z,Mi($70_1 [x,y],l)ﬂ“) (1)
T}_i+1S2I+IAMi(I,Gl[I,y],Z) =l -

2
M21+1L1+i(x+ 1,y, (z,l,r)) = (z,ll,Mi(x,ag[x,y,nl(ll)],r)). 2)

Proof. (1): By induction on i. In the base case, clearly 0+ 1 < 2%*! and thus
Mo(xz+ 1, y,{z,1,7}) =(2,1,r) = <Z,M0(x,01 [x,y],l),r).
In the induction step, if (i + 1) +1 < 2%*! then i+ 1 < 2°*! and therefore
M (2 + 1,9, (2,01,7)) = U(Mi(2,,(2,1,7)),i,2,y) =
= U(<z, M;(x,01 [a:,y],l),r),i,:z:,y) 358(1)
= (2, U(Mi(w,01[2,9), )1, 2,9),7) = (2, Misa (2,01 [, 9, 1), 7).

(2): By induction on 4. In the base case suppose that M;(z,01[z,y],1) =1;.
We clearly have 0+ 1 < 2! and thus

Moasi-1p9(x + 1,y,(2,1,7)) = Maws1-1(z + 1,y,(z,1,7)) &)

= <Z,M21+1;1 (z,01 [x,y],l),r) =(z,l1,r) = (Z,ll,Mo(.I,O'Q [x,y,T[l(ll)],r)).

In the induction step, assume (i + 1) + 1 < 2%*! and M;(x,01[x,y],1) = ;.
Then i + 1 < 2% and we obtain

M21+141+(i+1)($ + 17y7 <Zu la T)) = M2z+141+i+1 (.’II + 17 Y, (Za l,T)) =
= U(A42’”+141+i(17 + 1ay7 (2,7177”))721%1 =1+ ivxvy) IE

B U((z’ll’ M(I’@[%y,"l(ll)],r)), 27 = 1+ z‘,x,y) 358(2)

= (zulla U(Mi(xuUQ[xayunl(ll)]7T)72x+l =1 +i7x7y)> =
= (Zulh M21+141+i+1($702[$7ya“l(h)]ﬂ“)) =

2, llv M21+141+(i+1) (:Ea 02 [Ia Y, Trl(ll)]a T))
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3.5.10 Course of values function. The binary function f(z,y) returns
the computation tree for f(x,y). The course of values function for f satisfies

T+ 7(0.y) = (ply].0,0) (1)
Tl—?(z,al[a:,y]):l/\f(x,ag[:zr,y,m(l)]):rﬁ (2)
?(‘T +1,y) = (H[x,nl(l),nl(r),y],l,r)

and it is defined explicitly as a p.r. function by
flx,y) = M21+1L1(:v,y, Full(z + 1))
Proof. (1): Tt follows from

F(0,9) = Myour1(0,y, Full(0+1)) = My (0,y, Full(1)) = M;(0,y,(0,0,0)) =
= U(Mo(0,,(0,0,0)),0,0,) = U((0,0,0),0,0,5) **2
= {V(0,5,0,0),0,0) = (p[y],0,0).
(2): Suppose that
7($,O'1 [«I,y]) =1
?(55702[557%“1(1)]) =T.
Then, by definition, we have
M2m+1;1(:17,01[x,y],Full(a:+1)) =1 (t1)
M2z+1;1(17,0'2|:$,y,7'[1(l)],FU”(ZC+1)) =r (TZ)

and therefore

flz+1,y)= M21+1+1L1(x +1,y, Full(z+ 1+ 1)) =
= Mowrzogyr (2 +1,y, (0, Full(z + 1), Pull(z + 1)) =

U(Mgﬁz;g(x +1,y,(0, Full(z + 1), Pull(z +1))),2"** = 2,z + 1,y) =

U(MQN.H(QM.H (z+1,y,(0, Full(z + 1), Full(z +1))),

9742 .9 o i1, y) (1), 3.5.9(2)

U((O, M2m+1;1(fli, o1[x,y], Full(z + 1)),

Maenr oy (2,002, y, 0 (1)], Pull (z + 1))),2%+2 ~ 9z + 1,y) (1), (1)
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U((O,l,r),2“2 =2, x+ l,y) 35803) (V(aj + 1,y,l,r),l,7’> =
= (9[,@,7‘[1(1),7‘[1(7'),3}],1,7‘). o
3.5.11 Theorem If T is an extension by definitions of PA then any ex-

tension of T by nested simple recursion for the case k =2 and n =1 is an
extension by definition.

Proof. Let T' be an extension of T' by nested simple recursion as in Par. 3.5.4
and 7" an extension of T by the explicit definition

f(xvg) = 1117(:17,3]),

where f is the course of values function for f (see Par. 3.5.10). We have
Lrn =Ly and T" is an extension by definition of T' by Thm. 1.3.19. So it
suffices to show that the theories T” and T" have the same theorems.

We prove T" +T" first. The theory T" is an extension by definitions of
PA, and therefore, by Thm. 1.4.9, it proves the principle of mathematical
induction for each formula of L7+ containing f. It remains to show that the
theory T" proves both defining axioms 3.5.4(1)(2) of f. The first defining
axiom follows from

£(0,9) = F(0,) > E 1 (p[y],0,0) = ply].

The second defining axiom follows from

- 3.5.10(2
Flo+ly)=muf(z+1,y) 00

= 9[:17, 1'[17(3:, o1z, y]), T[lf(x, 09 [a:, y, 1o f(z, 01 [z, y])]), y] =
o1 (es01 L 01) T (2,02 0, £ L))o =
= 0]z, f(z,01[2,9]), f(w,00[2, 9, F(z,01[2,9])]) 9]

Vice versa, in order to show T’ + T" it suffices to prove

T+ vy f(z,y) = f(z,y).

This is proved by induction on x. In the base case take any y and we have

> 3.5.10(1)

£(0,y) = ply] =m(g(y),0,0 ™ f(0,y).

In the induction step take any y and we obtain
f(@+1,y) = 0]z, f(z,01[2,9]), f (2. 02[2.y, F (2,01 [2,9])]) y] &
= el:waf(‘rual [‘Tuy])unl?(:EuU?[xayu f(xaol [xay])])uy:l IE
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= 0[:0, T[J(x, o1 [x,y]), T[J(g;7 02[;1;, y, T4 (2, 01 [ 2, y])]),y] 8.5.10(2)

:T[l?(‘r-’_]wy)' o

3.5.12 Theorem Primitive recursive functions are closed under nested sim-
ple recursion for the case k=2 and n=1.

Proof. By inspection of the proof of Thm. 3.5.11. ]

Nested Simple Recursion: Case n =1

3.5.13 Introduction. In this subsection we will show that the scheme of
nested simple recursion with one parameter is admissible in PA. This will
be proved in Thm. 3.5.15 by reducing the number of recursive applications.
This leads eventually to nested simple recursion with one parameter and two
recursive applications.

We will fix the notation used in this subsection as follows. Let T" be an
extension by definitions of PA and T’ an extension of T' by primitive recursion
with parameter substitution with the defining axioms

f(0,9) = ply] (1)
k+1
é\l f(x,ai[x,y,éi,l]) =z~ f(x+1,y)=0[z,21,...,2k+1, Y] (2)

Here f is a new binary function symbol. We claim that 7" is an extension of
T by definitions.

We will be working in an extension by definitions of the theory T. We will
keep the notation T also for this extension of T.

3.5.14 Reduction of the number of recursive applications. We will
reduce the above definition for £ > 2 to a new one, where only k£ recursive
applications are allowed. This new definition is for a binary function f (u,v)
such that f(2z,y) = f(z,y) and it is of the form

£(0,0) = p[v]

k ~ ~ ~

N fu,65[u,v,9;-1]) =w; > f(u+1,0) = 0[u,wi, ..., wg,v]

i=1
for suitable terms é[u,w, v],61[u,v, W], ..., 0k[u, v, Wg-1]. Here w; abbrevi-
ates wi,...,w;. Note that this is nested simple recursion on u with substitu-

tion in the parameter v with k recursive applications. We will take then the
identity f(z,y) = f(2z,y) as an alternative, explicit definition of f.
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The idea behind reduction of recursive applications is as follows. We would
like to have f(2z,y) = f(x,y) and so it must be

k+1 ~
T+ /\ f(217,0'1'[l’,y,2i,1]) =z~ .](‘(2(17 + 1)7y) = 9[:175 Rlyewos Zk+lay:|' (1)
i=1
For the values of the form f(2z + 1,v) we require

k

/\ f(xao—i[xayugi—l]) =2z = f(2.’[] + 17 <17y>) = <Zla see 7Zk)
i=1
f(2$ + 17 <2ay72k>) = f(xaa'k+1 [I,%Ek])
Note that the application f(2:v +1, (1,y)) returns a number which codes k
values f(x,ol [x,y,éo]), ... ,f(ac,ak [x,y,ék_l]) of the function f for some Z.

These informal arguments can be rewritten without mentioning the func-
tion f as follows:

T+ ;\lf(Qx,oi[x,y,ii_l]) =z —> f(2x+ 1,(1,y)) =(z1,...,2k) (2)
Tr—f(2:17+1,(2,y,2k)) :f(2I,Uk+1[$7y,2k]) (3)
T f(

- f(2m+2,y) = 9[$,[f(2x+1,(1,y))]lf,...,[f(2x+1,(1,y))]:, (4)

f(2x+ 1,(2,y, f(22 +1, (1,y)))),y].

This means that the terms 7,671, ..., 0. satisfy the properties
5 k k
TrO[2x+1,2,2541,...,y] =0 [:v, (z]],..-. (2], ,z;ﬁl,y] (5)
T+ é[2x,21,.. 2k (L) ] = (210 20) (6)
T Fé[?iE, RE+1ly- - (25 Y,z )] = Zk+1 (7)
and
T+ o122+ 1,y] = (1,y) (8)
T+ &2[2$+1 Y,z ]:<2,y,2’> (9)
k
T+ /\6[2x (1,9),Z;i- 1] oilx,y, Zi-1] (10)
=1
T+ 01[2:10 2,y, Zk) ] or+1[T, Y, 2k ] (11)

For that it is sufficient to set
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Olu,wy, ..., wg,v] = D(umod 2,9[u+2,[w1]]f,...,[wl]z,wg,v],

D(T[1(v) = 1,{wy,... ,wk),wl))

and
G1lu,v] = D(u mod 2, (1,v),
D(T[l(v) =% 1,0’1[’(1, - 2,7'[2(’1})],

gkﬂ[u +2, M (v), [T'g(v)]l; e [T'g(v)]l;]))

Golu,v,w] = D(u mod 2, (2,v,w1),00 [u+ 2,T[2(v),w1])

Gilu,v,W—1] = 0y [u+2,To(v),W;—1] fori=3,... k.

Proof. (5)-(11): Directly from definition. (2): Let us denote by z1, ...,z the
numbers such that f(2a:, oilx,y, 21-,1]) = z; foreveryi=1,..., k. We then have

10)

~ R ~ ( ~ ~
f(217,0'1'|:2$,<1,y),2i71]) = f(QIan[I,yvzi—l]) =% (Tl)
for every i =1,..., k. From this we obtain

f(2x +1, (l,y)) (f) é[2x,z1, ey 2k (l,y)] ©® (21, .-, 2K)-

(3): It follows from
2+ 1,20, 50)) = 0[20, f(20,60[22.(2,0.20] ). (2.0) ] 2
= 0[2e, (2. 001 2.5, 34)). - (2.0)] D f(22, 0001 (2,1, ).
(4): It follows from
f@r+2,y)=fQr+1+1,y)=
= é[2x+ 1, f(2x+1,61[22 +1,y]),

22+ 1.85[20 + 1y, f22+ 1,6 [20 + 1)) ). .. y] (8).(0)
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- é[2x+ 1 f(2a+1,(1y)), (20 + 1. (2,9, (20 + 1,(1,y)))),...,y] ®
9[3:,[f(2x+1 (1, y))] L [fe 1,1, ))]:’

f(2:v+ 1,(2,y, f(22 + 1,(1,y))>),y].

We are now in position to prove (1). Suppose that

fA(2{E,O'Z‘[ZZ?,y,2i,1:|) =Z;

I|>+

Then by (2) and (3) we obtain

f(2z+1,(1,y)) = (21, .., 2k) (1)
F(22+1,(2,9,21)) = 25s1. (ts)

‘We now have

f(2(:1c + 1),y) = f(2:v +2,y) ®

= 9[;5,[f(2x+1 (1, y))] S [f(2r e, ))]Z’

f(2x+ 1,(2,y, 2w +1, <1,y>)))7y] (f2),(fa)

2.3.5(1
I:xu[<217"'7zk>:|]1€7"'7[(217"'72k>]:727€+17y:| :( )

= [%217---7Zk72k+17y]- O

3.5.15 Theorem IfT is an extension by definitions of PA then any exten-
sion of T by nested simple recursion for the case n =1 is an extension by
definition.

Proof. The claim is proved by (meta-)induction on the number k of recursive
applications in the defining axiom 3.5.13(2). The case k = 0 is in fact explicit
definition with monadic discrimination and it follows from Thm. 3.1.10. The
cases k=1 or k = 2 follow from Thm. 3.5.11. So suppose that the claim holds
for the case k > 2. We will prove that the claim holds also for the case k + 1.

So let T” be an extension of T by primitive recursion with parameter sub-
stitution as in Par. 3.5.13 and T" an extension of T by the explicit definition

f(xay) = f(2x,y),



100 3 Primitive Recursive Schemes

where f is from Par. 3.5.14. We have L+ = Lp» and T" is an extension by
definition of T' by (meta-)IH. In order to prove the claim it suffices to show
that the theories T and T have the same theorems.

First we show that T + T’. The theory T" is an extension by definitions
of PA and therefore, by Thm. 1.4.9, it proves the principle of mathematical
induction for each formula of L7+ containing the symbol f. It remains to
show that T" proves both defining axioms 3.5.13(1)(2) of f. The first defining
axiom follows from

F(0,9) = f(2x0,y) = £(0,y) = ply].

The second defining axiom is proved as follows. Let us denote by z1,..., 2k+1
the numbers such that

k+1
/\ f($,0i[$,y,§i_1]) =Z;.

i=1

Directly from definition we have

/\ (290 oilz,y, Zi- 1]) =z

We then obtain

)35 14(1) 9[:17 21y ,Zk+lay:|'

fle+1y) = f(2(z+1),y

Now we show that 7'+ T". For that it suffices to prove

T+ Yy f(2,y) = f(22,y).

This is proved by induction on x. In the base case take any y and we have

£(0,y) = plyl = £(0,y) = f(2x0,y).

In the induction step take any y and let us denote by z1, ..., zx+1 the numbers
such that

k+1

A f(:z:,crl-[x,y,fi,l]) =z

i=1

By (k+1) applications of TH we obtain

_/+\ (25[: Uz X y7zz 1]) =Zi-

We then have
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3.5.14(1) 2
Fa+1,y) =00z, 21, zen,y] 02D f(2(2+1),9). 0

3.5.16 Theorem Primitive recursive functions are closed under nested sim-
ple recursion for the case n=1.

Proof. By inspection of the proof of Thm. 3.5.15. m]

Nested Simple Recursion

3.5.17 Introduction. In this subsection we will show that the scheme of
nested simple recursion with arbitrary number of parameters is admissible
in PA. This will be proved in Thm. 3.5.19 by reducing it to nested simple
recursion with one parameter.

We will fix the notation used in this subsection as follows. Let T" be an
extension by definitions of PA and T’ an extension of T' by nested simple
recursion with the defining axioms

£(0,9) = ply] (1)
k

N f(z,6i[2,§,Zi1]) = 2 > f(z+1,9) = 0z, 2, 7). (2)

i=1

Here f is a new (n+1)-ary function symbol. We claim that 7" is an extension
of T by definitions.

Below we will consider the case when the definition has at least two pa-
rameters, i.e. n > 2. The case n = 0 is in fact parameterless primitive recursion
for which the claim has been already proved in Thm. 3.1.10. The case with
one parameter (n = 1) follows from Thm. 3.5.15.

We will be working in an extension by definitions of the theory 7. We will
keep the notation T also for this extension of T.

3.5.18 Contraction of parameters. We will reduce the above scheme,
where n > 2, to a new one for a binary function (f)(z,y) so that

() (y) = f (2. [9]7 . [y]h).

The n parameters § = y1, . ..,y, are replaced by a single parameter y. We will
call the number y = (§) = (y1, ..., yn) the contraction of the numbers .

The contraction function (f)(z,y) is defined by nested simple recursion
on x with one parameter y as a p.r. function by
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(£00,9)=p[ly]},--[yln] (1)

Aol o 1 2 ])) =

i (Ao 00 1) =0 [2 [o  [o2].

3.5.19 Theorem IfT is an extension by definitions of PA then any exten-
sion of T' by nested simple recursion is an extension by definition.

(2)

Proof. Let T’ be an extension of T' by nested simple recursion as in Par. 3.5.17,
where the number of parameters is at least two (n > 2).3 Let further 7" be
an extension of 1" by the following explicit definition

F(,5) = ()@ (7)),

where (f) is the contraction function of f from Par. 3.5.18. We have Ly = Lp»
and T"' is an extension by definition of T' by Thm. 3.5.15. In order to prove the
claim it suffices to show that the theories 7' and T" have the same theorems.

First we show that T + T’. The theory T" is an extension by definitions
of PA and therefore, by Thm. 1.4.9, it proves the principle of mathematical
induction for each formula of L7+ containing the symbol f. It remains to
show that T" proves both defining axioms 3.5.17(1)(2) of f. The first defining
axiom follows from

£0,5) = (£)(0,@) = p [}, L] 7= pla].

The second defining axiom is proved as follows. Let us denote by Z the num-
bers such that the following holds

k

/\ f(x,&i[x,gj,ii,l]) =Z;.

i=1

Then from definition we obtain
Z\1<f>($7 <5i[$7ﬂvgi—1]>) =2
and thus, by 2.3.5(1), we have
AN (o L o L 2 ])) =
From this we obtain

Fa+1,9) = () e+ 1,00) = 0 [2.2, [, [(3]7] 722V olw, 2,5].

3 The cases n = 0 or n = 1 follow from Thm. 3.1.10 or Thm. 3.5.13, respectively.
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This proves the second defining axiom.
Now we show that T’ + T". For that it suffices to prove

T =95 [ (2,9) = (£)(2.(7))-
This is proved by induction on x. In the base case take any ¢ and we have

2.3.5(1)

£(0,9) = p[7] p [T - L@ e = (£)(0, (7))

In the induction step take any gy and let us denote by Z the numbers such
that the following holds

k

/\ f(:v,&i[:v,g,zi_l]) =Z;.

i=1

By k applications of ITH we obtain

i_/k\l<f)($a (51'[5675751‘—1])) =2z

and thus, by 2.3.5(1), we have

AN (ol L o L 2] = 2
From this we obtain

Fla+1,9) =00, 2,9) “* 2V 0 [w, 2, [0, L)) = () (e +1,(5). o

3.5.20 Theorem Primitive recursive functions are closed under nested sim-
ple recursion.

Proof. By inspection of the proof of Thm. 3.5.19. o






Chapter 4
General Recursive Schemes

For efficient computation computer programming requires definitions of func-
tions with almost arbitrary recursion. Since we do not wish the extended the-
ories to be inconsistent we restrict ourselves to reqular recursive definitions.
Conditions of regularity for a recursive definition of the form f(Z) = 7 f;Z]
means that there must be a well-founded relation < in which the recursion
goes down; i.e. for each recursive application f(5) in 7 we have g < Z under
the assumption of all conditions governing that recursive application.

Conditions of regularity are strong semantic conditions which cannot be
turned into syntactic ones on accord of the incompleteness theorem of Godel.
For that reason we start by considering a restrictive form of recursive def-
initions, called definitions by well-founded recursion. We require that every
recursive application f(p) in 7 is surrounded by the guard D(p <. Z, f(5),0),
which guarantees that we go into recursion only if g < Z.

First we consider a special case of well-founded recursion, where the well-
founded relation < is of the form Z < § <> u[Z] < u[g] for some measure u[z].
This is called recursion by measure and it is the most general scheme of recur-
sion which does not lead outside of primitive recursive functions. The admis-
sibility of measure and well-founded recursion in PA is proved in Thm. 4.2.7
and Thm. 4.3.10, respectively.

For regular recursive definitions we can drop the guarded conditions g < 2
which surround the recursive applications of f in these restrictive forms of
recursion. The closure of PA under regular recursion is proved in Thm. 4.4.3.
Such definitions can be used as programs where we use the defining equalities
from left to right as reduction rules. This is shown in the next section.

In the last section we will discuss the computational model based on reduc-
tion of terms. Every program P is a property of some function f which can
be used as a computational rule to calculate this function. The program P
has assigned a precondition describing which elements can be used as inputs.
Regularity conditions for the program P guarantee that computation termi-
nates for every input Z which satisfies its precondition yielding the correct
value f(Z). This is proved in Thm. 4.5.6.

105
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4.1 Introduction

4.1.1 Introduction. In this section we give an overview of a simple pro-
gramming language for the definition of computable functions. We impose
strong semantic conditions called conditions of regularity on the correct form
of recursive definitions. In this language a correct functional equation of the
form f(Z) = 7[f; Z] plays a dual role. Firstly, it defines a function and we can
use the definition to reason about the properties of that function. Secondly,
the defining equation can be used as a computation rule from left to right to
evaluate the applications of the defined function.

4.1.2 Partial functions. Some of the programs discussed in this section
do not halt for all inputs. By allowing non-termination, we have to consider,
at least for a while, partial functions as the meaning of computation. In this
paragraph we give a brief overview of partial functions.

A partial n-ary function f is a mapping with the domain S which is a
subset of the Cartesian product N and with the range a subset of N. The
partial function f is total or just a function, if S = N™.

Partial functions with the same arity are ordered by the set inclusion
relation c. If f c g then we say that the partial function g is an extension of
the partial function f and also that f is a restriction of g. Note that the least
n-ary partial function is the nowhere defined n-ary partial function z(™),
i.e. the partial function with the empty domain @ € N™. Note that maximal
elements coincide with total partial functions.

The assignment of denotation to terms with partial functions is strict for
all partial functions f except for conditionals (see Par. 4.1.3). This means
that the term f(7) is defined if all terms 7 are defined and 7 is in the domain
of f. In the presence of partial functions, we will use the non-strict identity
T ~ p to express the fact that either both expressions are defined and denote
the same number or both are undefined.

4.1.3 Conditionals. The terms of defining equations are built-up non only
from variables, constants, previously defined functions and recursive applica-
tions, but also from conditionals. These are distinguished applications of the
ternary case discrimination function D.

The assignment of denotation to conditionals with partial functions is
non-strict. This means that a conditional D(71,72,73) is defined only if 71 is
defined and then if the value 71 is non-zero then the conditional denotes the
same number as the term 75 and otherwise the conditional denotes the same
number as the term 73. Note that in the first case the term 73, and in the
second case the 7o, may be undefined without affecting the denotation of the
conditional.

The evaluation of each conditional D(71,72,73) is also non-strict; first we
evaluate the subexpression 7 and according to its value we evaluate either
7o if the value of 71 is non-zero, or 73 otherwise.



4.1 Introduction 107

In order to improve the readability of definitions we will visualize the
conditional D(7y,72,73) by notation common in computer programming

if 71 # 0 then = else 73.
Conditionals of the form
if P.(7) # 0 then 7 else 73
will be further abbreviated to
if P(71) then 7 else 73,

or even to
case
P(T‘l) = T2
—|P(7"1) = T3
end.

Similar abbreviation will be used also for complex formulas as those for pred-
icate applications.

4.1.4 Example. Consider the following explicit definition of the binary
function min(z,y) yielding the minimum of two numbers x and y:

min(z,y) = if (z <. y) #0 then z else y.
This can be abbreviated to
min(z,y) = if <y then zelse y

and further to
min(z,y) = case
r<y=>z

riy=y
end.

Note that « £ y < 2 >y and so the last identity can be written as

min(z,y) = case
rT<Yy=>x
T>Yy=>1y
end.
The case-construct used in the definition is usually called dichotomy dis-

crimination on whether or not x <y.
The following is the explicit definition the maximum function
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max(z,y) = case
r2y=>uz
T<Yy=>y
end

3

where we have adopted all abbreviations mentioned so far.

4.1.5 Example. For a more complex example consider the problem of find-
ing the median Median(x,y,z) of three numbers. The function satisfies

bpa <y <z Median(z,y,2) =y
tpa Median(z,y, z) = Median(y, x, z)
tpa Median(x,y, z) = Median(x, z,y)

and it is defined explicitly by

Median(z,y, z) = case
T <y = case
y<z=>y
y >z = max(z, 2)
end
x>y = case
y<z=y
y > 2z = min(z, 2)
end
end.

Note that case-constructs are nested in the definition.

4.1.6 Unrestricted recursion. Many modern declarative programming
languages allowed arbitrary forms of recursive programs. With unrestricted
recursion the best we can do is to compute partial functions as shown in the
following three simple examples. This means, if we allow unrestricted recur-
sion we have to deal with partial functions not only with (total) functions.

4.1.7 Example. First, consider the functional equation of the form

f(x)=f(z)+1.

This is not a legal definition since there is no unary function satisfying the
identity. Using the equation as a rewriting rule, we obtain a program which
does not terminate for any input. For instance, the following reduction se-
quence for evaluation of the application f(0) never ends:

FO)=f(0)+1=f(0)+1+1=f(0)+1+1+1=--.

This means that the program computes the nowhere defined unary partial
function @, On the other hand, the same partial function is the unique
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(hence minimal) solution of the functional equation

f(x) = fz)+1

when solved in the class of unary partial functions.

4.1.8 Example. Next, consider the functional equation

f(x) = f(z).

Again, this is not a legal definition since it has infinitely many solutions:
in fact every unary function satisfies the identity. Using the equation as a
rewriting rule, we obtain a program which computes the partial function
@M. For instance, the following reduction sequence for evaluation of f(0)
does not terminate:

f(0) = f(0) = £(0) =

On the other hand, the partial function @(*) is the minimal (but not unique)
solution of the functional equation:

f(@) = f(z).
4.1.9 Example. Finally, consider the functional equation

f(x) = f(x) >0

This is a legal definition since the zero function Z(z) =0 is its only solution.
On the other hand, using the equation as a program, we obtain an algorithm
which computes the partial function g(*) again. For instance, the following
reduction sequence for evaluation of f(0) does not terminate:

f0)=f(0)x0=f(0)x0x0=f(0)x0x0%x0="-

As before, the partial function @ is the minimal (but not unique) solution of
the corresponding functional equation

f(x) = f(z) = 0.

4.1.10 Kleene’s first recursion theorem. Functional equations from the
previous three examples have one thing in common from the computational
view: each one when taken as a program computes the same partial func-
tion @), On the other hand, there seems to be no correlation between the
solutions of these equations and the partial function they compute. Closer
scrutiny reveals that the partial function @) is the minimal solution of each
functional equation in the class of unary partial functions.
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This is not a coincidence. In fact one can prove that every functional
equation of the form f(Z) ~7[f;Z] has a minimal solution in the class of
partial functions and that this distinguished solution can be computed using
the identity as a rewriting rule. This is called First Recursion Theorem and
it is due to Kleene (see [21]). It establishes the equivalence of the definitional
semantics (minimal solution in this case) with the computational.

4.1.11 Regular recursion with measure. In order to achieve the equiv-
alence of the definitional semantics with the computational within the class
of total functions, we restrict ourselves to regular recursive definitions with
measure. The condition of regularity for the functional equation of a form

f(@) =[f;7]

means that there must be a measure u[Z] in which the recursion goes down;
i.e. for each recursive application f(p) in 7 we have u[g] < u[Z] under the
assumption of all conditions governing that recursive application. The regu-
larity conditions guarantees that the equation has a unique solution and that
the solution is computable using the defining identity as a rewriting rule from
left to right.

Below we give several examples of regular recursive definitions. The jus-
tification of this kind of recursion within PA is the subject of study in the
following sections.

4.1.12 Example. Consider the binary function f obtained from the func-
tions g and h by primitive recursion:

f(0,y) =g(y)
f@+1,y) =h(z, f(z,y),y).

The recurrences can be written in the equivalent form using just one equation:
f(x,y) =if 0 then h(:zc =1, f(x= 1,y),y) else g(y).

This is an example of regular recursion where recursion goes down in the
first argument x. The following is the condition of regularity for the (only)
recursive application of f on the right-hand side of the identity:

bpa T+#0 o> ax=1<x.

The condition is trivially satisfied.

4.1.13 Example. Consider the following recursive definition of the integer
division function:
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r+y=if y #0 then
case
z<y=0
z2y=>(r=-y)+y+1
end
else
0

This is a definition by regular recursion in which the first argument x goes
down. Its condition of regularity

ba Y£0AZ2Yy—>2x+y<zx
is trivially satisfied.

4.1.14 Example. The program for x +y from Par. 4.1.13 is less optimal
than it should be due to repeated test y # 0 in each recursive call. We would
obtain a better one by computing the function using the identity

T +y = case
r<y=0
z2y=>(x=-y)+y+1

end

as a reduction rule. The program works correctly only for those inputs that
satisfy the property y # 0. This is is called the precondition of the program.
Note that for the input y = 0 the evaluation of x + 0 does not terminate.
Note that if we write the above program together with its precondition as
the following conditional equation
tpa Y#0 -2 +y=case
r<y=0
x2y=>(x=-y)ry+1
end
we obtain an assertion which is, in fact, a property of the integer division
function. The following is its (extended) condition of regularity:

pa Y20AT2y—>x-y<zAy#0.
It consists of two parts. The first one is the same as before:
pa yEOAZ2Y > -y<2.
The second one is the so-called applicability condition (see [56]):
pa Yy£0AZ 2y —>7y#0

It says that the arguments of the recursive application satisfy the precondition
of the program. Both parts of the regularity condition are trivially satisfied.
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4.1.15 Example. Consider now the recursive definition of the greatest di-
visor function of the form

ged(z,y) =if x #0Ay #0 then
case

z >y = ged(z = y,y)
T=y=>zx
x <y = ged(z,y+x)
end
else
max(z,y)

based on the following property of the divisibility predicate:
bba T>YAZ|y—>z|z o z|z=y.

The definition is an example of regular recursion where recursion goes down
in the measure max(z,y). Its conditions of regularity

bba #0AYy+0Az >y > max(x = y,y) < max(z,y)

ba #0AYy+0Az <y —>max(z,y+x) <max(z,y)
follow from

bba a>b>0—>a=-b<a.

4.1.16 Example. The program for ged(z,y) from Par. 4.1.15 is less optimal
than it should be due to repeated test x #+ 0 Ay # 0 in each recursive call. We
would obtain a better one by computing the function using its property

tpa #0AYy+0 - ged(z,y) = case
x>y = ged(z+y,y)
T=y=>x
x<y=ged(z,y = x)
end

as a reduction rule with the precondition x # 0 A y # 0. The following are its
conditions of regularity

tpa T#0AY+0Az >y > max(z>y,y) <max(z,y) Ax=-y+0Ay =0
tpa T#0AY+0Az <y —>max(z,y=x) <max(z,y)Axz+0Ay =z 0.

4.1.17 Example. Violating the condition of applicability may leads to a
program that does not terminate for every input satisfying its precondition.
Indeed, consider the following property of the zero function:

bpa +0—>Z(x)=Z(x+1)

Clearly, the recursion goes down in its argument as we have
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pa 20>z -1<2.

On the other, the applicability property
pa 20 —->2+1=%0.

does not hold for x = 1. Note that the following reduction sequence for eval-
uation of the application Z(1) does not terminate:

Z(1)=2(1=1)=2(0)=Z(0=0) = Z(0) = ---.

4.1.18 Example. Violating the condition of applicability may leads to a
program which computes wrong results even for inputs satisfying its precon-
dition. Consider the following property of the function = + 2:

bpa Jyz =2y —>x+2=if £ #0 then
(x=1)+2+1
else
0.

Clearly, the recursion goes down in its argument as we have
pa Jyz=2yrzx0-2=-1<z.
On the other, the following property
pa Jyx=2yAnx+0—-Jyx=1=2y.

does not hold for even numbers. Note that the following reduction sequence
for evaluation of 2 + 2 yields wrong answer:
2:2=(2-1)+2+1=1+2+1=(1=1)+2+1+1=
=0+2+1+1=0+1+1=2.

But the expected value is 1 =2+ 2.

4.1.19 Simultaneous recursion. Consider the following recursive defini-
tion of two binary functions f; and fo:

f1(0,9) = g1(y)

A +1,y) =hi(z, fi(z,y), f2(2,9),y)
f2(0,9) = g2(y)

fo(z+1,y) = ha(z, f1(2,y), fo(2,), ).

Such a recursion is called simultaneous recursion. It can be reduced to ordi-
nary non-simultaneous recursion as follows.
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For that we need a binary function f such that f(z,y) = (f1(x,v), f2(z,y)).
First we define explicitly two auxiliary functions g and h by
9) = {91(¥),92(»))
2 2 2 2
h(.’I],Z,y) = <h1((E, [2]1 9 [2]2 7y)7 h2($7 [2]1 9 [Z]Q 73/))

The function f is then obtained from g and h by primitive recursion:

F(0,9) =9(y)
flz+1y) =h(z, f(z.y).9),
or equivalently by
f(xz,y) =if x #0 then h(x =1, f(z= 1,y),y) else g(y).
Finally, the functions f; and fs are defined explicitly by

fila,y) = [f(zy)]]
foz,y) = [f (=)

General schemes of simultaneous recursion can be reduced to ordinary one
using a method similar to that above.

4.1.20 Example. Some schemes of recursion lead beyond primitive recur-
sion. For instance, consider the well-known Ackermann-Péter function (see
[38]) which grows faster than any primitive recursive function:
A0,y) =1
A(x+1,0) = A(z, 1)
Az +1,y+1) = A(z, A(z + 1,y)).

The recurrences can be written in a more compact form by

A(z,y) =if x #0 then

if y # 0 then
Az =1, A(z,y = 1))
else
A(z = 1,1)
else
1.

The definition is an example of a definition by well-founded recursion which
is into the lexicographic ordering <jexof the set of pairs of natural numbers:

(xl,yl) <lex (132,242) <21 <2 VI =T2ANY1 <Y2.
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This is because either the first argument of each recursive application de-
creases or it remains the same and the second argument decreases:

2+0Ay=0->(z+1,1) <jex (z,7)
20y +0 - (2,y=1) <iex (2,9)
z#0Ay+0 - (z=1,A(z,y + 1)) <iex (2,9).
We call these properties the conditions of regularity of the definition.

The lexicographic ordering is a well-founded relation, i.e. there is no infinite
descending chain of pairs of numbers:

($1,y1) >lex (I2;y2) >lex 't lex (xn;yn) >lex **t-

This means that the calculation of the application A(x,y) always terminates.

4.2 Recursion with Measure

4.2.1 Introduction. Consider the functional equation of the form
f(@) =7[f; %]
in which every recursive application f(g) in 7 is surrounded by the guard
if p[p] < u[Z] then f(p) else 0.

Here, the u[Z] is an arbitrary but fixed expression called measure. This is
called recursion with measure. That PA admits definitions by such recursion
is proved in Thm. 4.2.7.

Note that the guard guarantees that we go into recursion only if we have
u[p] < p[Z]. By satistying these conditions we obtain a regular recursive def-
inition. These are discussed in Sect. 4.4.

4.2.2 The principle of measure induction. For every formula ¢[Z] and
term p[Z], the formula of induction on & with measure p[Z] for ¢ is the
following one:

Vi (vi(ulg] < nlz] - olg]) > el2]) > vapla]. (1)

We assume here that the variables y are different from # and that they do
not occur freely in ¢. The formula ¢ and the term g may contain additional
variables as parameters.

Note that for Z = z and u[z] = z, the scheme of measure induction coincides
with the scheme of complete induction.
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4.2.3 Theorem IfT is an extension by definitions of PA then it proves the
principle of measure induction for each formula of L.

Proof. The principle of measure induction 4.2.2(1) of L is reduced to math-
ematical induction as follows. Under the assumption that ¢ is p-progressive:

vi(vg(ulg] < nl#] - eld]) > ol2]), (1)
we first prove, by induction on n, the following auxiliary property

VZ(u[2] <n - ¢[2]). (t2)

In the base case there is nothing to prove. In the induction step take any Z
such that u[Z] < n+1 and consider two cases. If u[Z] < n then we obtain p[Z]
by IH. If u[Z] = n then by instantiating of (f;) with Z := Z we obtain

Vii(ulg] <n - ¢[3]) > ¢[Z].

Now we apply IH to get p[Z].
With the auxiliary property proved we obtain that ¢[Z] holds for every Z
by instantiating of Vn(fy) with n:= u[Z]+1 and Z := . |

4.2.4 Extensions by recursion with measure. Let T be an extension
by definitions of PA and f a new n-ary function symbol. Let further u[Z] be
a term of L7 and 7[f;Z] a term of the extended language L1 U {f} in which
no other variables than the n indicated ones are free. Finally, let [ f]5(7) be
the restriction of f to the numbers § s.t. u[g] < p[Z], i.e.

[/15(5) = D(ulg] <« ulz], £(5).0).

Consider the theory T obtained from the theory T' by adding the function
symbol f, the defining axiom

£(@) = r[M.LF1E () 2], (1)

and the scheme of measure induction for all formulas of L7+ containing the
symbol f. We say that T" is an extension of T by (course of values) recursion
with measure.

Note the use of special lambda notation (see Par. 3.5.2) in the defining
axiom (1). This means that every recursive application f(p) in 7 is replaced
by the restriction of f to the numbers g s.t. u[g] < p[Z], i.e. by the term

[/1(7) = D(ul7) < ul2). £(5).0).

In the sequel we will use the notation 7[[f]5;Z] (or even 7[[f];Z]) as an

il ’

abbreviation for the term on the right-hand side of the identity (1).
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Fizing notation. We keep the notation introduced in this paragraph fixed
until the end of this section where we prove in Thm. 4.2.7 that the theory
T’ is an extension by definition of the theory T. We will be working in an
extension by definitions of the theory T. We will keep the notation T also for
this extension of 7.

Remark. The definition can be viewed as a function operator which takes
all auxiliary functions applied in the terms p,7 and yields the function f
as a result. We will prove in Thm. 4.2.8 that the class of primitive recur-
sive functions is closed under the operator of course of values recursion with
measure.

4.2.5 Approximation function. We wish to introduce the function f into
the theory T with the help of its approzimation function f*(z,Z). The ad-
ditional argument z plays the role of the depth of recursion counter. It es-
timates the depth of recursion needed to compute the value f(Z). If z is
sufficiently large then we have f(Z) = f*(z,%). As we will see below every
number z > p[Z] gives us sufficient estimation of the depth of recursion. This
will allow us to introduce f into PA explicitly by f(Z) = f*(p[Z] +1,Z).

The approximation function is introduced with the help of approzimation
terms p*[f*;z,%] which are defined for all subterms p of 7 to satisfy:

xf =y (variable)
G(p1s- )’ = 90017 (ausiliary function)
F(p1y-espn) = (2,07, ,0%). (recursive application)

Let us denote by [f*]’z‘j(ﬂ) the restriction of f* to § s.t. u[§] < p[Z], i.e.

[0 2 (5) = D(ulg] <« pl2], £ (2,5),0).
We define the approximation function f* by nested simple recursion:
f7(0,2)=0 (1)
Fe+1,a) = A1 @) 2] (2)

Below we will use the notation 7*[[f*]" .;2,Z] (or even 7*[[f*];2,Z]) as an

abbreviation for the term on the right-hand side of the equation (2). We will
also use the notation (p1,...,pm)" as an abbreviation for (pi,...,p5,).

4.2.6 Monotonicity of the approximation function. We have
TrplZ] <z <22 = f7(21,2) = [7(22,2). (1)

The property asserts that the application f*(z,2) yields the same result for
all numbers z > p[Z].
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Proof. The property is proved by induction on z as YZVzi(1). In the base
case there is nothing to prove. In the induction step, take any numbers Z, z;
such that p[Z] < z1 < 22 + 1 and prove by inner induction of subterms p[ f; ]
of the term 7 the following identity

p[[f 21 = 1,2] = p*[[f*]; 22, 2] (t1)

We continue by the case analysis of p. If p = f(6) then by inner IH there are
numbers ¢ = y1, ..., Y, such that

0;[[f )21 = 1,2] = yi = 07 [[f]; 22, 2]

for every i =1,...,n. We counsider two subcases. The subcase u[g] > u[Z] is
obvious. In the subcase p[y] < u[Z] we have p[y] < z1 =~ 1 < 2z and thus

e . + - + _\ outer IH ., -
D(p[g] <« pl2], £ (21 = 1,8),0) = f*(z1 = 1,5) " E T £*(22,9) =
= D(ulg] <« plz], " (22,9).0).
The remaining cases when p=x; or p = g(é) are straightforward.

With the auxiliary property proved the induction step of the outer induc-
tion follows from

Fren) =i = 1,3 @ [ )20, 2] = (22 + 1,5). o

4.2.7 Theorem IfT is an extension by definitions of PA then any extension
of T' by recursion with measure is an extension by definition.

Proof. Let T’ be an extension of T' by recursion

F@@) =r[[f1: 2] (t1)
as in Par. 4.2.4 and T" an extension of T by explicit definition
f('f):f+(ﬂ|:j:|+1aj§)a (TZ)

where f* is the approximation function from Par. 4.2.5. We have L+ = Lpn
and T" is an extension by definition of T. In order to prove the claim it
suffices to show that the theories 7" and T" have the same theorems.

First we prove T" + T'. The theory T" is an extension by definitions of
PA, and therefore, by Thm. 4.2.3, it proves the principle of measure induction
for each formula of L7+ containing the symbol f. It remains to show that

T v f(&) = 7[[f14:3) - (f5)

For that we need the following property which is proved by induction on the
structure of subterms p[ f; %] of 7:
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" p (L) ul2] 2] = p[[f1; ). (fa)

Take any Z, any subterm p of 7, and continue by case analysis of p. The case
when p = f(0) follows from

D(u[8° 1 w12, 2] <c pl2). £ (ul), (L5 ) ), 2), 0) 2

4.2.6(1)

The remaining cases when p=x; or p= g(é) are straightforward. With the
auxiliary property proved the equality (f5) is obtained from

(t2) 4.2.5(2) (1a)
= =T

f(Z) (LY ulz), 2] 2 7L 2].
Now we prove T" + T". For that it suffices to show
T'w f(2) = f*(p[z] +1,2). (ts)

This is proved by induction on Z with measure p[Z]. So take any Z and prove
by (the inner) induction on the structure of subterms p[ f; 2] of 7 the property

T v p[[f1:] = o [1f ) (7], ): (fo)

fr(ulz]+1,2)

We continue by case analysis of p. The case when p = f(6) follows from

)
—
=
|
Dy
—
| S—
K1
L
N
M
=,
84
| S—
~
—~
=
=
“&t

. ])’0) outer IH

4.2.6(1)

[
01071 8) <. lo). 5 (). A1 15 1), 0) s
([0 [0f° % 3], 21) <. pla), £ (ul2), 6°[[F): 7], 21),0).

The remaining cases when p=x; or p= g(f) are straightforward. With the
auxiliary property proved the equality (f5) is obtained from

4.2.5(2)

£@) W 018 [0 pla), 2] FuE+1,3). o

4.2.8 Theorem Primitive recursive functions are closed under recursion
with measure.

Proof. By inspection of the proof of Thm. 4.2.7. ]
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4.3 Well-Founded Recursion

4.3.1 Introduction. Consider the functional equation of the form
f(@) =7[f;7]
in which every recursive application f(g) in 7 is surrounded by the guard
if p <7 then f(p) else 0.

Here, the < is an arbitrary but fixed well-founded relation over natural num-
bers. This is called well-founded recursion. That PA admits definitions by
such recursion is proved in Thm. 4.3.10.

The guard guarantees that we go into recursion only if g < Z. By satisfying
these conditions we obtain a regular recursive definition. These are discussed
in Sect. 4.4.

4.3.2 Well-founded relations. Let Z < 4 be a 2n-ary relation over N.
We say that the relation < is well-founded if there is no infinite descending
chain of the n-tuples of numbers: Z1 > T > -+ > Z,, > ---. It is well-known that
a predicate Z < ¢ is well-founded if and only if the following holds

vz (Vg(y <7 - P(§)) > P(2)) > YZP(Z)
for every n-ary predicate over N.

Example. The standard ordering = < y of natural numbers is obviously a well-
founded relation. Another well-founded relation is the lexicographic ordering
(z1,22) <lex (y1,y2) of the set of pairs of natural numbers (see Par. 4.1.20).
In fact, each measure term u[Z] gives us a well-founded relation over N:
namely the relation < explicitly defined by Z < § < u[Z] < u[g].

4.3.3 The principle of well-founded induction. Let Z < ¢ be a 2n-ary
predicate of a theory T'. The formula of <-well-founded induction on T for a
formula @ of Lt is the following one:

V(Y < & ~ olg]) ~ ¢la]) > Val]. (1)

We assume here that the variables ¢ are different from z and that they do not
occur in ¢. The formula ¢ may contain additional variables as parameters.

We say that the predicate < is provably well-founded in T if the theory T
proves the principle of <-well-founded induction for each formula of L. The
following claim asserts that the relation < is provably well-founded in every
extension by definitions of T'.
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4.3.4 Theorem If T’ is an extension by definitions of T then it proves the
principle of <-well-founded induction for each formula of L.

Proof. Translation of the principle of <-well-founded induction for a formula
of L7, into the theory T yields a formula which is again the principle of <-
well-founded induction but now for a formula of L. O

4.3.5 Extensions by well-founded recursion. Let T be an extension by
definitions of PA and f a new n-ary function symbol. Let 7[f;Z] be a term
of the extended language L1 U {f} in which no other variables than the n
indicated are free. Let further g < Z be a provably well-founded relation in T'.
Let finally [f]5(%) be the restriction of f to the numbers § s.t. § < Z, i.e.

[1:(5) = D(§ < 2, /(9),0).

Consider the theory T obtained from the theory T by adding the n-ary
function symbol f, the defining axiom

£(@) = [ M. [F1:(@): 2], (1)

and the scheme of <-well-founded induction for all formulas of L7/ containing
the symbol f. We say that T" is an extension of T by <-well-founded recursion.

Note the use of special lambda notation (see Par. 3.5.2) in the defining
axiom (1). This means that every recursive application f(g) in 7 is replaced
by the restriction of f to the numbers g s.t. g < Z, i.e. by the term

[F13(p) = D(p <. %, f(5), 0).
In the sequel we will use the notation 7[[f]3;Z] (or even 7[[f];Z]) as an
abbreviation for the term on the right-hand side of the identity (1).

Fizing notation. We keep the notation introduced in this paragraph fixed
until the end of this section where we prove in Thm. 4.3.10 that the theory
T' is an extension by definition of the theory T. We will be working in an
extension by definitions of the theory 7. We will keep the notation T also for
this extension of T'.

Remark. The definition can be viewed as a function operator which takes
all auxiliary functions applied in the term 7 and yields the function f as a
result. We will prove in Thm. 4.3.11 that the class of p-recursive functions is
closed under the operator of well-founded recursion.

4.3.6 Approximation function. We wish to introduce the function f into
the theory T with the help of its approzimation function f*(z,Z). The ad-
ditional argument z plays the role of the depth of recursion counter. If the
value f(Z) can be computed with the depth z then
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o+, ey +1) = f(o1,... @) + 1,

where 7 + 1 is an abbreviation for z1 +1,...,z, + 1. Otherwise, i.e. if the
depth 2z does not suffice, then we have f*(z,21 +1,...,2, +1) =0.
First we define the ternary approximation function D* of D:

D+(x7y7z) = D(‘/E7D(‘/E = 17y72)70)'

The approximation function D* clearly satisfies:

T+ D*(0,y,2) =0 (1)
T+D*(z+1,y,2) = D(z,y,2) (2)
TrD'(x+1,y+1,z+1)=D(x,y,2) +1 (3)

Next, for each k-ary function g (k > 0) occurring in the term 7 we have its
k-ary approximation function g* defined as

CITE

glxr =1, . xp=1)+1 ifaxy #0,..., 2, £0,
e )
0 otherwise.

More formally
k
g (x1,...,2k) = D(/\*(:zrl- #.0),9(x1 =1, .2~ 1)+ 1,0),

i=1

where Ak (z; #4 0) stands for (1 #4 0) Ax -+ Ax (2 %4 0). We have

k
T-\zi=0->g(21,...,25) =0 (4)
i=1
Trg(x1+1,...,2p+1)=g(x1,...,25) +1 (5)
T+0" =1. (6)

The approximation function & <} ¢ of the characteristic function Z <, g of the
predicate Z < 3 is defined similarly as g*. We then have

T-\Vzi=0vVyi=0-> (z1,...,2n <, y1,...,Yn) =0 (7)
i=1 i=1

Tr(m+1,... 2y +1<ty1+1,...,y,+1) = (8)

= (X1, T <L Y1, yn) + 1
Note that by combining (2) and (8) we get
Tr—D*((u1+1,...,un+1<; v1+1,...,vn+1),y,z):

(9)

:D((Ul,...,un <% ’Ula"'uv’ﬂ)vywz)'
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Approximation terms p*[ f*; z, ] are defined for all subterms p of 7 to satisfy:

xf=x;+1 (variable)
91 o8) 28 (0o ) (ausiliary function)
F(p1y-espn) = (2,07, .\ 0%). (recursive application)

Let us denote by [f*];;(gj) the restriction of f* to § s.t. § <" Z, i.e.

[F13(0) = D(5 < &.£(2.5).0)-
We define the approximation function f* by nested simple recursion:
f7(0,2)=0 (10)
Fz+1,8) = DL 125 @):2, 7] (11)

By Thm. 3.5.19, extensions by nested simple recursion are extensions by
definition. Hence we may assume without loss of generality that the theory T’
already contains the approximation function f* and that its defining axioms
are provable in T'.

Below we will use the notation T*[[f*];;;z,:?] (or even 77[[f*]; 2, Z]) as
an abbreviation for the term on the right-hand side of the equation (11).

Remark. In order to simplify the discussion below, we will often write 7 + 1
as an abbreviation defined as

T+l=m+1,...,7,+1,

where 7 = 711, ...,7,. We will need some of the following maximum functions
m m
max(z1,...,xm) =y < Azi<yr\Vai =y,
i=1 i=1

where m=1,2,....

4.3.7 Monotonicity of the approximation function. The next prop-
erty asserts that once evaluation of the application f(&) succeeds with the
depth of recursion z; then it will succeed with the same result for every larger
depth of recursion counter zs:

Trz1<2on f (21,8 + 1) =y+1— f*(22,Z2+1)=y+1. (1)

The property can be generalized for approximation terms as follows. For every
subterm p[ f;Z] of the term 7 we have

Trzn<annrp[[flad+l]=y+1->p[[flizz+1]=y+1. (2
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Proof. (1): This is proved by induction on zg as Vz1YZVy(1). The base case
is trivial. In the induction step take any 21, %,y such that z; <25 + 1 and

frz,i+1)=y+1. (1)

Note that it must be z; # 0. First we prove by the inner induction of subterms
plf;Z] of the term 7 that we have

Vo(p'[[f* )21 = L,@] =v+ 1 - p*[[f*]; 22,7 = v + 1). (2)

So take any number v such that p*[[f*];21 = 1,2+ 1] = v + 1 and continue by
the case analysis of the term p.

The case when p = z; is obvious. If p = g(f), where g is a k-ary function
symbol, then we have

g*(é*[[f*];zl;1,5:+1]):v+1.
By 4.3.6(4), there are k numbers u1,...,ug s.t. 07 [[f* ;21 =1, Z+1] =u; +1

for every ¢ =1,...,k. From the inner IH we obtain 6;[[f*]; 22, Z + 1] =u; +1
for every i = 1,..., k. Consequently

g*(é*[[f*];z%:i + 1]) =v+1.
If p= f(6) then we have
D (0 [[f Tz =L i+1] <0+ 1, f7 (1= LO[[f i1 = 1,5 +1]),07) =v+ 1.

By 4.3.6(1), it must be (*[[f*];21 =1, +1] < &+ 1) # 0 and therefore, by
4.3.6(7), there are n numbers 4 = uq, ..., u, such that

O;[[f hza=1,3+1]=u;+1
for every i =1,...,n. By the inner ITH we obtain
9;[[f*];22,f + 1]: u; +1
for every i =1,...,n. Therefore
D (i+1<,2+1,f (s1~1,4+1),0") =v+1
and thus, by 4.3.6(9), we have
D(ti<. @, f*(z1+1,i+1),07) =v+1.

By a simple case analysis on whether 4 < Z or not and by applying the outer
IH with z; = 1 in place of 21, 4 in place of Z, and v in place of y, we obtain
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D(t<s @, f* (20, +1),0") =v + 1.
Working backwards we have
D (d+1<,Z+1,f (22,0+1),0") =v+1
and thus
D (0 [Lf T 20,8 +1] < &+ 1, f* (22,0°[[f ] 22,3+ 1]),0° ) = v+ 1.

This concludes the proof of the inner induction step.
With the auxiliary property proved we finish the induction step of the
outer induction as follows:

g1 W prGLae ) =[] 1,3+ 1

j ()
= 7 [[f 22,2+ 1] = f*(22+ 1,2+ 1).

This proves (1).

(2): By structural induction on subterms p[f;Z] of the term 7 as Vy(2).
Take any number y, assume z1 < 29 and p*[[f*];21,Z+1] =y + 1, and con-
tinue by the case analysis of the term p.

The case when p = z; is obvious; the case p = g(é) is proved by similar
arguments as above. So suppose that p = f (5) We then have

DG [[f 2@+ 1] <0 @+ 1, (20, 0 ([ ] 20,8 +1]),07) = v+ 1.

A similar argument as above yields that there are numbers 4 = uq,...,uy,
such that the following holds for every ¢ =1,...,n:

0:[[f )21, 8+ 1] =u; + 1.
We apply IH n-times to obtain
0;[[f L2z, @+ 1] =u;+1
for every i =1,...,n. Therefore
D (i+1<,2+1, f (z1,0+1),07) =v+1
and thus, by 4.3.6(9), we have
D(t <. @, f* (21,0 +1),0") =v +1.

Now, by using (1), a simple case analysis on whether 4 < Z or not shows that
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D(ti<s @, f* (22, +1),0") =v+1
Working backwards we obtain
D (d+1<,Z+1,f (22,0+1),0") =v+1
and hence
D (0[Lf T 20,8 +1] < &+ 1, f* (22,0°[[f ] 22,3+ 1]),0°) = v+ 1.
This concludes the proof of the induction step. m]

4.3.8 The existence condition for the approximation function. The
following property states that for every input Z there exists a value of the
depth of recursion for the evaluation of the application f(Z):

Tr3Iydz fr(z,2+1)=y+ 1. (1)

Note that the value y for which the recursion counter z exists is uniquely
determined by the monotonicity of the approximation function.

Proof. In the proof we tacitly use the monotone properties of the approxi-
mation function and approximation terms. Property (1) is proved by <-well-
founded induction on Z. So take any numbers Z and prove first by the inner
induction on the structure of subterms p[ f;Z] of term 7 the following:

Jyzp[[f Lz, @+ 1] =y+1. (t1)

We continue by the case analysis of p.

If p = x; then we have z}[[f*];2,Z + 1] = x; + 1 and therefore it suffices to
take y:=x; and z:= 0.

If p = g(f), where g is a k-ary function symbol, then by the inner TH there

are numbers uq, ..., Uk, 21, - - - , 2k such that for every i =1,...,k we have
V(222 = 0[[[f];2,2 + 1] =u; + 1). (t2)
Thus for every z > max(z1,...,2x) we have (4= uq,...,ux)

(O kza e 1)) g Gie ) 2 g 4.

It suffices to take y := g(4) and z := max(z1,...,xx).
If p= f(0) then by the inner IH there are numbers uy, ..., un, 21, ..., 2n
such that for every i =1,...,n we have
Vz(zz,ziﬁ@{[[f*];z,f+1]:ui+1). (t3)

Thus we have the following for every z > max(z1,...,2,)
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+( n+ +7. - + = + N+ +1. - + (T_S)
D (0[Lf Tz a4 1] <t @+ 1, £ (2,0°[[f];2,3 +1]),0') B
=D (1<t i+, f* (2 a+1),00) LY
= D(ti<. @, f* (2,1 +1),07).
Now if 14 < Z then from the outer IH we obtain numbers ug and zg such that
Va(z 220 = ff(z,0+1) =ug +1). (t1)

Thus for every z > max(zg, 21, .. .,2,) we have

D(ii <0 2, f* (2,0 +1),07) = f*(z, i+ 1) @ g+ 1.

It suffices to take y := ug and 2 := max(zg, 21, . . ., 2n ). Otherwise we have @ £
and thus for every z > max(z1,...,2,) we get
D(ii < 7, f*(2,1+1),0) =07 2P 041,

It suffices to take y:= 0 and 2z = max(z1,...,25).
We are now in position to finish the proof of the outer induction. By (};)
applied to the term 7 we obtain that the following holds for some y and z:

T hmarl]=y+1. (ts)
The induction step of the outer induction follows from

Feeraen) - hnaen] €y

This proves (1). m

4.3.9 Depth of recursion counter. Consider the n-ary function 8(Z) de-
fined by the following minimalization

(%) =pz[fT(z+1,Z+1) £0].
Note that its condition of regularity
Tr3zf(z+1,2+1) 0.

follows from 4.3.8(1). The value 8(Z) + 1 is the depth of recursion needed to
evaluate the application f(Z).
The function satisfies
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Tr [ (z,2+1)=f(0(2)+1,2+1) < d(Z) < z (1)

Tkp[[f] 8(z),2+1]#0 (2)

T+D(§< %, f(2,5+1),07) 0 ‘)
D(4 <« &, [* (2,5 +1),07) = D(§ <« &, f*(8(3) + 1,5+ 1),0°),

where the property (2) holds for every subterm p[ f;Z] of 7.

Proof. First note that directly from the definition we obtain that
Trfr3(ZF)+1,7+1)%0 (t1)
Trff(2+1,2+1)#0->3(F) < 2. (t2)

The last property can be written in the following equivalent form
Trf*(2,2+1)+0->0(Z) < 2 (t3)

because f*(0,Z + 1) = 0 by definition.

(1): Suppose that f*(z,2+1) = f*(8(Z) +1,Z + 1). Then by (), we have
ff(z,2+1) #0 and thus 8(Z) < z by (}5). This proves the (—)-direction of
the claim. Vice versa, if 8(Z) < z then 8(Z) < z = 1 and thus

0 3@ +1,5+1) "D frae1e 1,54 1) = (2,5 +1).

This proves the reverse direction.
(2): This is proved by backward induction on the structure of subterms
plf; 2] of the term 7. If p =7 then the claim follows from

8@, + 1] = £1(8(@) + La+ 1) £ 0.

The case when p = x; is obvious. If p= g(é), where ¢ is an auxiliary k-ary
function, then we obtain from IH

g (0°[[f1:8(2), % +1]) # 0,
and thus, by 4.3.6(5), we have
0;[[f'):8(z),2+1]#0
for every i =1,...,k. If p= f(6) then we obtain from IH
D (0°[Lf1:8(), & + 1] <0 &+ 1, *(8(z) = 1,6 [[f*1;8(2), 3 +1]),0") # 0,

By 4.3.6(1), it must be
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(0°[[f*1;8(2),2+1] <. Z+1) %0
and thus, by 4.3.6(7), we have
0;[[f):8(z),2+1]#0

for everyi=1,...,n.

(3): Under the antecedent of the claim we consider two cases. If § < Z then

f(z0+1)=D(§<« &, f*(2,§+1),07) 0

and thus 8(%) < z by (f5). We then obtain

D= 7, f*(2,5+1),0°) = f*(5,5+1) & £/(8(5) +1,5+1) =

=D(§<« 2, f(8(§) + 1,5 +1),0%).
The case when § « Z is straightforward. ]
4.3.10 Theorem IfT is an extension by definitions of PA then any exten-

sion of T by well-founded recursion is an extension by definition.

Proof. Let T’ be an extension of T by the <-well-founded recursion
f(@)=7[[f13:7]
as in Par. 4.3.5 and T" an extension of T by the explicit definition

f@)=1@)+1,2+1) =1,

where f* and O are as in Par. 4.3.6 and Par. 4.3.9, respectively. We have
Lpv =Ly and T is an extension by definition of T. In order to prove the
claim it suffices to show that the theories 7" and T"" have the same theorems.

First we show T" +T'. The theory T" is an extension by definition of
T, and therefore, by Thm. 4.3.4, it proves the principle of <-well-founded
induction for each formula of L7+ containing the symbol f. It remains to
show that

T" v f(2) = 7[[f]:Z]. (1)

For that we need the following auxiliary property which is proved by induction
on the structure of subterms p[ f; Z] of the term 7:

T" - p*[[f*1:8(2), 3 + 1] = p[[f]; 2] + 1. (f2)

We continue by the case analysis of p.
The case when p = x; is obvious. If p = g(#), where g is an auxiliary func-
tion, then we have
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g (01 1:8(2), 3+ 1]) "2 g (B0 L 2] + 1) P2 g(OL1£T:70) + 1.
If p= f(6) then

D0 ([ 1:8(8), 3+ 1] <2 3+ 1, £ (8(2), 0°[[f )2, +1]),07) 20 (13)

by 4.3.9(2) and thus

D (0 [Lf'1:8(), & + 1] <0 &+ 1, £*(8(2), 0° ([ ]s 2,3+ 1]),07) "2
(AL L)+ 1< @+ 1, £7(3(@), 1L 8]+ 1),07)
(OL0F15 8] <. &, £ (3(2), BT 11:2] +1),07)
(01 #) <« 7, £ (8(ALLFY; 7)) + 1,00 F1: ] + 1),07) =
(1073 3) <o 7, £ (ALLFY; 20) +1,00) P2
71),0) + 1.

4.3.6(9)

14.3.9(3)

—
D
—
\\._‘
8
| S—
A
M
&
~
—~
D
—
\\._‘
8

This concludes the proof of (1,).
With the auxiliary property proved we obtain () from

F(@) = Fr(8(&) + 1,8+ 1) = 1= *[[f]:8(2), 8+ 1] =1
=T|:[f];:f]+1;1=7'|:[f];f].
Now we prove T” + T". For that it suffices to show
T+ f(2)= f1(3(F)+1,7+1) = 1. (t4)

This is proved by <-well-founded induction on Z. Take any % and prove first
by (the inner) induction on the structure of subterms p[ f; ] of 7 the property

p[[f1;2] + 1= p*[[f]:8(3), 2 +1]. ()

We continue by the case analysis of p.
The case when p = x; is obvious. If p = g(#), where g is an auxiliary func-
tion, then we have

(011 2]) + 122 g (B[ Y] + 1) "2 g7 (°[[£°): 8(2), & + 1]).
If p= f() then

D (07 [F2:8(8), 3+ 1] < &+ 1, £7(3(2), 67 [[f ] 2,8 +1]),07) 20 (o)
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by 4.3.9(2) and thus

g
= +( [[f1;2]) + 1<, 2 +1, £(8(z),0[[ f];2] + 1)70+) inner [H’s
= D (B[S 1:8(2), & + 1] <t &+ 1, £ (8(2),6°[[/*):8(2). & + 1]),0°).

This ends the proof of the inner induction formula (f5).
We are now in position to finish the proof of the induction step of the
outer induction. We have

F@) =3 =r[lh2] + 121 © ) 8), s 1] =1 =
=f(0(z)+1,2+1) = 1. o

4.3.11 Theorem -Recursive functions are closed under well-founded re-
CUTSION.

Proof. By inspection of the proof of Thm. 4.3.10. m]

4.4 Regular Recursion

4.4.1 Introduction. Consider the following recursive definition of the func-
tion f, which is into the well-founded relation <:

f(@) =7[[f15:2], (1)
where [f]3 is the restriction of f:
[f1:(3) =if §j <7 then f(3) else 0.

We can drop the guards g < Z around recursive applications of f in the defi-
nition if we restrict them to regular applications. The condition of regularity
means that for every recursive application f(g) we have

Iiplf:2] - plf;2] < 2.
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Here, the I'f ;) is the governing condition of the term f(p) in 7: it is the
conjunction of all conditions surrounding the recursive application f(7) in
the term 7. Such definitions are called regular definitions. The definition (1)
can be then written in the equivalent form

f(@) =7[f: %] (2)

with the governing conditions removed. For regular definitions we have not
only the extensional property:

m[[f15:2] = 7 f; 7]

but also a stronger intensional property that we can use the defining equation
(2) as a computational rule from left to right for the evaluation of f. This is
shown in the next section.

4.4.2 Extensions by regular recursion. The concept of regular recursive
definitions is formalized as follows. Let 7" be an extension by definitions of
PA and < a well-founded relation of T'.. Let further f be a new n-ary function
symbol and 7[f;Z] a term in Z of the theory Ty obtained from 7" by adding
the function symbol f.

To every occurrence of a subterm p in 7 we define inductively on |7] - ||p]
the governing condition I'] of p in 7. Here, the |7 is the size, i.e. the number
of operations, of the term 7. If p = 7 or p is without conditionals then I'7 =T
(i.e. always true). If p=D(601,02,05) then I =17, I'] =17 A6 #0 and
Iy =17 r01=0.

We assign to each occurrence of the recursive application f(g) in 7 with
governing condition FJI( ) the following condition of regularity:

Tfp = p <.

We denote by Reg[f] the conjunction of universal closures of all its condi-
tions of regularity.

We say that the term 7 is regular in the well-founded relation < if the ex-
tension 7" of T by (bounded) well-founded recursion f(z) = 7[[f]3;#] proves
all its condition of regularity, i.e. we have T"' + Reg>[f].

Consider the theory T obtained from the theory T' by adding the n-ary
function symbol f, the defining axiom

f(@) =7[f; 7],

where 7 is a regular term in <, the conditions of regularity Reg:[f], and
the scheme of <-well-founded induction for the formulas of L7 containing
the symbol f. We say that T” is an extension of T by regular (well-founded)
TeCUTSION.
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Remark. The definition can be viewed as a function operator which takes
all auxiliary functions applied in the term 7 and yields the function f as a
result. We will prove in Thm. 4.4.5 that the class of p-recursive functions is
closed under the operator of regular well-founded recursion.

Remark. The definition is said to be regular recursion with measure if
T <y < plZ] < ply]

for a suitable measure u[Z] of Lr. In this case we will use the following
notation Reg”[f] to denote its conditions of regularity.

Such definition can be viewed as a function operator which takes all auxil-
iary functions applied in the terms u,7 and yields the function f as a result.
We will prove in Thm. 4.4.4 that the class of primitive recursive functions is
closed under the operator of regular recursion with measure.

4.4.3 Theorem IfT is an extension by definitions of PA then any extension
of T by regular recursion is an extension by definition.

Proof. Let T’ be an extension of T' by regular recursion

f(@) =7[f;7] (1)
and 7" an extension of T' by (bounded) well-founded recursion
f@@) =7[[f13:7] (t2)

as in Par. 4.4.2. We have Lp» = L7+ and the theory T" is an extension by
definition of the theory T' by Thm. 4.3.10. In order to prove the claim it
suffices to show that the theories T’ and T" are equivalent.

First we prove T" +~ T'. First of all, the theory T" contains the principle
of <-well-founded induction for every formula of L7+ with the symbol f. Next
the term 7 is regular and therefore 7" + Reg>[f]. So it remains to show that

"+ f(2) =7[f:7]. (t3)

For that we need the following auxiliary property which is proved by induction
on the structure of subterms p[ f; %] of 7:

T" - I7[f;:2] > p[[f15: %] = pLf; 2]. (ta)

So take any numbers Z and subterm p of 7 such that I’pT[f;ﬁc] holds, and
continue by case analysis of p.

The case when p = z; is trivial. If p = g(0
in 7 by I'] and we obtain g(0[[f1:%]) = g(d

) then the terms 6§ are governed
[f;Z]) directly from IH.
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If p=f(f) then the terms 6 are governed in 7 by I'7. By regularity
0[f:7] < and thus

D(O[[f1; 2] <« &, f(O[[£1:2]),0) = D(A[f;2] <. 2, F(O] f;2]),0) =

If p = D(64,02,03) then the terms 601,602,605 are governed in 7 respectively
by I'7, I'” A6y #0 and I'] Ab =0. We have by IH:

O1[[f];2] = Or[f; 7] (fs5)
01[f;2]# 0 - 02[[f1;2] = 0o f; 7] (fe)
01[f;2]=0— 03[[f];2] = 03[ f; 2] (t7)

Thus

D(6i[[f]; 2], 6[1f); 2], 6[[ 1 2])
= D(0u[ 32, 0(113:3),0s[[/1:5]) "2 D(0:[£:2],05L; 7], 051 £55]).

With the auxiliary property proved we obtain (f5) from

(1)

£(@) = [[f15:3]) W o[ f;4]

by noting that 7 is governed in 7 by T.

Now we prove T' + T". The theory T’ contains the principle of <-well-
founded induction for every formula of L7~ with the symbol f. It remains to
show

T'w f(@) = r[[f15:7] - (fs)

For that we need the following auxiliary property which is proved by induction
on the structure of subterms p[ f; %] of 7:

T'v I7[f33] > plf33] = p[[f15: 2], (o)

Take any numbers  any subterm p of 7 such that I'} [f;Z] holds, and continue
by case analysis of the term p. - -
The case when p = z; is trivial. If p = g(#) then the terms 6 are governed

in 7 by I'] and we obtain g(0[f;7]) = g(0[[f];#]) directly from TH.
If p = f(6) then the terms 6 are governed in 7 by I'7. We have 6[f:72] <&
from the conditions of regularity Reg>[f] and thus

8L A



4.4 Regular Recursion 135
F(OLf;2]) = D(1. f(OLf 55]) 0) D(6[f;3) <. 7, F(6£;7]),0) =
= D(6[[f1; %] <« 2, f(O[[f1:]),0).

If p = D(61,02,605) then the terms 601,02, 65 are governed in 7 respectively
by I'7, I'” A6y #0 and I'] Af =0. We have by IH:

O10f;x] = 01[[f]; %] (t10)
01[f;2] #0 — 02 f;2] = 02[[ f]: 7] (t11)
01[f;2] =0 03[ f;2] = O3[[ f]; 2] (t12)

Thus

D(0y[f;3),05[ ;20,05 £: 7)) 202 D(0y [ 117, 0[[1): 20, 05 ([ 2]) T2
- D(6:[[):2), 6[[ 11 2], 6 [ £): &])-

With the auxiliary property proved we obtain (tg) from

£@) = ;3 W 7[5 2]

by noting that 7 is governed in 7 by T. o

81 A

4.4.4 Theorem Primitive recursive functions are closed under reqular re-
cursion with measure.

Proof. By inspection of the proof of Thm. 4.4.3 using Thm. 4.2.8. m]

4.4.5 Theorem WU-Recursive functions are closed under regular well-founded
TECUTSION.

Proof. By inspection of the proof of Thm. 4.4.3 using Thm. 4.3.11. m]

4.4.6 Remark. We have already encountered regular recursive definitions
in Sect. 4.1. More elaborated examples will be studied in the next chapters.
Below you will find some examples of non-trivial nested regular recursive
definitions. Proving conditions of regularity in such cases usually requires
knowing something about the function defined in advance. The bounded ver-
sion of regular recursion comes here in rescue.

4.4.7 Example. We begin with the functional equation of the form (see
[13, 29, 47])

f(z)=if z #0 then f f(x = 1) else 0. (1)

We claim that this is a recursive definition of the zero function regular in x.
The following formulas are its conditions of regularity:
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a z20>z+1<x (2)
pa 20> f(z=1) <. (3)

We need to check only the second property for the first one holds trivially.
For that, consider the following recursive definition associated with (1):

f(x)=if  #0 then [f];[f]s(z=1) else 0. (4)
Here, the [f]4(y) is the restriction of f to y <z, i.e.

[f]:(y) =if y <z then f(y) else 0.

We will show that the function f defined by (4) satisfies the second condition
of regularity. We provide two proofs of this fact.

One method is to prove directly (3) by complete induction on z. So suppose
that = # 0 and consider two cases. If x =1 then we have

f(1=1)=7(0)=0<1.
If 2 > 2 then = 1 <z and therefore
flx=2)<z+1. (5)
by IH applied to the number x = 1. We now have
fle=1) = [Flealfloa(@=2) = [floaf(e=2) @
(5),1H (

S f 2= f(fae)+1-1) L a2y 41D e

Note the second use of IH applied to the number f(z=2)+1<x.
For an alternative proof of (3) we will use the following auxiliary property,
which is is proved by induction on x:

pa f(x) =0. (6)

The base is obvious. The induction step follows from

f(x + 1) = [.f]m+1[f:|z+1($ +1= 1) = [f]m+1[f:|z+1($) =
= [Flas1 f (@) E a1 (0) = £(0) = 0.

We are now in position to prove (3). Suppose that = # 0. We then have

f(xLl)(g)O§x41<x.
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4.4.8 Example. Next we consider the functional equation of the form
f(z) =if £ <101 then f f(x+11) else x = 10. (1)

We claim this is a recursive definition of the celebrated McCarthy 91 function:

91 if 7 < 101,

for(@) = {x; 10 if 2> 101,

The definition is regular in the measure 101 = x and the following formulas
are its conditions of regularity:

pa <101 > 101+ (2 +11) <101+ 2 (2)
a2 <101 > 101 = f(z +11) < 101 = . (3)

We need to check only the second condition, for the first one follows from
pa <101 - 101 =b<101+-a < b>a.
For that consider the following recursive definition associated with (1):
f(x)=if £ <101 then [f].[f].(z + 11) else = = 10. (4)
Here, the [f].(y) is the restriction of f to y s.t. 101 -y < 101 = z, i.e.
[fle(y) =if 101 =y <101 = z then f(y) else 0.

We will show that the function f defined by (4) satisfies the second condition
of regularity by proving its equivalent formulation

pa <101 > f(z+11) > . (5)

We give here two proofs of this fact.
One method is to prove (5) directly by induction with measure 101 +z. So
suppose that z < 101 and consider two cases. If z + 11 > 101 then we have

flz+11)=2+11+-10=2+1>x.
If z+11<101 then x +11+ 11>z + 11 >z and thus
101 = (z+11+11) <101 = (z +11) < 101 = z.
By applying IH to the number x + 11 we obtain
flz+11+11) >z +11. (6)

Hence
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101 = f(z+11+11) <101 = (z + 11). (7)
From (6) we also obtain
101+ (f(z+11+11)=11) <101 = . (8)

Consequently

F@+11) = [flos [flesr (2 + 11+ 11) = [flosi f(z + 11+ 11) ©
S f 1141 @ (e 11 e 11) = 114 11) OB
141 =11 Y a1l =11 =2

Note the second use of ITH, now for the number f(z+11+11) =11.
For an alternative proof of (5) we will use the following auxiliary property
of the function f defined by (4):

bpa <101 > f(x) =91. (9)

This is proved by induction with measure 101 - x. So suppose that = < 101.
We then have 101 = (z + 11) < 101 = z and thus

f(@) = [flalfla(z+11) = [f]a f (2 + 11).

Consider now two cases. If z+11 < 101 then 91 > 2 and thus 101 =91 < 101 =~ x.
We now proceed

[ (z+11) 2 [£1.(91) = £(01) 2 o1.
If 2+ 11 > 101 then 101 = (z + 1) < 101 = z since  + 1 > z and thus

[Flaf(z+11) = [fle(z +11=10) = [flo(z + 1) = f(z + 1) T 91.

This proves (9). We are now in position to prove (5). Suppose that = < 101.
Consider two cases. If  + 11 <101 then 90 > z and we obtain

9915905 2.

flz+11)
Otherwise z + 11 > 101 and then
flz+11)=2z+11=10=2+1>x.

In either case f(x +11) > z. Consequently 101 = f(z +11) <101 = z.
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4.5 Computation Model

4.5.1 Introduction. In this section we will introduce computational model
based on reduction of terms. Every program P is a property of some func-
tion f which can be used as a rewriting rule to evaluate this function. The
program P has assigned a precondition describing ¢[2] which elements Z can
be used as inputs. Regularity conditions for the program P guarantees that
computation terminates for every input Z which satisfies the precondition ¢
yielding the correct value f(Z). Regular recursive definitions are special cases
of such programs with always satisfied precondition T.

4.5.2 Regular programs. Consider the following property of a function f:
wa p[Z] > f(Z) =7[f; 2] (1)

We assign to each occurrence of the recursive application f(g) in 7 with the
governing condition I" 7?(/3) the following (extended) condition of reqularity:

2] A Tf (5~ P<Zre[p].

We say that the property (1) is a program regular in the well-founded relation
< if

ea QLZ] AL (5 > P <3 Ap[p]

for every condition of regularity of f in 7. The formula ¢ is called the pre-
condition of the program.

Fizing notation. We keep the notation introduced in this paragraph fixed
until the end of this section where we prove in Thm. 4.5.6 that the regular
program (1) computes the function f for every input Z which satisfies its
precondition ¢[Z]. By ¢1,...,gx we denote below are all auxiliary functions
occurring in the term 7.

4.5.3 Computational model. Computational terms (C-terms for short)
for the above regular program are closed terms which contains only the sym-
bols occurring in the program and the successor function S. We take z as an
abbreviation for the numeral S*(0). We will need also a notation for n-tuple
of monadic numerals and define xz1,...,z, as an abbreviation for z1,...,z,.

We now describe a possibly infinite process by which we can reduce a closed
C-term until we obtain a numeral which cannot be further reduced. If a closed
C-term p is not a numeral then it must contain at least one occurrence, called
the redex (for reducible expression), of one of the closed C-terms listed below
on the left-hand side:
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D(0,62,03) >y 03
D(z+1,05,03) >1 02
gz@ >1 9;(¥)
f(2) vy T[f; 2]

Note that the first occurrence of g, is a function symbol whereas the second
one is the corresponding denotation of this symbol (in the standard model).

One step reduction consists of locating the leftmost redex in p; and re-
placing it by its contraction, which is the closed term on the corresponding
right-hand side. By the replacement we obtain again a closed C-term py. We
note that the term ps is uniquely determined by p;.

We say that p1 reduces to p2 in k steps, in symbols p; by p2, if there
is a finite one step reduction sequence of length k > 0 of closed C-terms
09,01, ...,0; such that 6y = p1, 0 = p2, and for each i < k we obtain the term
0;+1 by one step reduction from the term 6;. We write p; > ps if p1 by po for
some k.

It is not difficult to see that for every closed C-terms p, p1 and pa we have

if p> p1 and p > po then py > ps or po > p1.

Since we have x > p iff p = z, we can see that if p reduces to a monadic numeral
then the numeral is uniquely determined.

4.5.4 Lemma For every @ such that p[Z], if f(Z) >y then f(Z) =y.

Proof. For that we need the following auxiliary property which holds for
every number k and for every subterm p[ f; 2] of the term 7:

for every & and y, if p[Z] A ') [f;Z] and p[f;Z] bk y then p[f;Z] = y.

(1)

Here I'] is the governing condition of p in 7.

The auxiliary property is proved by double induction: the outer one is by
complete induction on k£ and the inner by induction on the structure of the
subterm p[ f;Z] of 7. So take any # and y such that p[Z] A I'J[f;Z] and

plf;Zlery, (f2)

and continue by the case analysis of p.
If p = x; then from (f,) we obtain k = 0 and z; = y. Consequently x; = y.
If p =0 then from (},) we obtain k =0 and 0 = y. Consequently 0 = y.
If p=.5(0) then from (f,) we can conclude that there is a number v such
that 0[ f; 2] > v and S(v) = y. By the inner IH we have 0 f;Z] = v and there-

fore S(O[f;Z]) = S(v) = y.
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If p = D(61,02,605) then the terms 601,602,605 are governed in 7 respectively
by Iy, I'y A0 #0 and I'; A0y =0. From () we obtain that there are num-
bers ki < k and vy such that 6,[f;Z] >x, v1. By the outer IH 6;[f;Z] = v1.
We consider two subcases. If v; # 0 then the governing condition I'j, [f;Z] is
trivially satisfied and therefore we have the following for some number ko:

D(el[fvi]veﬂ:fvz]u93[f72]) Dy D(ﬂu 92[f72]793[f72]) >1 92[.](72] Dko Y.
Also k1 + 1+ kg = k. By another outer TH 5[ f;Z] = y and hence

D(61[f;2],02f:2],05[f;2]) = D(v1, 02 f32). 03[ f;2]) = 0o ;2] = .

The subcase v =0 is similar.
If p = g(6), where ¢ is an auxiliary m-ary function symbol, then the terms

0 =01,...,0m are governed in 7 by I']. From (f,) we obtain that there are
numbers k = ki, ..., kn and ¥ = vy, ..., v, such that 0;[f; 2] >k, v; for every
i=1,...,m. Moreover

9(01f:2]) oy, 9(0) P1g(0) =y

and ¥, k; + 1 = k. For every i =1,...,m we have k; < k and thus 6;[f;Z] = v;
by the outer IH. Consequently g([f;Z]) = g(?) = .
If p= f(0) then the terms 6 =6;,...,6, are governed in 7 by I'7. From

(t5) we obtain that there are numbers k=ky,...,ky, and 5 =v1,...,v, such
that 0;[ f; 2] by, vs for every i =1,...,n. Moreover

FOLFE]) o,k F@) 1 T[f30] D1y

for some number [ such that }; k; + 1+ = k. Clearly k; < k and [ < k. By the
outer IH’s we have ;[ f;2] =v; for every i =1,...,n and 7[f;%] = y. Conse-

quently f(0[f;2]) = f(3) = 7[f;0] = v.

With the auxiliary property (f;) proved we are now ready to prove the
desired claim. If ¢[Z] and f(Z) > y then

f@ 1 r[fiZ]ery

for some number k. From (},) we obtain 7[f;Z] = y by noting that the term
T is governed in 7 by T. Consequently f(Z) = 7[f;Z] = . |

4.5.5 Lemma For every & such that o[Z], if f(Z) =y then f(Z) > y.
Proof. By <-well-founded induction on Z we prove that

for every y, if p[Z] and f(Z) =y then f(Z) >y y for some k. (t1)
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Take any y such that ¢[Z] and f(Z) =y, and prove by the inner induction
on the structure of subterms p[ f;Z] of the term 7 the following property:

for every 2, if I'[f; %] and p[f;Z] = 2z then p[f;Z] >y 2 for some k. (f,)

Here I'] is the governing condition of p in 7. So take any subterm plf; 2] of
7 such that I'7[f;Z] holds and any number z such that

plf;Z] =z, (f3)

and continue by the case analysis of p.
If p = 2; then x; = 2 from (f3) and thus z; = z >g 2. It suffices to take k = 0.
If p=0 then 0=z from (f3) and thus 0 = z >¢ z. It suffices to take k = 0.
If p=5(0) then the term 6 is governed in 7 by I'7. From (t3) we obtain
that there is a number v such that 6[ f;Z] = v and S(v) = z. By the inner TH,
there exists a number k such that 0[ f; Z] >, v. Hence S(0[f;Z]) br S(v) = z.
If p = D(61,02,605) then the terms 601,02, 65 are governed in 7 respectively
by I'y, I'; A6y #0 and I') A =0. From the assumption (5) we obtain that
there is a number vy such that

Gl[f;i]:vl/\(vl;tO/\GQ[f;:f:]:z\/vlz()/\t?g[f;i"]:z).

By the inner IH, there exists a number k; such that 6,[f;Z] >k, vi. Now
we consider two subcases. If vy # 0 then the governing condition I'y [f;Z]
is trivially satisfied and therefore, by the inner IH, there exists a number ks
such that 0 f;Z] >k, 2. We thus obtain

D(61[f;2],02[f; 2], 03[ f; 2]) ok, D(v1,02[f;2],05[f;2]) 1 02 f; 2] oi, 2-

It suffices to take k& = k1 + 1 + k9. The subcase v; = 0 is similar.
If p= g(é), where g is an auxiliary m-ary function symbol, then the terms

G=06,...,0, are governed in 7 by I'7. From (f3) we obtain that there are
numbers ¥ = vy, ..., v, such that
m

/\19¢[f;5?] =v; A g(D) = 2.
By the inner IH, there exist numbers k = ki, ..., kn, such that O f:Z] >k, vi
for every i =1,...,m. We thus have

g(0f:2]) by, k, 9(0) 1 g(®) = 2.

It suffices to take k=3, k; + 1.
If p= f(6) then the terms 6 =6;,...,0, are governed in 7 by I'7. From
(t3) we obtain that there are numbers @ = v1,...,v, such that
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NOLf; 2] =vin f(D) = 2.
i=1
By the inner IH there exist numbers k = kq, ..., k, such that 0L f:Z] br, vi

for every i =1,...,n. By regularity ¥ <Z and thus, by the outer IH applied
to the numbers 9, there exists a number [ such that f(%) >; 2. We obtain

FOLf;2]) os, ke F(B) B 2.
It suffices to take k=3, k; + L.

With the auxiliary property proved we can now finish the proof of the
inductive step of the outer induction of (t;). From f(Z) = y we get 7[f;Z] =y
and thus, by (f5) and by noting that the term 7 is governed in 7 by T, there
is a number [ such that 7[f;Z] >; y. We then obtain

f@) 7 fiZ] >y
It suffices to take k=1 + (. O

4.5.6 Theorem For every & andy s.t. ¢[Z], f(Z) =y if and only if f(Z) > y.

Proof. Directly from Lemma 4.5.4 and Lemma 4.5.5. o

4.5.7 Example. For given a function f(z) and predicate P(x), the unlim-
ited iteration of f is the unary function f*(x) satisfying

fF(x) if Pf¥(x) and k is the least such number,
0 if there is no such number.

[ (x) = {
We iterate the function f until the condition Pf¥(x) is met. The iteration
can be introduced into PA with the following contextual definition:

(@) =y < Fk(PfH (@) AVI<k-PfF(x) ny = fF(z))v
-3k PfF(z) Ay =0.

Note that its existence and uniqueness conditions are trivially satisfied.

Computable functions are not closed under the operator of unlimited iter-
ation. That is, the function f* might not be computable even in cases when
both f and P are. Indeed, consider an interpreter of a simple programming
language over N. If the language is sufficiently strong then the interpreter is
a partial function with no total computable completion. On the other hand,
one can easily easily express a total completion of such interpreter with the
help of unlimited iteration f* for suitable f and P; the function f realizes
one computation step and the predicates P decides when the computation
terminates.
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Nevertheless, it is still possible to compute the application f*(z) for some
inputs. Namely, the following property

a3k PfE(2) - f*(2) = if P(z) then z else f* f(x)

can be taken as a program for evaluating f*(z) for the inputs x satisfying
the precondition 3k Pf*(z). The program is regular in the measure m(z),
which is defined by regular minimalization

m(z) = uk[ﬂlel(x) - Pfk(x)]
The following is the condition of regularity of the program
s Ik PR (x) A=P(z) > m f(x) <m(x) Ak PfFf(z).
The property follows from

pa Ik PfE(2) A -P(z) > m f(z) +1=m(x).



Chapter 5
Programming Language

In this chapter we describe a programming language with extensible syntax
of programming constructs. The language of expressions is extended with
a powerful generalization of case constructs and pattern matching known
from declarative programming languages. These new constructs, called case
discrimination terms, have flexible syntax which legality must be certified
by a formal proof in PA. Each case discrimination term has assigned certain
precondition prescribing for which inputs the case analysis must be provably
pairwise-disjoint and exhaustive.

In Sect. 5.1 we illustrate the language by giving several examples of defini-
tions of the integer square root function. In Sect. 5.2 we describe the language
of generalized terms, which are expressions with flexible syntax of case dis-
crimination. In Sect. 5.3 we show that PA admits a very flexible kind of
extensions by reqular recursive definitions of functions. This is our most ex-
pressive scheme of recursive definitions formalized within PA. Such definitions
serve a dual purpose. They described extensionally the properties of the de-
fined functions and at the same time they serve intentionally as rules for the
computation of these objects. We can significantly improve the readability of
recursive definitions by writing them in clausal form (see Sect. 5.4). The lan-
guage of regular recursive definitions is then extended to include definitions
of predicates.

5.1 Introduction

5.1.1 Introduction. In this section we illustrate case discrimination terms
(conditionals) with some examples. These new constructs are generalizations
of case constructs and pattern matching known from declarative program-
ming languages. We do not dwell here on the syntax of these constructs as
we consider them almost self-explanatory.

145
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Our conditionals have flexible syntax which legality must be certified by a
formal proof. Consider, for instance, the following explicit definition by cases:

f(z) = case
R(z) =0
Q(z) =1
end.
For the definition to be correct it is sufficient and necessary that the predi-
cates R and () are mutually disjoint and complete, i.e. ﬂ(R(x) A Q(x)) and
R(x) v Q(z) for every number x. These conditions are strong semantic con-

ditions which can be checked in general by a formal proof. It may be even
the case that the conditions are undecidable in PA.

5.1.2 Case study: integer square root. We start our presentation of the
language by considering the problem of computing the integer square root
[\/EJ of a natural number z. The function [\/EJ can be introduced into PA
by the following contextual definition:

|Vz|=y ey’ <a<(y+1)>
We also intend to demonstrate that simple recursion such as primitive re-
cursion does not always lead to a definition which, when used as rewriting
rules, is efficient. A computationally optimal definition usually needs a more

complex recursion/discrimination. Some of these examples are from [26, 28].

5.1.3 Primitive recursion. We can find a primitive recursive derivation
of the integer square root function by assuming as IH that

[Val" <o < ([Va]+1)?
holds and then considering the relation between z + 1 and (|/z]+1)2. If
|zl cz<z+1<(|Va]+1)?
then it clearly suffices to set |z +1|:=|\/z|. Otherwise we must have
[Vl <z < ((Val+ )P =2+ 1< ([Va] +2)?
and it suffices to set [z +1|:=|/z|+1.

The idea is expressed by the following regular recursive definition:
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|/z| = case
z=0=0
rT=y+1=y
a:<(k/g7J+1)2= F/@ji
x> (/Y +1)? = V| +1
end
end.

Its conditions of regularity

ba 2=y +1laz<(|Vyl+1)—>y<z
pa 2=y +1az>(|Vyl+1)? »y<z

are trivially satisfied.

The expression on the right side of the defining equation applies two
conditionals. The first one is monadic discrimination on whether = = 0 or
Jyx = y+1. If the latter then there must be a unique number y s.t. z =y +1.
We say that the local variable y gets its value by pattern matching, where we
match the input z against the pattern y + 1. The locality of the variable y is
indicated by the subscript y in the implication =,. The second conditional
is dichotomy discrimination on whether or not x < ([\/gjj +1)2.

We can significantly improve the readability of recursive definitions by
writing them in clausal form; in this case by unfolding of two conditionals in
the above definition we obtain the following three clauses

VZ|[=0«z=0

VY <—a::y+1/\:17<([\/§J+1)2
Vil+lea=y+1lnz>(|y]+1)%

The clauses are just ordinary formulas even though their implications are
customarily written in the converse form. This can be further simplified by
eliminating the variable x by substituting it for 0 in the first clause and for
y+ 1 in the next two clauses. After simplification we obtain

VO] =0
_@H‘J:Vﬂ<_y+1<([\/gjj+1)2
Vy+I] =] +1<y+1>(y]+ D2

Finally, we rename the variable y by x in the last two clauses to obtain
V0] =0

Vr+1|=|Vz|«z+1<(|Va]+1)?

[Va+1|=|Vz]+1ea+1> (V] +1)%

Note that the last set of clauses have the form of a primitive recursive defi-
nition with dichotomy discrimination in the recursive case.

D5
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5.1.4 Assignments. The program for [\/EJ from Par. 5.1.3, though quite
pleasant mathematically, is infeasible in practice for many reasons. One of
them is the twofold occurrence of [\/EJ in the recursive clauses: once in
the test and once in the result. This leads to the exponential explosion of
computation time. The explosion can be prevented by an assignment [\/EJ =r
in the following definition:

[\/EJ = case

z=0=>0
z=y+1=, let [\/gJ:rin
case

r<(r+1)2=r
z2(r+1)2=r+1
end
end.

Note that only x tests are needed. The following is its clausal form:

)0
[\/$+1J:7’<—[\/EJ:7’/\:17+1<(T+1)2
l\/x+1J:7’+1<—[\/EJ:r/\:zr+1§(r+1)2.

5.1.5 Bottom-up program. The last program for [\/EJ which uses prim-
itive recursive and assignments can be improved as follows. Primitive recur-
sion is an example of top-down approach for solving problems; in this case
the computation of [\/EJ goes down from = to x — 1 until it reaches 0 and
then it does the comparisons and the incrementation by one on the way back.
We will shorten the computation of [\/EJ by using a bottom-up approach in
which we search (starting from 0) the smallest number r such that x < (r+1)2.
This is done with the help the binary function f(x,r) defined by

f(xz, 1) = case
r<(r+1)?=r
r2(r+1)2 = f(z,r+1)
end.

This is an example of definition by backward recursion, where r? grows to-
wards z, i.e. by recursion with measure x = 2. Its condition of regularity

pa 22 (r+1)? s>z (r+1)><z=r?

is trivially satisfied. The following is the clausal form of the definition:

f(z,r)=r<axz<(r+1)32
flx,r) = f(z,r+1) < x> (r+1)=%

The auxiliary function satisfies

pa T2 < - f(z,r)? <z < (f(z,r)+1)2
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and thus we can take the following identity

pa [\/EJ = f(l',O)

as an alternative program for computing the integer square root function.
Note that computation of [\/EJ now takes order [\/EJ time.

5.1.6 Bottom-up program revisited. We can improve the bottom-up
program for [\/EJ by saving the squaring operation (r +1)? in the test x <
(r+1)2 which is repeatedly done for every recursive call. This can be done with
the help of a ternary function f(x,r, s) with the additional accumulator s such
that we have f(x,r,7%) = [\/EJ provided r? < z. As the second argument goes
from 7 to 7 + 1 the accumulator goes from s =172 to 51 = (r+1)? =s+2r + 1.
This arrangement reduces the squaring operation to the increment 2r +1
which is very fast in binary representation of natural numbers.
The auxiliary accumulator function f(z,r,s) is defined by backward re-
cursion on the difference = =~ 7:
flz,r;s)=let s+2r+1=s in
case
r<8§ =>r
x>s1 = f(z,m+1,51)
end

Its condition of regularity
bpa S+2r+l=s1Ax2s1 >z (r+l)<x=r

is trivially satisfied. The following is its clausal form

fle,r,s)=r<s+2r+l=s1Ax<s;
flx,rys)=flr,r+1,s1) < s+2r+l=s1Ax2s.

The function satisfies
bpa T2 < > f(x,r,r2)2 <x< (f(x,r,rz) + 1)2
and thus we can take the following identity

tpa [\/EJ = f(,0,0)

as an alternative program for computing the integer square root function.

5.1.7 A fast program by recursion on notation. All programs consid-
ering so far share the same shortcomings: recursion goes exponentially longer
that it should. We can obtain a fast O(lg(z)) program for [\/EJ by recalling
a high school algorithm working with the decimal, or rather centennial, no-
tation because it considers two decimal digits at a time. The recursion does
not work well in the decimal notation because we have [\/@J ~ [\/EJ [\/EJ
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while it works well in the centennial notation because [\/100:1:J ~ 10 [\/EJ
The same works in the 4-ary representation of natural numbers, where for
every x there are unique numbers y and z such that x = 4y + z and 2z < 4 holds.
Note that we then have [\/EJ ~ 2 [\/EJ

Thus assume as [H that we have for y # 0

LVl <y < (V) + 1%

From the last we obtain y < [\/27J2 +2 [\/ﬂj and so we get for z < 4:

Vo) <dy<dy+z<4a|Vyl +8| VYl +2<
<4Vl +8 Vil +4= 2|y +2)%

This means that we have
2|Vl < |[Vay+2| <2l vm) +1

and so the following identity is a fast program for [\/EJ

|Vz|=let z=4y+2Az<4in
case
y=0= (2%,0)
y+0 = let 2[\/§J:sin
case
x<(s+1)2=>s
z>(s+1) => s+1
end
end.

The following is its condition of regularity
pa T=4dy+2zAz2<dny+0—->y<uza,

which is trivially satisfied. Note that the expression on the right-hand side of
the defining equation applies two assignments and two conditionals.

The first construct is assignment and uses the fast pattern matching with
the numeric pattern x =4y + z A z <4. The pattern is satisfied for every =
since there exist (unique) numbers y, 2 satisfying the identity. It can be viewed
as a generalization of let-constructs from functional programming languages.
Note that the local variables y,z are then referred in the subterm. This is
indicated by the subscript in in,, .. The pattern matching is fast, just consider
the last two binary digits of the binary representation of the number x.

The reader will also note that the second assignment 2 [\/ﬂj = s is crucial
to the speed of the program because without it we would have two recur-
sive invocations: once in the test and once in the result. Consequently, as
the depth of recursion is O(Ig(z)), we would have O(2'8(*)) = O(z) recur-
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sive invocations and the definition would not be any faster than the one by
primitive recursion.

The reader should have no difficulties to understand the intended meaning
of the remaining constructs: the test on whether or not y = 0, and finally the
dichotomy discrimination on whether or not z < (s +1)2.

The following is the clausal form of the above definition:

l\/EJ:(z¢*0)<—x:4y+z/\z<4/\y:0
lﬁJ:s<—:c:4y+z/\z<4/\y¢0/\2l\/§J:s/\:zr<(s+1)2
[\/EJ:s+1<—x:4y+zAz<4/\y¢O/\2[\/§J:s/\:vz(s+1)2.

5.2 Syntax

5.2.1 Introduction. In this section we extend the language of terms with
a new construct — case discrimination terms. Case discrimination terms are
powerful generalizations of case constructs and pattern matching known from
declarative programming languages. These new constructs have flexible syn-
tax which legality must be certified by a formal proof. Some of them may
bind local variables and so they are instances of variable binding operators.

Patterns

5.2.2 Introduction. Examples of recursive definitions presented in Sect. 5.1
show a form of definitions known in the modern programming languages as
pattern matching. Pattern matching was introduced by Burstall in HOPE [6]
and Turner in SASL [50], and it enormously simplifies the form of definitions
by giving them a mathematical look where we can directly read the definition
as a direct assertion about the object being defined.

In the next paragraph we introduce the concept of pattern matching far
surpassing the one permitted in the current functional languages. Patterns
are usually just terms whereas we permit formulas. We can thus use the full
logical apparatus of propositional connectives and quantifiers in the defini-
tions of functions and predicates.

In order to shorten our discussion we will often say that a term 7 is in @
if all free variables of 7 are among 7.

5.2.3 Patterns. Let T be an extension of PA, and let Z and 3 be respec-
tively an n-tuple and m-tuple of variables (n,m > 0). Let further I'[Z] and
©[Z, 7] be formulas of T' with all their free variables among the indicated ones
such that
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m

T+ I[z] - o[Z,§] n (2, 2] > é\lyﬁzz-- (1)

The formula ¢ is called a pattern (or single-valued formula), I' is called a
guard of the pattern, and the variables Z and 3 are called respectively the
input and output variables of the pattern. Property (1) is called the pattern’s
uniqueness condition.

The pattern ¢ is absolute if the guard I" is trivial, i.e. if I' = T. In order
to distinguish between the input and output variables of the pattern ¢[Z, §],
we will use the semicolon instead of the comma and write ¢[Z;7].

5.2.4 Annotation of patterns. For a given pattern ¢[Z;y], we wish ef-
fectively decide whether 35 ©[Z; ] holds or not, and then find effectively 3
if there are such numbers. Computation with a pattern is done with the
help of its characteristic and witnessing terms. A term x[Z] in Z is called a
characteristic term of the pattern ¢[Z;y] guarded by I'[Z] if we have

T+ I'[#] - x[2] =0v x[7] = 1
T+ I'[z] > 3y e[z;9] < x[2] = 1.

Terms @[Z] = w1[Z],...,wn[Z] in T are called witnessing terms of the pattern

if the following holds
T+ I'[2] - 3G (3 3] < o[ 0[2]].

The characteristic and witnessing terms of the pattern clearly satisfy
T+ I'[2] - o[2:5] < x[2] = 1A Ay = wil2]. (1)

5.2.5 Examples of patterns. We give here some examples of typical pat-
terns we will use later.

5.2.6 Numeric patterns. A monadic pattern is a pattern of the form
7[2] = y + 1. The pattern’s uniqueness condition holds trivially. Clearly 7+, 0
and 7+ 1 are respectively its characteristic and witnessing terms.

Let p be a constant such that ks p > 1. A p-ary numeric pattern is a pat-
tern of the form 7[Z] = py1 + Y2 A y2 < p. The pattern’s uniqueness condition
follows from the uniqueness of quotients and remainders. The characteristic
term of the pattern is the constant 1; this means that the pattern can be al-
ways satisfied. The sole purpose of the pattern is to introduce local variables.
The witnessing terms of the pattern are 7+ p for y; and 7 mod p for ys.

5.2.7 Assignments. An assignment is a pattern of the form 7[Z] = y. The
pattern’s uniqueness condition is trivially satisfied. The terms 1 and 7 are
respectively its characteristic and witnessing terms.



5.2 Syntax 153

5.2.8 Tests. A tests is a pattern of the form ¢[Z; ] with empty set of output
variables. The pattern’s uniqueness condition is trivially satisfied. Note that
tests do not have witnessing terms.

5.2.9 Pair patterns. A pair pattern is a pattern of the form 7[Z] = (y1, y2).
The pattern’s uniqueness condition follows from the pairing property 2.1.7(1).
The characteristic term of the pattern is 7#, 0; its witnessing terms are 11 (7)
for y1 and T (7) for ys.

5.2.10 Pair constructor patterns. A constant pair constructor pattern
is a pattern of the form 7[Z]= K., where K. is a constant such that
tea K¢ =(c,0). The K, is called constant pair constructor and c is a con-
stant called the tag of the constructor. Note that we have

tpa T=K, > 70ATY(T) =cATR(T) =0.

Therefore 7 #, 0 A, T4 (7) =+ ¢ Ax T(7) =, 0 is its characteristic term.

A functional pair constructor pattern is a pattern of the form 7[Z] = K.(%),
where K (%) is an m-ary function tps K (%) = (c, (g)) The K. is called func-
tional pair constructor and c is a constant called the tag of the constructor.
Note that we have

tea 3GT = Ke(§) < 7 #0AT(T) = e A Tuple(m, To(7)).

Therefore 7#, 0 A, TH(T) =4 € Ax Tuple*(m, T[2(7')) is its characteristic term
of the pattern. Note also that

e 3§ 7 = Ko() © 7= Ke([e(D]T ... [l(1)]},)

and so the terms [T(7)]

. [Te(7)] are witnessing terms of the pattern.

Generalized Terms

5.2.11 Generalized terms. We now describe the syntax of generalized
terms, which are expressions with flexible syntax of case constructs and pat-
tern matching — called case discrimination terms. We will use «,(3,... as
syntactic variables ranging over generalized terms.

Let T be an extension of PA. For an n-tuple of variables Z and a guard
formula I'[Z] in Z we define the set of generalized terms in @ of the theory T
guarded by I'[Z] as the smallest set of expressions satisfying the following;:

e Every term in Z of T is a generalized term guarded by I'[Z].
e The expression of the form (m > 1):
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D;i::;:: (901 [f; gl]a 61 [:fv gl]v <o Pm [f; gm]a ﬁm [:fv gm]) (1)
is a generalized term in Z of T' guarded by I'[Z] if ¢;[Z; §;] are patterns of
T guarded by I'[Z] with characteristic terms x; and witnessing terms @;,
and ;[ %, y;] are generalized terms in Z, g; of T guarded by I'[Z] A w;[Z; §;]-
Moreover, the patterns satisfies the following disjointness and complete-
ness conditions:

T 1) > A (300 8 30 05(3:3) @)
T r(a) >V 3ol ). ()

Generalized terms of the form (1) are called case discrimination terms or
conditionals. The local variables g; are said to be bound in the term (1). The
generalized term « guarded by I is absolute if the guard I" is trivial, i.e. if
we have I'=T.

5.2.12 Translation of generalized terms. We describe here the transla-
tion of generalized terms of T to ordinary terms of T' by defining a meta-
theoretic function a* yielding a term of T" whose interpretation can be un-
derstood as the intended interpretation of . In other words, the meaning
(denotation) of generalized terms is obtained by translation.

The translation is defined by induction on the construction of generalized
terms. If « is without conditionals then a* = a. Otherwise, we set

*

Dii77§: (Sol ) 51 [gl:|7 sy Pmy ﬁm[ﬂm])

.....

(m-1)-times

= D(x1, Bi[@1], - D(Xm-1, Br1 [Dma ], B [Dm]) - ).

From the properties of patterns and case discrimination terms we get
- - * m
T+I=>D S (e Bilil, ) =ve V=18 [@]=v) (1)
i=1
- - * m
Tr I >Dyrge (e Bl ) =ve V3Gl n B 5] =v)  (2)
i=1

provided the conditional is guarded by I'.
By giving the meaning to generalized terms, we will use them from now
on as ordinary terms of PA.

5.2.13 Notational conventions. In the sequel, we will often omit charac-
teristic and witnessing terms from the notation of conditionals and write
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D(‘Pl [j;gl]vﬁl [fagl]a s 7<Pm[j;ym]76m[fagm]) (1)

as an abbreviation for the conditional 5.2.11(1).
We will visualize the conditional (1) by the notation known from functional
programming languages as it is shown here on the left side:

case case
o1[Z5091] =g, G1[Z,91] 1[5 91]) =g, 51[Z,91]
‘Pm[f§gm] = Gm 6m[j7a?jm] Pm-1 [@ﬂmfl] = Gm-1 Bm-1 [fa?jmfl]
end otherwise = (3,,[Z]
end.

We write the conditional (1) even as it is shown on the right if the last pattern
©m is of the form A7 =37i¢; and hence without output variables.

In the next paragraphs we give some examples of typical case discrimina-
tion terms we will use later.

5.2.14 Negation discrimination. Negation discrimination terms are con-
ditionals of the form as it is shown here on the left side

R(7[z]) = pu[7] T1[Z] = [Z] = (i [7]
dR(?[fD=>ﬁz[f] 2[5;] T[] = O2[Z]

Equality tests are special cases of negation discrimination as it is shown here
on the right side.

5.2.15 Dichotomy and trichotomy discrimination. Dichotomy dis-
crimination and trichotomy discrimination terms are conditionals of the form

n[Z] < (2] = /i[Z] n[Z] < [Z] = fi[Z]
n[Z] > 72[Z] = Bo[Z] n[Z] = 12[Z] = Bo[7]
end &[ Z]> m[Z] = [3[Z]

listed in that order.

5.2.16 Discrimination on constant patterns. Discrimination on con-
stants are conditionals of a form

case

T[.’f] : Cc1 = 61 [.if]
7] = e = Bu[]

otherwise = (§;,1[Z]
end

3
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where c1,...,c, are provably pairwise different constants, i.e. for every i # j
we have lpa ¢; # ¢;.

5.2.17 Numeric discrimination. Monadic discrimination terms are con-
ditionals of the form

case

7[Z] = 0= (31[7]

T[Z] =y + 1=y Bo[Z,y]
end

5.2.18 Assignments. Assignments are case discrimination terms with only
one alternative and their sole purpose is to introduce local variables. For
instance, the following are the most typical assignments used in computer
programming
case
T[] =y =y Blz,y]
end.

A similar construct is known in the functional programming languages as the
let-construct. For that reason we will often visualize the above assignment as

let 7[Z] =y in B[Z,y]

by the notation known from functional languages.
Our assignments can be viewed as a generalization of the let-constructs as
they can introduce more than one local variable. For instance

case

T[Z] = dyr + y2 Aya <4 =y, 4, BLE, y1,y2]
end.

5.2.19 Pair discrimination. Pair discrimination terms

case

3] = 0= Bi[7]

T[Z] = (y1,Y2) =y 0 B2[T,y1,92]
end

5.2.20 Pair constructor discrimination. Pair constructor discrimina-
tion terms are conditionals of a form

case
7[Z] chl(ﬁl) =y, B1[Z,71]

T[‘%] = Kcm (ﬂm) :ﬂm ﬁm[fagm]
otherwise = (,,,+1[%]
end,
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where K, (§;) are constant and/or functional pair constructors with provably
pairwise different tags c;.

5.3 Regular Recursion

5.3.1 Introduction. Consider a functional equation of the form

f(E) = alf;2] (1)

with a (absolute) generalized term «. In order to achieve the equivalence of
the definitional semantics with the computational within the class of total
functions, we restrict ourselves to regular recursive definitions. This means
that there must be a well-founded relation < in which the recursion goes
down; i.e. for each recursive application f(g) in « we have g < Z under the
assumption of all conditions governing that recursive application. For such
functional equations we not only have the extensional property that (1) has
a unique solution but we also have a stronger intensional property that we
can use the identity as a rewriting rule from left to right for evaluation of
that solution.

5.3.2 Extensions by regular recursion. The concept of regular recursive
definitions is formalized as follows. Let 7" be an extension by definitions of
PA and < a well-founded relation of T'. Let further f be a new n-ary func-
tion symbol and «af f; Z] a (absolute) generalized term in Z of the theory T’
obtained from 7" by adding the function symbol f.

To every occurrence of a subterm (3 in « we define inductively on || - || 3]
the governing condition I'§ of 3 in a. Here we denote by [a| the size, i.e.
the number of operations, of the term «. If § = « or § is without condition-
als then I'g =7.If 3 = ’Dii:_’_’_’:i’z(wl,ﬁl, ey Pm, Bm) then I'Y, = ', Fjg' =1y

and I'§ = I'§ Ag;, where @; = w},...,w}".
We assign to each occurrence of the recursive application f(g) in « with

governing condition Fz?(ﬁ) the following condition of regularity:
I = P< 2

We denote by Reg_, the conjunction of universal closures of all its conditions
of regularity.

We say that the term « is reqular in the well-founded relation < if the
extension 7" of T by (bounded) well-founded recursion f(z) = a*[[f]3;%]
proves all its condition of regularity, i.e. we have T" + Reg_ [ f].

Consider the theory T obtained from T by adding the symbol f, the
defining axiom
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f(&) = alf; 2],

where « is regular in <, the conditions of regularity Reg[f], and the scheme
of <-well-founded induction for the formulas of L7+ containing the symbol f.
We say that T' is an extension of T by regular recursion.

Remark. The definition can be viewed as a function operator which takes
all auxiliary functions applied in the term « and yields the function f as a
result. We will prove in Thm. 5.3.6 that the class of p-recursive functions is
closed under the operator of regular well-founded recursion.

Remark. The definition is said to be regular recursion with measure if
7 <5 le] < plg)

for a suitable measure u[Z] of L. In this case we will use the following
notation Reg [ f] to denote its conditions of regularity.

Such definition can be viewed as a function operator which takes all auxil-
iary functions applied in the terms u, o and yields the function f as a result.
We will prove in Thm. 5.3.5 that the class of primitive recursive functions is
closed under the operator of regular recursion with measure.

5.3.3 Lemma We have

Ty + Reg,[f] < Regy-[f].

Proof outlined. Below we indicate only the local variables of subterms of a.
To every subterm [[g] of @ we can find terms x[g§],® such that

Ty x[g]=1vx[g]=0
Ty - I5[§] < x[§] = 1A N\yi = wi. (t1)

Moreover, the term which corresponds to S[¢] in the translation of « is of
the form (*[@] with the governing condition such that

Ty b Ifiay < x[@] = 1 (f2)
Now for the recursive application 5[g] = f(p[7]), its condition of regularity
T3l - plgl <7
is equivalent, by (), to the formula

x[91=1A Ay =wi — plg] <@
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and therefore also to the formula
x[@]=1-plo] <.

By (), the last assertion is equivalent to

This means that we have

Ty = Yy(I5 5] = ALyl < T) © Tgepe) ~ pl@] < 2. =
5.3.4 Theorem IfT is an extension by definitions of PA then any extension

of T' by regular recursion is an extension by definition.

Proof. By Lemma 5.3.3, the following functional equations f(Z) = [ f;Z]
and f(Z) = o[ f;Z] have equivalent conditions of regularity. The claim now
follows from Thm. 4.4.3. ]

5.3.5 Theorem Primitive recursive functions are closed under regular re-
cursion with measure.

Proof. By inspection of the proof of Thm. 5.3.4 using Thm. 4.4.4. m]

5.3.6 Theorem W-Recursive functions are closed under reqular well-founded
TECUTSION.

Proof. By inspection of the proof of Thm. 5.3.4 using Thm. 4.4.5. ]

5.3.7 Regular programs. Consider the following property of a function f:
wa p[Z] = f(Z) = o[ f;2]. (1)

We assign to each occurrence of the recursive application f(3) in o with the
governing condition F}"( ) the following (extended) condition of regularity:

2] ATz —> P<Zne[p].
We say the property (1) is a program regular in the well-founded relation < if
ea @[Z]A F}l(,a) - p<TAp[p]

for every condition of regularity of f in «.. The formula ¢ is called the precon-
dition of the program. Note that regular recursive definitions are examples
of regular programs.

By inspection of the proof of Lemma 5.3.3, we can easily see that (1) and
the following program with simple conditionals
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s o[Z] > f(Z) = a”[f; 7] (2)

have equivalent conditions of regularity. This means that for a regular pro-
gram (1) we can take the identity (2) as a computational rule for evaluation of
the function f satisfying (1). In other words, the operational (computational)
semantics of the regular program (1) is obtained by translation.

5.3.8 Efficiency of reductions. In order to facilitate not only effective
but also efficient computation we introduce mized numerals as terms com-
posed by the successor function, the binary successor functions z0 = 2z and
x1 =2z + 1, and pairing. It is now possible that two different mixed numerals
may denote the same number, e.g. the following mixed numerals

S(0) =01 = (0,0).

denote the number 1. Mixed numerals have a simple representation in com-
puters. For instance, the mixed numeral <7'1,7'2> is represented by a pointer
to a Lisp-cell with pointers to the representations of mixed numerals 71 and
7. The conversions between mixed numerals are effective because the basic
arithmetic operations such as addition, multiplication, division or remainder,
as well as the pairing function and its projections are primitive recursive
functions. The reader interested in more details in efficient computation with
generalized terms and mixed numerals should consult the text [28].

5.4 Clausal Definitions

5.4.1 Introduction. We can significantly improve the readability of ex-
plicit and recursive definitions of functions by writing them in clausal form.
A clausal definition of a function f is a set of clauses which can be unfolded
by a set of equivalent transformations from an explicit or recursive definition

of f.

5.4.2 Clauses. Clauses are Horn formulas, i.e. implications with formulas
in the consequent. Every clause can be presented in a form

Y1 A APy > f(P) = (1)

where « is a generalized term and the formulas 1,...,%, do not apply
conditionals. Clauses used in definitions are customarily written with converse
implications:

f(P) == thy Ao Aty (2)
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We adopt this custom and treat such a formula only as a notational variant
of (1). The identity f(p) = « is the head of the clause (2) and the conjunction
on the right hand side constitutes the body of the clause. We do not exclude
the case when k = 0 when the body of the clause is empty. In such case clause
is written as f(p) = a.

The clause (2) is terminal if it the term o does not contain conditionals, i.e.
it is built up only from variables and constants by applications of functions.
Otherwise, the clause is non-terminal.

5.4.3 Unfolding. Let T be an extension of PA and « the generalized term
of T. We now describe the unfolding transformation, which leads from an
equation

f(@) = a[Z], (1)

where a may apply f, to a finite set of terminal clauses

{e1,- - om} (2)

satisfying the following property
THYZf(Z)=a[Z] < Vo1 A AV, (3)

The set of clauses (2) is called a clausal form of the equation (1).
In one unfolding step we take a non-terminal clause ¥ of the form

f(f) :D(elvﬁla"'aekvﬁk) (_51 /\"'/\gl

and unfold the clause to the set of clauses {¢1,...,¥y}, where every its clause
t; is of the form (1 <i<k):

f@)=0i<&nnE N0,
Clearly, the clauses {t1,...,1} satisfies the following unfolding invariant:
T+ Vi) < Yy A A V. (4)

The unfolding process for the equation (1) is started from the initial clause
(1) and eventually leads to the set of terminal clauses (2). Property (3) follows
from the unfolding invariant (4).

5.4.4 Extensions by clausal definitions. Let T be an extension by def-
initions of PA and < a well-founded order of T. Let further f be a new
n-ary function symbol and «ff;Z] a generalized term in Z regular in the
well-founded order <. Consider the theory T" obtained from T' by adding the
symbol f, the set of clauses (defining axioms):
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{o1,..- om} (1)
which is a clausal form of the equation
[(&) = ol f; 2], (2)

and the conditions of regularity Reg[f;Z]. We say that T is an extension
of T by clausal definition. The identity (2) is called the closed form of the
clausal definition (1).

5.4.5 Theorem IfT is an extension by definitions of PA then any extension
of T by clausal definitions is an extension by definition.

Proof. Let T' be an extension of T' by clausal definition as in Par. 5.4.4. Let
further T"" be an extension of T by recursive definition

f(@) = ol f; 7]

regular in the well-founded order <. We have L7~ = L7 and T" is an extension
by definition of 7' by Thm. 5.3.4. In order to prove the claim it suffices to
show that the theories T' and T" are equivalent. But the last follows directly
from 5.4.3(3). m

5.4.6 Presentation of clausal definitions. We may further simplify a
clausal definition for the purposes of presentation to a human reader. For
instance, we may rename variables of one of its clauses. We may eliminate
variables of clauses in contexts like 7 = z provided that the variable x does
not occur in the term 7 by substituting it for the corresponding term. For
instance, the clause

plz] <« prlz] AT =2 A p2[7]

is simplified into the equivalent clause

elr] < pilT] A2 T].

We may simplified a clausal definition by omitting from it one or more default
clauses which are clauses with the heads f(g) = 0. Due to the omitted defaults
and because of the writing of implications in the direction « only, a clausal
definition is more than the statement of the properties asserted by the non-
default clauses. In order to distinguish such a clausal definition from the mere
assertion of properties we always write clausal definitions aligned to the left.

Clausal definitions are probably best explained with examples. Chapters 6—
7 contain a lot of programs written in clausal form. The programs deal with
list and tree processing, as well as with symbolic problems. The reader will
note that the conditions of regularity of clausal definitions can be easily
read off from their recursive clauses. We recommend that readers interested
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in more details in programming and proving with clausal language should
download the text [28].

5.4.7 Example. Consider the following recursive definition:

f(xz,y) = case
r=0=g(y)
=21 +1 =, h(z1, f(z1,9),y)
end

)

The definition of is regular in the first argument since its regularity condition
bpa T=21+1l—>x1 <2

is trivially satisfied.
We obtain the clausal form of the above definition as follows. First, we
unfold the defining equation to the clauses

flzy)=9g(y) «x=0
f(x,y) =h(171,f(x1,y),y) —zx=x1+1.

Next, we simplify these two clauses by eliminating the local variable x from
their bodies: the variable x is substituted for O in the first clause and for
x1 + 1 in the second clause. After simplification we obtain

£(0,9) = g(y)
f('rl + lvy) = h(xlvf(xlay)ay)'

Finally, we rename the variable z; by x in the second clause whereby we
obtain the clausal form of the above recursive definition:

fQ0,9) =g(y)
fx+1,y) =h(z, f(z,y),y)

The condition of regularity of the clausal definition, which is of the form
bpa T<x+1,

can be easily read off from its second clause.

5.4.8 Example. Consider now the recursive definition of integer divisor:

r+y=if y#0 then
case
r<y=0
z2y=>(x=y)ry+1
end
else
0.
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The definition is regular in the second argument since its regularity condition
pa Y£EO0AZ2Yy—>2-y<z

is trivially satisfied.
Its clausal form is obtained as follows. First, we unfold the definition to
the clauses

x+y=0«y=0
r+y=0<yx0Arx<y
I+y:(x;y)+y+1<—y¢0/\172y.

Then the first clause is simplified by eliminating the local variable y from its
body. After simplification we obtain

z+0=0
r+y=0<yx0Arx<y
zry=(r-y)+y+l<y+0nz>y.

Finally, we omit the first clause by default whereby we obtain

r+y=0<y+0rx<y
I+y:(x;y)+y+1<—y¢0/\172y.

This is clausal form of the above recursive definition. Note that conditions of
regularity of both forms of recursive definition are the same.

Note also that this is a typical example where we wish to use the default
clauses, in this case

z+0=0

in order not to clutter the definition. We do not care what value is yielded
by the application x +y for y = 0.

5.4.9 Clausal definitions of predicates. We can define a predicate R by
a clausal definition which defines its characteristic function R, and is such
that the heads of the clauses have the form R.(p) =1 or R.(p) =0 and all
applications of R, in the bodies are one of the following forms: R.(p) =1,
R.(p) #0, or R.(p) =0. We can present such a definition in a predicate form,
where we replace R.(p) =1 and R.(p) # 0 by R(p), and R.(p) =0 by ~R(p).
We can also remove all defaults which are clauses with the heads - R(p).

5.4.10 Example. Consider the following recursive definition of the charac-
teristic function Even,(z) of the predicate Even(z) < Jyx =2y:
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Even,(x) = case

z=0=>1
r=y+1=,
case

Even.(y) +0=10
Even.(y)=0=1
end
end.

The definition is regular since its condition of regularity
r=y+1l-y<zx

is trivially satisfied.
Clausal form of the definition for the predicate Fven(zx) is obtained as
follows. First, we unfold the equation to the clauses

Even,(z)=1<«2=0
Even,(z)=0<x=y+1A Even,(y) 0
Even,(x) =1« x=y+1A Fven.(y) =0.

We simplify the clauses by eliminating the variable z from their bodies by
substituting it for 0 in the first clause and for y + 1 in the next two clauses.
After simplification we obtain the following clauses

Even.(0) =1
Even.(y+1) =0+« Even,(y) #0
Even,(y+1) =1+« Even.(y) =0.

The clauses are then transformed into predicate form:

Even(0)
—Even(y + 1) < Fven(y)
Even(y +1) « =Even(y).

Finally, we omit the second clause by default whereby we obtain the clausal
form of the above recursive definition in predicate form:

Even(0)
Even(y + 1) « =Even(y).

The final clauses forms the clausal definition of the predicate Fven(x). Note
that the condition of regularity

pa Y <y+1,

can be easily read off from the last clause. Note also that the default clause

—Even(y + 1) < Even(y)
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though omitted in the clausal definition, is important as a property of the
predicate. Without the default clause as a property we would not be able to
derive the following property of Even:

tea Even(z) o x=0v3Iy(z=y+1A ﬁEven(y)).



Chapter 6
Programs Operating on Lists

One of the most fundamental structures in computer programming are lists.
We begin by showing how lists together with their basic operations can be
arithmetized. We show also how structural recursion and induction on lists
can be formalized within PA. In Sects. 6.1 and 6.2 we give examples of various
simple list operations together with proofs of their specification properties.

In Sect. 6.3 we will study several combinatorial problems over lists. Such
problems are good examples for program synthesis. We begin by bootstrap-
ping of the specification predicate and then synthesize an algorithm that
satisfies it. By reverting the process we obtain the program correctness.

Finally, in Sect. 6.4, we will consider the problem of sorting of lists. We
will demonstrate the verification of two sorting algorithms: insertion sort
and merge sort. This requires again non-trivial bootstrapping of specification
predicates (ordered lists, permutations).

Most programs are by structural recursion but in some cases the problem
requires the use of more general recursion (recursion with measure). Their
properties can be proved by the corresponding induction principle.

6.1 Lists

6.1.1 Introduction. In this section we will show how to arithmetize lists
of natural numbers. In most functional programming languages the type Ln
of such lists can be defined by a union type:

Ln = Nil | Cons(N, Ln).

A value of type Ln is therefore either the empty list Nil or a non-empty list
of the form Cons(v,w), where v is its first element of of type N and w is a
value of type Ln called the tail of that non-empty list. The constant Nil and
the function Cons are called constructors.

167
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6.1.2 Constructors of lists. Arithmetization of lists is done with the help
of the following two constructors: the first one is the number 0 and the second
is the pairing function (v, w). From the properties of the pairing function we
obtain

tpa 0% (v, w)

tea (U1, w1) = (V2, W) = v1 = V2 AWy = Wa.

The first property says that the constructors are pairwise disjoint and the
second that the functional constructor (v, w) is an injective mapping.

We obtain the pattern matching style of definitions of functions operating
over lists with conditionals of the form

case
r=0= ﬁl
x = (VW) =4 P2z, v,w].
end

This is called discrimination on the constructors of lists. Recall that such
conditionals are instances of pair discrimination terms discussed in Par. 5.2.9.

The above conditional is evaluated as follows. First note that the expres-
sion x =, 0 is the characteristic term of its first variant, and the expression
x #4 0 is the characteristic term of its second variant as we have

pa JvIwz = (v,w) < z % 0.
Note also that we have
bpa 2= (v,w) > v=Th(x) Aw=Te(z)

and therefore, the terms T (z) and Th(z) are the witnessing terms for the
output variables v, w of the second variant of the conditional.

6.1.3 List representation of N. Recall that the pairing function (x,y)
permits an extremely simple uniform coding of finite sequences over natural
numbers (see Sect. 2.4). We assign the code 0 to the empty sequence @. A
non-empty sequence 1, ...,Z, is coded by the number (x1,zs,...,2,,0) as
shown in Fig. 6.1

The reader will note that the assignment of codes is one to one, every finite
sequence of natural numbers is coded by exactly one natural number, and
vice versa, every natural number is the code of exactly one finite sequence
of natural numbers. This is called list representation of numbers. Codes of
finite sequences are called lists in computer science and this is how we will
be calling them from now on.

6.1.4 Case analysis on lists. From properties of the pairing function we
can see that every list = is either the empty list 0 or can be uniquely be
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SO

Tn 0

(IE,O) <£B,y,0> ($7y7270) <ZB1,IE2,...,(E7L,0)

Fig. 6.1 List representation of natural numbers

written in the form (v, w), where the number v is called the head of the list
z and the number w is called the tail of the list x. In particular

bpa =0V Ivwa = (v,w).

This is called the principle of structural case analysis on the constructors of
the list x.

6.1.5 Structural induction on lists. The principle of structural induction
over lists can be informally stated as follows. To prove by list induction that
a property holds for every list it suffices to prove:

Base case: the property holds for the empty list 0.
Induction step: if the property holds for the list w then it holds also for the
list (v, w).

This is expressed formally in PA as follows. Let ¢[2] be a formula of PA with
the indicated variable x free. The principle of list induction on x for p[x] is
the following one:

ea @[0] A Vovw(p[w] = ¢[{v,w)]) - plz].
Note that the formula ¢[z] may contain additional variables as parameters.

Proof. The principle of list induction is proved as follows. Under the assump-
tions ¢[0] and YoVw(p[w] - ¢[(v,w)]) we prove that ¢[x] holds for every
x by complete induction on x. So take any x and consider two cases. If z =0
then the claim follows directly from the first assumption. Otherwise, x is of
the form (v, w) for some v, w. By 2.1.6(2), we have w < (v, w) and thus p[w]
by TH. We obtain ¢[(v,w)] from the second assumption.

6.1.6 Structural recursion on lists. List induction is used to prove prop-
erties of functions defined by the scheme of list recursion. In its simplest form,
the operator of list recursion introduces a function f from two functions g
and h satisfying
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f(xz,y) = case
z=0=9(y)
x=(v,w) = h(v,w,f(w,y),y)
end.
Note that this is a recursive definition regular in the first argument with
discrimination on the constructors of lists (output variables of the second
variant are omitted). The following identities form the clausal form of the
above definition

f(0,y) = 9(y)
f((v,w),y) = h(v,w,f(w,y),y).

Note that this is a recursive definition regular in the first argument. Similar
schemes, when we allow terms with arbitrary number of parameters on the
right-hand side of the above identities, substitution in parameters, or even
nested recursive applications, will be also called definitions by list recursion.

6.1.7 List length. The function L(x) yields the length of the list x:
L{z1,x2,...,%,,0) =n.

It is defined by parameterless structural list recursion as a p.r. function:

L(0)=0
L (v,w) = L(w) + 1.

6.1.8 List indexing. The binary function x[7] yields the (i + 1)-st element
of the list 2 (counting from 0):

) x; ifi<n,
TOyeen s TiyennsTn-1,0)[2] = .
(@0, s @is s, O) 7] {O otherwise.
The function is defined by primitive recursion on ¢ with substitution in pa-
rameter as p.r. function:

{v,w)[0] = v
(v, w)[i +1] = w[e].

Note that 0[¢] = 0 by default.

Usually we intend to apply the operations x[i] only in cases when i < L(z).
We can take the following property as alternative programs for computing
the function in such cases:

tpa @ < L(x) - x[i] = case
i=0= let x = (v,w) inv
i=j+1=let x=(v,w) in w[j]
end.
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Its condition of regularity

bpa i< L(z)Ai=j+1nz=(v,w) >w<zAj<L(w)
is trivially satisfied.

6.1.9 Remark. The following property can be used as an alternative defi-
nition of list indexing:

s 2[i] = T T (2). (1)

This is proved by (mathematical) induction on i as Va(1) In the base case
take any x and consider two cases. If x = 0 then 0[0] =0=14(0) = 15(0);
if x = (v,w) for some v,w then (v,w)[0]=v =T (v,w) =14 (v, w). In the
induction step take any x and consider the same two cases. If z =0 then

2.2.19(5)

0[i+1]=0=1m(0) 15 (0).

Otherwise x = (v, w) for some v, w and we obtain

(v, w)[i + 1] = w[i] £ T 18 (w) = T T Ty (v, w) = T4 B (v, w).

Note that the induction hypothesis is applied with w in place of z.

6.1.10 List concatenation. The binary function x @ y concatenates two
lists together to form a new one:

(xla" . 7xn70> @ <y17" . 7ym70> = <:E17' s Ty Y1y 7ym70>'
The function is defined by structural list recursion on x as a p.r. function by

ODoy=y
(vyw)oy = (v,wdY).

We can use the recurrences directly for computation. For example:

(1,2,3,0) @ (4,5,0) = (1,(2,3,0) @ (4,5,0)) = (1,2,(3,0) @ (4,5,0)) =
=(1,2,3,0@ (4,5,0)) = (1,2,3,4,5,0)

Note that during the computation there is no need to convert the values into
monadic (or binary) notation.

6.1.11 Basic properties of list concatenation. We have

A 2OY=0-x=0Ay=0 (1)
pa 2@®0=2 (2)
ba 2@ (y@2)=(zdY)®2 (3)
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A TOY=x®2z—>Yy=2 4)
tpa 2@ (a,0)=y®(0,0) >x=yAra=> (5)
A TO2Z=Yy®2z > =Yy (6)
oa Lz ®y) = L(z) + L(y) ™)
oa 1< L(z) ~ (2 @ y) [1] = 2[i] ®)
tea i < L(y) > (z@y) [L(x) +i] = y[i]. (9)

In the sequel we will use these properties without explicitly referring to them.
Note that (3) says that list concatenation is an associative operation. For this
reason we will not be using any parentheses in expressions like 7 & 70 @ 73.

Proof. (1): By case analysis on whether or not the list = is empty.

(2): By a straightforward structural list induction.

(3): This is proved by structural induction on the list x. The base case
follows from 0@ (y® 2z) =y ® z = (0@ y) @ z. In the induction step we have

(v,w)@(y@z):(v,wea(yeaz))IE(U,(weBy)eBz):
:(v,wﬂay)@Z:((v,w)@y)@Z.

(4): By structural induction on the list . The base case is obvious. The
induction step follows from

v, W)BY=(v,w)dz=> (L, WOY)=(V,WwdZ2)=>wWd :weazlz}; =z.
{v,w)@y = (v,w) (v,wey) = (v,we2) y y

(5): By structural induction on the list 2 as Vy(5). In the base case take
any y and consider two cases. If y = 0 then

08 (a,0) =0 (b,0) = (a,0)=(b,0) =>a=b=>0=0na=>.
The case when y = (ve,ws) for some vo, ws leads to contradiction:
0® (a,0) = (v2, w2) ® (b,0) = (a,0) = (v2, w2 ® (b,0)) =
—0=ws @ (b0) F 0= (5,0).

In the induction step, when x = (vy,w;) for some vy,w;, take any y and
consider two cases. The case y = 0 leads to contradiction by similar arguments
as above. So it must be y = (v, ws) for some vy, we. We then have

(v1,w1) @ (a,0) = (ve, ws) & (b,0) = (vl,wl ® (a,0)> = <v2,w2 ® (b,O)) =

:>v1:vg/\wle)(a,O):wgeB(b,O)I:Evl:ngwlznga:b:

= <’U1,U)1) = (UQ,U)Q) Aa=b.

Note that the induction hypothesis is applied with w, in place of y.
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(6): By structural induction on the list z as VaVy(6). The base case is
follows from (2). In the induction step take any z,y and we have

z@(v,w)=yo (v,w)=>z&(v,00w)=y® (v,0dwW) =
3
=20 ((1,0) 0 w) =y ({(v,0) & w) =
= (2 {v,0) o w=(yo(v.0) e w=
5
=z (v,0) =y ® (v,0) (:>)x:y.
Note that the induction hypothesis is applied with z @ (v, 0) in place of z and
with y @ (v,0) in place of y.
(7): By a straightforward structural induction on the list .
(8): By structural induction on the list 2 as Vi(8). In the base case there

is nothing to prove. In the induction step, when z = (v, w) for some v, w, take
any 4 s.t. ¢ < L{v,w) = L(w) + 1, and consider two cases. If ¢ = 0 then

((v,w) @ y) [0] = (v, w & y)[0] = v = (v, w)[O].
If i = j + 1 for some j then j < L(w) and thus we obtain
(v, w)@y) [ +1] = (v wey)[j + 1] = (wey) [j] = w[j] = (v,w)[j + 1].

Note that the induction hypothesis is applied with j in place of .
(9): By a straightforward structural induction on the list . o

6.1.12 List membership. The binary predicate x € y holds if the number
x is an element of the list y:

e (Y1y..yYn,0) if 2 =y; for some 1<i<n.
The list membership predicate is defined explicitly as primitive recursive by
xey < (i< L(y) Az =y[i]).
Note that from the property 2.1.6(2) of the pairing function we get
A TEY>T<Y
and therefore
s Va(@ ey~ gla]) o Vo <y(a ey - ola])

for every formula ¢[x] of PA. The universal quantifier Yz in the contexts like
Vz(z e ... — ) can be bounded and thus it can be used in explicit definitions
of primitive recursive predicates. Similarly for existential quantifiers.
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6.1.13 Basic properties of list membership. We have

tpa £ ¢ 0 (1)
a T (VW) T =VVITEW (2)
A TEYDZ ST EYVIEZ (3)
bpa TEY < 21320y = 21 @ (T, 22). (4)

In the sequel we will use the properties (1)—(3) without explicitly referring to
them. Note also that the last property (4) can be used as alternative definition
of the list membership predicate.

Proof. (1): Obvious. (2): This follows from

z e (v,w) < Ji(i < L{v,w) Az =(v,w)[i]) e

0<L(w)+1rz=(v,w)[0]vIj(j+1<L(w)+1rz=(v,w)[j+1]) <=

x=vvIj(j<Lw)rz=w[j]) exz=vvrew.

The step marked by (*1) is by case analysis on whether or not ¢ = 0.
(3): By structural induction on the list y. The base case is trivial and the
induction step follows from

(2) IH
re(nw)@zeore(VWO2) S T=VVIEWD 2z &

2
sr=vvrewvzrezease (v,w)VIe -z

(4): By structural induction on the list y. The base case follows from (1)
and 6.1.11(1). In the induction step we have

(2) IH
ze(v,w)Sr=vvrew<xr=vVIz1Izow =21 ® (x,22) <

< (v,w) =0 (z,w) v Iz1 22 (v,w) = (v, 21) & (x, 22) Py
< 321320 (v, w) = 21 ® (x, 22).

The step (*2) is by case analysis on whether or not the list z; is empty. O

6.1.14 List reversal. We wish to introduce into PA the function Rev(z)
which reverses the elements of the list x:

Rev (xl,xg,...,xn,()) = <In,...,I2,I1,0)-

The list reversal is defined by structural list recursion as a p.r. function:

Rev(0) =0
Rev (v,w) = Rev(w) & (v,0).
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6.1.15 Basic properties of list reversal. We have

tba Rev(z) =0 xz=0 (1)
tea Rev(xz @ y) = Rev(y) ® Rev(x) (2)
tea Rev Rev(z) = x (3)
tpa Rev(z) = Rev(y) > x =1y (4)
tea Iy = Rev(y) (5)
tea L Rev(z) = L(x) (6)
ea Y € Rev(z) < yex. (7)

In the sequel we will use these properties without explicitly referring to them.

Proof. (1): By case analysis on whether or not the list = is empty.
(2): By structural induction on the list z. The base case is obvious and
the induction step follows from

Rev({v,w) ®y) = Rev (v,w dy) = Rev(w dy) & (v,0) 'z
= Rev(y) ® Rev(w) & (v,0) = Rev(y) @ Rev (v, w).

(3): By structural list induction. The base case is obvious and the induction
step follows from

Rev Rev((v,w) @ y) = Rev Rev (v,w & y) = Rev( Rev(w @ y) @ (v,0)) @

= Rev (v,0) @ Rev Rev(w @ y) s (v,0)ewey=(v,w)dy.
(4): This follows from

Rev(x) = Rev(y) = Rev Rev(x) = Rev Rev(y) ) x=y.

(5): This follows from (3) by setting y := Rev(z).
(6),(7): By a straightforward structural induction on the list x. O

6.1.16 Fast reversal. The application Rev(z) repeatedly invokes list con-
catenation to append an element to the end of a list. Consequently, it takes
O(L(x)?) operations to compute Rev(x). This is clearly wasteful and we can
ask the question whether Rev(z) cannot be computed in O(L(z)) steps. By
accumulating the reversed list into an accumulator a we can perform the
reversal of z in O(L(x)) operations with the help of the binary accumulator
function f(x,a) defined by

f(0,a)=a
f((vaw>7a) = f(wu <U7a))'

The reader will note that this is a structural recursion on the list = with
substitution in the parameter a.
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The auxiliary function f satisfies the property
tpa Va f(x,a) = Rev(z) ® a, (1)

from which, by instantiating a := 0, we get the relation between Rev and its
accumulator version:

tpa Rev(zx) = f(z,0).

Now we can take the last identity as a program computing Rev(x) with a
number of reduction steps proportional to the length of x.

It remains to show that (1) holds. The proof is by structural induction on
the list . The base case is trivial. In the induction step take any a and we
obtain

f((v,w).0) = f(w,(v.a)) ¥ Rev(w) @ (v,a) =
= Rev(w) ® (v,0) ® a = Rev (v,w) & a.

6.2 Operations on Lists

6.2.1 Introduction. In this section we are concerned with the problem of
specification and verification of various useful simple operations over lists.
We will show how the algorithms can be implemented by using structural
recursion and how their specification properties can be proved by the corre-
sponding induction principles.

6.2.2 Map. The operation Map;(z) applies an unary function f to each
element of the list x:

o L Map 4 () = L() 1)
oa i < L(x) > Map ;()[i] = f(a[i]) (2)
The mapping is defined by structural list recursion as a p.r. function in f by

Map;(0) =0
Map ¢{v,w) = (f(v), Map §(w)).
Verification. (1): By a straightforward structural list induction.
(2): By structural induction on the list = as Vi(2). In the base case there

is nothing to prove. In the induction step, when x = (v, w) for some v, w, take
any 4 s.t. i < L{v,w) = L(w) + 1 and consider two cases. If i = 0 then

Map (v, w)[0] = (f(v), Map ; (w))[0] = f(v) = f((v,w)[0]).

If i = j + 1 for some j then j < L(w) and we thus obtain
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Map (v, w)[j +1] = (f(v), Map ; (w))[j + 1] = Map ; (w)[5] =
= f(w[4]) = f({v,w)[j +1]).

Note that the induction hypothesis is applied with j in place of i. ]

6.2.3 Take and drop. The function Take(n,z) yields the initial segment
of a list z of the length n provided n < L(x). The function satisfies

tea n < L(x) - L Take(n,z) =n (1)
tpa n < L(x) > Jyx = Take(n,z) ®y (2)

and it is defined by primitive recursion on n with substitution in parameter
as primitive recursive by

Take(0,2) =0
Take(n +1,(v,w)) = (v, Take(n,w)).
Note the default Take(n +1,0) =0.

The function Drop(n,x) removes the initial segment of a list = of the
length n provided n < L(z). The function satisfies

tea n < L(x) - L Drop(n,z) = L(x) = n (3)
tea n < L(x) - Jyx =y ® Drop(n,z) (4)

and it is defined by primitive recursion on n with substitution in parameter
as primitive recursive by

Drop(0,z) = x
Drop(n + 1, {v,w)) = Drop(n,w).
Note the default Drop(n +1,0) = 0.
Usually we intend to apply both operations Take(n,x) and Drop(n,z) only

in cases when n < L(z). We can take the following properties as alternative
programs for computing the functions in such cases:

tea n < L(x) - Take(n,z) = case

n=0= 0
n=m+1=let x = (v,w) in (v, Take(n,w)>
end.

tea n < L(x) - Drop(n,x) = case

n=0= z
n=m+1=let z = (v,w) in Drop(n,w)
end.

Note that both programs share the same condition of regularity

pa n<L(z)An=m+1rz=(v,w) >w<zArm< L(w)
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which is trivially satisfied.

Verification. (1): This is proved by induction on n as Va(1). The base case
is obvious. In the induction step take any = such that n+1 < L(x). Then
x = (v,w) for some v, w, where n < L(w). We obtain

L Take(n + 1, (v,w)) = L(v, Take(n,w)) = L Take(n,w) +1 L

Note that the induction hypothesis is applied with w in place of x.

(2): By induction on n as Y (2). In the base case it suffices to take y := x
since Take(0,2) ® x =0@® x = 2. In the induction step assume n + 1 < L(x).
Then z = (v, w) for some v,w. Since n < L(w) we get from TH applied with
w in place of x that w = Take(n,w) & y for some y. We then have

(v,w) = (v, Take(n,w) & y) = (v, Take(n,w)) ®y = Take(n +1,({v,w)) & y.
The remaining properties (3) and (4) are proved similarly. o

6.2.4 Interval. The binary function [m..n) returns the list of numbers
from m to n —1 if m < n; the list is empty if m > n. The function satisfies
tba L[m..n)=n=+m (1)

bpa t+m<n—>[m.n)i]=m+i (2)

and it is defined by recursion with measure n ~m as a p.r. function by

[m.n)=0«<mz2n
[m..n) = <m, [m+1..n)> <m<n.

Note that this is an example of function definition by backward recursion.
We usually intend to apply the operation [m..n) only in cases when m < n.

For that we can take the following property as an alternative (conditional)
program for computing the function:

A m<n —>[m..n) = case

m=n=0
m¢n=(m,[m+1..n))
end

Its condition of regularity
ba m<nAMEn->n=(m+1l)<n=mam+1<n
is trivially satisfied. Note that the program does not terminate for m > n.

Verification. (1): By induction with measure n =m. Take any m,n and con-
sider two cases. If m > n then L[m..n)=L(0)=0=n-=m. If m < n then
m <m+1<n and we obtain
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L[m..n):L(m,[m+1..n)):L[m+1..n)+1IEnL(m+1)+1:an.

(2): This is proved by induction with measure n = m as Vi(2). Take any
m,n,i such that i + m <n and consider two cases. If i = 0 then we have

[m..n)[0] = <m, [m+1..n)>[0] =m=m+0.

If i = j + 1 for some j then j+ (m+1)=j+1+m<n and thus

[m.n)[j+1] = (m,[m+1.0))[j+1] =[m+1..n)[j]

=m+1+j=m+(j+1).
Note that the induction hypothesis is applied with j in place of 3. ]

6.2.5 Filter. Let A(x) be arbitrary but fixed unary predicate. The function
Filter o(x) removes all elements from a list which do not satisfy the predicate.
The function satisfies

tpa a € Flilter a(x) <> aex A A(a) (1)

and it is defined by structural list recursion as a p.r. predicate in A:

Filter 4(0) =0
Filter 4 (v,w) = (’U, FilterA(w)) <~ A(v)
Filter o (v,w) = Filter 4(w) < -A(v).

Verification. Property (1) is proved by structural induction on the list . The
base case is obvious. In the induction step, when = = (v, w) for some v, w, we
consider two cases. If A(v) then we have
H
a e Filter o (v,w) < ae (’U, FilterA(w)) < a=vVace Filter a(w) <

a:vvasw/\A(a)g(a:vvaaw)/\A(a)@as(v,w)/\A(a).

The equivalence marked by (*) is by case analysis on whether or not a = v.
The case when A(v) does not hold is similar. o

6.2.6 Removal of duplicates from lists. The function Nodoubles(x) re-
moves duplicates from a list. The function satisfies

tea a € Nodoubles(x) <> acx (1)
tea a € Nodoubles(x) — #4Nodoubles(x) =1 (2)

and it is defined by structural list recursion as a p.r. function:

Nodoubles(0) =0
Nodoubles (v, w) = Nodoubles(w) « v e w
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Nodoubles (v, w) = <v, Nodoubles(w)) <vfw.

Verification. (1): By a straightforward structural list induction.

(2): By structural induction on the list z. In the base case there is noth-
ing to prove. In the induction step, when x = (v,w) for some v,w, assume
a £ Nodoubles (v,w) and consider two cases. If v ¢ w then, by definition,
a & Nodoubles(w). We obtain

#a Nodoubles (v, w) = #qNodoubles(w) Ty

If v # w then by definition either a = v or a e Nodoubles(w), and also
#4 Nodoubles (v, w) = (a =, v) + #4 Nodoubles(w). (t1)

Now consider two subcases. If a = v then v ¢ Nodoubles(w) by (1) and thus

#, Nodoubles (v, w) (4 (v =4 v) + #, Nodoubles(w) 628601 Lo =1
If a # v then it must be a € Nodoubles(w) and therefore
(1) H -
#aNodoubles (v, w) =" 0+ #,Nodoubles(w) = 0+1=1. m

6.2.7 List minimum. The function Minl(z) yields the minimal element of
a non-empty list. The function satisfies

tpa %0 > Minl(z)ex (1)
tpa 2+ 0Aaex > Minl(z)<a (2)

and it is defined by list recursion as a p.r. function:
Minl (v,0) =v
Minl (v,w) = min(v, Minl(w)) < w % 0.
Note the default Minl(0) = 0.
We usually intend to apply the operation Minl(x) only in cases when

input lists are non-empty. For that we can take the following property as an
alternative (conditional) program for computing list minimum:

ta %0 > Minl(z) =let x = (v,w) in
case
w=0=v
w # 0 = min(v, Minl(w))
end.

Its condition of regularity
pa 2+ 0Az=(v,w)Aw+0>w<xzAw+0

is trivially satisfied.
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Verification. (1),(2): By a straightforward structural list induction on z. O

6.2.8 Multiplicity. The binary function #, () counts the number of oc-
currences of the element a in the list . This is called the multiplicity of a in
x. The function satisfies

fpa #a(b,O) = (a:* b) (1)
oa #a (2 0Y) = #a (2) + #a (y) (2)
and it is defined by structural list recursion as a p.r. function:

#a (O) =0
#alv,w) = (a =, v) + #4 (W).

We have also

A €T < #4 () #0. (3)
pa £=0 < Ya#, () =0. (4)

Verification. (1): Directly from definition.
(2): By structural induction on the list . The base case is obvious. The
induction step follows from

#a ((v,0) @) = H#alv,w B Y) = (a= ) + H#a (WO Y) T
= (024 0) + Fa (W) + Ha () = Falv,w) + #a ().

(3): By a straightforward structural induction on the list .
(4): By a simple case analysis on whether or not the list = is empty. i

6.2.9 Permutations. We wish to introduce into PA the binary predicate
x ~ y holding if the list x is a permutation of the list y. For example:

<172’370> <2717370> <2737170> (1’37270> (3’17270> (3’27]‘70>

are all permutations of the three-element list (1,2,3,0). The standard math-
ematical definition uses a second-order concept (bijections over finite sets)
which is not expressible directly in first-order arithmetic. Our definition of
the predicate in PA is based on the following simple observation:

two lists are permutations precisely when every number has the same multiplicity
in either list.

Thus we can define the predicate explicitly by

‘T'Vy(_)va#a(x):#a(y)'

Note that from 6.2.8(3) we get
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tpa x~y<—>Va(aax—>#a($):#a(y))/\Va(aeyﬁ#a(m):#a(y)).

Consequently, the predicate x ~ y is primitive recursive.

6.2.10 Basic properties of permutations. First note the predicate z ~ y
constitutes an equivalence relation which is reflexive, symmetric and transi-
tive. This is expressed in that order by

bpa T~ T (1)
FpAl'Ny%yN.’E (2)
Ao TNYAY~Z—>T~2. (3)

Congruence properties of permutations are expressed by

ea @~y > (a,z) ~ (a,y)
ea T~y > L(z) = L(y)
bPa L1~ Y1 AT2~ Y2 > T1 O X2~ Y1 OY2
A TYYANQET > QEY.

There is one cancellation law, namely:
pa 71 ® (@, T2) ~ Y1 ® (a,y2) < 21 ® T2 ~ Y1 & Ya. (8)
Finally, we have also the following recurrent properties of permutations:

FPA.INOHI:O (9)

pa &~ (V,w) < Iz1320(x =21 ® (v, 22) AW ~ 21 D 22). (10)
In the sequel we will use these properties without explicitly referring to them.

Proof. Properties (1)—(3) hold trivially. Property (4) follows directly from the
definition. Properties (6)—(9) follow from the properties of the multiplicity
function (see Par. 6.2.8).

(10): In the direction (—) assume x ~ (v,w). Then v e x by (7) and thus,
by 6.1.13(4), we have x = z1 @ (v, 22) for some z1, zo. Now it suffices to apply
(8) to get w ~ z1 @ z2. The reverse direction («) follows from (8).

(5): This is proved as Vy(5) by structural induction on the list z. The
base case is straightforward. In the induction step, when z = (v, w) for some
v,w, take any y such that (v, w) ~ y. By (10), there are lists z1, zo such that
y =21 (v,22) and w ~ 21 ® zo. We then obtain

L{v,wy=L(w)+1 T L(z1 ®2)+1=L(2) + L(22) + 1 =
=L(z1)+ L(v,22) = L(z1 ® (v, 22)).
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Note that the induction hypothesis is applied with z; @ 2z in place of y. O

6.3 Combinatorial Functions over Lists

6.3.1 Introduction. In this section we will study several combinatorial
problems over lists. Such problems are good examples for program synthe-
sis. We begin by bootstrapping of a specification and then synthesize an
algorithm that satisfies it. By reverting the process we obtain the program
correctness.

6.3.2 Suffixes. Let us start by considering the problem of generating the
last segments (suffixes) of a list. For example, the following lists are all suffixes
of the four-element list (1,2,3,4,0):

(1,2,3,4,0) (2,3,4,0) (3,4,0) (4,0) 0.
The specification predicate x 2y (x is suffix of y) is defined explicitly by
Ty Jzrx=201Y.

Note that the existential quantifier in the definition can be bounded by < x
and thus the predicate is primitive recursive. Our task is to find a program
for the function Suffizes(x) which returns a list of all suffixes of the list x:

bpa Y € Suffizes(x) < x 3y, (1)

Note that the order of the elements in the list Suffizes(x) is irrelevant.
The implementation of Suffizes(x) is based on the following recurrent
properties of the specification predicate:

tpa Oy y=0 (2)
pa (V,w) 3y o y=(v,w)vway. (3)

Synthesizing both equivalences together leads to the following definition:
Suffizes(0) = (0,0)
Suffizes (v,w) = <(v,w), Suﬁi:res(w)).

Note that this is a definition by structural list recursion of a p.r. function.

Verification. (2): Directly from 6.1.11(1). (3): We have

(v,w):y@ﬂz(v,w)zz@yg
< (v,w)=0@y Vv IziTz (v,w) = (21,22) By <

sy=(v,w)vinw=ney<y={(v,w)vway.



184 6 Programs Operating on Lists

The step (*) is by case analysis on whether or not the list z is empty.
(1): By structural induction on the list z. The base case is trivial:

2
y € Suffizes(0) <:>y6<0,0)<:>y:0£:203y.
The induction step follows from

y € Suffizes (v,w) <y e ((U,w), Suﬁ?xes(w)) =

3
@y:(v,w)vyESuﬁimes(w)gy:(v,w)vw:yg(v,w):y. m

6.3.3 Auxiliary function. Consider the binary function Mape(a,x) de-
fined by structural recursion on the list x as a p.r. function:

Mape(a,0) =0
Mape(a, (v,w)) = ((a,v), Mape(a,w)).

The function satisfies:
ta Y € Mape(a,x) < Jz(zexny=(a,z)). (1)

Verification. Property (1) is proved by structural induction on the list . The
base case is obvious. The induction step follows from

y & Mape(a, (v, w)) = y ¢ {{a,0), Mape(a, w)) <
<y =(a,v)Vvye Mape(a,w) gy:(a,v)vﬂz(zaw/\y:(a,z)) <

< z((z=vvzew) Ay =(a,z)) < Iz2(ze (v,w) Ay = (a,z)). m

6.3.4 Prefixes. Our next example is the problem of generating the initial
segments (prefixes) of a list. For example:

0 (1,0) (1,2,0) (1,2,3,0) (1,2,3,4,0)

are all prefixes of the list (1,2,3,4,0). The specification predicate y c x, which
is read as y is prefirz of x, is defined explicitly as primitive recursive by

Yy zr=y® 2.

The aim is to find an algorithm for the function Prefizes(z) which returns a
list of all prefixes of the list x:

tpa Yy € Prefizes(x) <y c x. (1)

The order of the elements in the resulting list is irrelevant.
The program for the operation Prefizes(z) is based on the following re-
current properties of the specification predicate:
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o Y0 y=0 (2)
ea Y (v,w) o y=0v3z(zcway=(v,2)). (3)

By combining these two equivalences together we obtain:
Prefizes(0) = (0,0)
Prefizes (v,w) = (O, Mape(v, Prefizes(w))).

This is a definition by structural list recursion of a p.r. function.

Verification. (2): Directly from 6.1.11(1). (3): We have
(*)
yo(v,w) < z{(v,w)=ydz <
<y =0v3Iy3ya(y = (y1,92) A 3z (v,w) = (y1,92) @ 2)
c»y:Oinyg(y: (U,yg)A32w2y2®Z) o
<y=0vIpy=(v,yp)rpcw) =y=0vIz(zcwry=(v,2)).
The step (*) is by case analysis on whether or not the list y is empty.

(1): By structural induction on the list « as Vy(1). The base case follows
from (2). In the induction step when z = (v, w) take any y and we have

y € Prefizes (v,w) < ye <O, Mape(v, Preﬁxes(w))) o

6.3.3(1
<y =0vye Mape(v, Prefizes(w)) e

< y=0v3Iz(z e Prefizes(w) Ay = (v, 2)) a8

3
@y:Ovﬂz(zcw/\y:(v,z))gy:(v,w).

Note that the induction hypothesis is applied with z in place of y. ]

6.3.5 Segments. In this paragraph we consider the problem of generating
the (contiguous) segments of a list. For example, the following lists are all
segments of the four-element list (1,2,3,4,0):

(1,0) (1,2,0) (1,2,3,0) (1,2,3,4,0)
(2,0) (2,3,0) (2,3,4,0) (3,0) (3,4,0) (4,0).

The specification predicate y c x (y is segment of x) is defined explicitly as
primitive recursive by

Yycr < dz1d20x =219 Y ® 29.

Our task is to find a program for the function Segments(x) which returns a
list of all segments of the list x:

tpa Y € Segments(z) < y c z. (1)
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Note that the order of the elements in the list Segments(z) is irrelevant.
Our implementation of Segments(z) is based on the following recurrent
properties of the specification predicate:

o yc0oy=0 (2)
pa Y C(v,w) < Iz(zcway=(v,2)) Vycw. (3)

Synthesizing both equivalences together leads to the following definition:
Segments(0) = (0,0)
Segments (v,w) = Mape(v, Prefizes(w)) ® Segments(w).

Note that this is a definition by structural list recursion of a p.r. function.

Verification. (2): Directly from 6.1.11(1). (3): First note that
s OCz. (t1)

‘We then have

yc(v,w) < Iz1320 (v,w) =21 DY D 29 @
< Az (v,w)=0@ Y ® 20 Vv I23324329 (v, W) = (23,24) DY ® 20 =

< Jzo (VW) =Yy D20V IzyT2owW =24 B Y D 29 <=

(*)
< Jzo (VW) =y® 2z VYyCw =

< y=0v3IzsIz(y=(25,2) A 2o (v,w) = (25,2) D 22) Vycw Py

C>E|Z(y:</U72)/\322w:ZGBZQ)\/yCu}c>

< Jz(zewAay=(v,2)) Vy cw.

The steps (*) are by case analysis on whether or not the list z; or y is empty.
(1): By structural induction on the list . The base case follows from (2).
In the induction step we have

y € Segments (v, w) < y € Mape(v, Prefizes(w)) & Segments(w) <

6.3.3(1),1H
< y € Mape(v, Prefizes(w)) vy e Segments(w) <

6.3.4(1
< 3z(z € Prefizes(w) Ay =(v,z)) Vy cw i
3
@Elz(z:w/\y:(v,z))vycwgyc(v,w). O

6.3.6 Interleave. In this paragraph we consider the problem of finding of
all possible ways of inserting an element into a list. For example:

(1,2,3,4,0) (2,1,3,4,0) (2,3,1,4,0) (2,3,4,1,0)
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are all possible ways of inserting the number 1 into the list (2,3,4,0). The
specification predicate y ~ z[| a], which holds if the list y is obtained from the
list = by inserting the element a into it, has the following explicit definition:

y~a[la] o 3z1320(x =21 @ 20 Ay = 21 @ (a, 22)).

Both existential quantifiers can be bounded by < x and thus the predicate
is primitive recursive. The goal is to construct a program for the function
Interleave(a,x) satisfying

tea y € Interleave(a,z) <y~ z[l a]. (1)

Note that the order of the elements of the list Interleave(a,x) is irrelevant.
The implementation is based on the following two properties of the speci-
fication predicate:
pa Yy~ 0[La] =y =(a,0) (2)
pa Y & (v,w>[ia] —y={a,v,w)VvIz(zrw[la] Ay =(v,2)). (3)

By synthesizing both equivalences together we obtain the following definition:

Interleave(a,0) = ((a,O),O)
Interleave(a, (v,w)) = ((a,v,w), Mape (v, Interleave(a,w))).

This is a definition of by structural list recursion and hence the function
Interleave(a,x) is primitive recursive.

Verification. (2): Directly from 6.1.11(1). (3): We have

(*)

e <v,w>[ia] RES 3z13z2((v,w) =21 @2 AY=21® (a,zz)) =
Jzo((v,w) = 0@ 20 Ay =08 (a,z2)) v
% 323324322((1},10) =(23,24) ® 2o Ay = (23,24) ® (a,zg))

=(a,v,w) v 324322(11) =20® 23 Yy =(v,24) @ (CL,ZQ)) <

Y
y=(a,v,w)vIz(3zIn(w=2102rz=20(a,22)) Ay =(v,2)) <
y={(a,v,w)vIz(z~w[la] Ay =(v,2)).

The step (*) is by case analysis on whether or not the list z; is empty.
(1): By structural induction on the list  as Vy(1) The base case follows
from (2). In the induction step when z = (v, w) take any y and we have

y € Interleave(a, (v,w)) <>y e ((a, v,w), Mape(v, Interleave(a, w))> <

6.3.3(1
<y =(a,v,w) vy e Mape(v, Interleave(a,w)) iy
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<y =(a,v,w) Vv Iz(z € Interleave(a,w) Ay = (v, z)) &
< y=(a,v,w)vIz(zrw[la] Ay =(v,2)) g y =~ {(v,w)[la]l.

Note that the induction hypothesis is applied with z in place of y. ]

6.3.7 Auxiliary function. Consider the binary function Mapi(a,z) de-
fined by structural recursion on the list x as a p.r. function:

Mapi(a,0) =0
Mapi(a,(v,w)) = Interleave(a,v) ® Mapi(a,w).

The function satisfies:
tpa Y € Mapi(a,x) < Iz(zexry~z[lal). (1)

Verification. Property (1) is proved by structural induction on the list . The
base case is obvious. The induction step follows from

y e Mapi(a,(v,w)) < y e Interleave(a,v) ® Mapi(a,w) <

. 6.3.6(1),TH
< y e Interleave(a,v) vy e Mapi(a,w) <

< y~v[la]lvIz(zewnyw~z[la]) <

@EIZ((z:vvzsw)/\ymz[J,a])@Elz(za(v,w)/\y%z[ia]). o

6.3.8 Permutations. In our last example of this section we will consider
the problem of generating of all permutations of a list. Our aim is find a
program for the function Perms(z) such that

tea Yy € Perms(z) < y ~ . (1)

Here, the y ~ x is the permutation relation defined in Par. 6.2.9. Note that
the order of elements in the list Perms(x) is irrelevant.

The implementation of Perms(x) is based on the following recurrent prop-
erties of the permutation relation:

IN y~0<—>y:0 (2)
oa y ~ (0,0) < 32z~ w Ay = 2[4 ]). (3)

The operation Perms(x) is then defined by structural list recursion as a p.r.
function by

Perms(0) = (0,0)

Perms (v,w) = Mapi(v, Perms(w)).

Verification. (2): This is 6.2.10(9). (3): We have
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6.2.10(10
y ~ (v, w) <:>( )321322(21 ®zo~WAY =21 @ (v, 22)) <

REN 323324(23 ®2i~wAI2T20(23 @24 =21 B 23 AY =21 (’U,Zg))) PEN
< 3z33u(z 0z ~ways (23 @ Z4)[J,v]) < Az(z~wAaywz[lv]).

(1): By structural induction on the list 2 as Vy(1). The base case follows
from (2). In the induction step when z = (v, w) take any y and we have

6.3.7(1
y e Perms (v,w) < y ¢ Mapi(v, Perms(w)) <:>( )

3z(z e Perms(w) Ay~ z[lv]) & Jz(z~wAryw~z[{v]) & y ~ (v, w).

Note that the induction hypothesis is applied with z in place of y. ]

6.4 Sorting of Lists

6.4.1 Introduction. In this section we will consider the problem of sort-
ing of lists. We will demonstrate the verification of two sorting algorithms:
insertion sort and merge sort. We start by introducing into PA some of the
specification predicates which are needed to specify and verify sorting algo-
rithms. Recall that the properties of one of these predicates, the permutation
predicate x ~ y, has already been investigated (see Par. 6.2.9 for details).

6.4.2 Lower bounds of lists. The predicate a < x holds if the number a
is a lower bound of the list z, i.e. we have a < b for every element b of x. The
predicate is defined explicitly as primitive recursive by

a<x < Vbolbexr—>acs<h).

The predicate satisfies

fpa a<0 (1)
pa a2 (VW) > asvAaw (2)
a a<bAb<xz—>azz (3)
A AXTOY > a<TAALY (4)
ba TNy —>a<Tasy. (5)

Proof. (1): Obvious. (2): This follows from

a =< {v,w) < Vb(be (v,w) - a<b) 6125 Vo(b=vvbew—>a<b) <

< a<vAVb(bew>a<b) = a<svrazw.
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(3): Obvious. (4): This follows from

6.1.13(3)
a<zx@dy<=Vblbexdy—>a<db) < Vbolbexvbey—a<h) e

< Vh(bex>a<b)AVblbey—-a<b)=a<zraxy.

(5) Suppose that z ~y. We have

6.2.10(7)
a<x<=Vbolbexr—>a<h) < "Vbolbey—a<b)<axy. i

6.4.3 Ordered lists. The predicate Ord(z) holds if z is an ordered list, i.e.
the elements of the list = are stored in x in increasing order. The predicate
is explicitly defined as primitive recursive by

Ord(z) < ViVj(i < j < L(z) - z[i] < z[5]).

We list here some properties of ordered lists which we will use in sequel:

ea Ord(0) (1)
tpa Ord (v,w) < v <w A Ord(w). (2)
ta Ord (v,w) — a < (v,w) < a<wv. (3)

Proof. (1): Obvious. (2): This follows from

Ord (v,w) < Vi j(i < j < L{v,w) - (v,w)[i] < {v,w)[5]) S

Vj(0<j < L(w)+1 - (v,w)[0] < (v,w)[4]) A

AViVi(ir+1<j < L(w) + 1 > (v,w)[ir + 1] < (v,w0)[j]) <
le(jl +1<L(w)+1->v<{v,w)[j+ 1]) A

AV Vi (i1 +1<ji +1< L(w) +1 - wliy] < (v,w)[j1 +1]) <
le(jl < L(w) —>v§w[j1])/\

AV Vi (i1 < j1 < L(w) » wliy] <w[1]) < v = wA Ord(w).

The step marked by (*) is by case analysis on whether or not 4 = 0.
(3): If Ord (v,w) then v <w by (2) and thus, by 6.4.2(3), we have

as<v—>aw. (Tl)

We then obtain

6.4.2(2) (1)
as{v,w) < a<vAasiw S a<v. o



6.4 Sorting of Lists 191

Insertion Sort

6.4.4 Introduction. The simplest sorting algorithm is insertion sort which
takes order O(L(x)?) time to sort a list #. Insertion sort works on a non-
empty list by recursively sorting its tail and then inserts its first element into
the sorted list.

6.4.5 Insertion. At the heart of insertion sort algorithm is the insertion
function Insert(a,z) which takes an ordered list  and yields a new one by
inserting the element a into it. The function satisfies

ta Insert(a,z) ~ (a,x) (1)
tpa Ord(xz) — Ord Insert(a,x) (2)

and it is defined by structural recursion on the list  as a p.r. function:
Insert(a,0) = {a,0)
Insert(a, (v,w)) = (a,v,w) < a<v
Insert(a, (v,w)) = (v, Insert(a,w)) < a > v.

Verification. (1): By structural induction on the list x. The base case is ob-

vious. In the induction step when z = (v, w) we consider two cases. If a < v
then the claim follows directly from the definition. Otherwise a > v and then

Insert(a, (v, w)) ~ (v, ]nsert(a,w)) U (v,a,w) ~ {a,v,w).
As a simple consequence of (1) and 6.4.2(5) we get the following
tpa b < Insert(a,x) < b<anb=zua. (t1)

(2): By structural induction on the list 2. The base case is straightforward.
In the induction step, when x = (v, w) for some v, w, assume Ord (v,w) and
consider two cases. If a < v then we have

Ord Insert(a, (v, w)) < Ord {a,v,w) 439 Ord (v,w) Aa < (v, w).

The last follows from assumptions by 6.4.3(3). If a > v then we have

6.4.3(2
Ord Insert(a, (v,w)) < Ord (v, Insert(a,w)) )
Ord Insert(a,w) Av < Insert(a,w) Y Ord Insert(a,w) Av<aAv = w.

The last follows from assumptions and TH. ]

6.4.6 Insertion sort. The function Isort(x) recursively sorts the tail of an
non-empty list and then inserts its first element into the sorted one. The
function satisfies



192 6 Programs Operating on Lists

pa Isort(x) ~x (1)
tpa Ord Isort(x) (2)

and it is defined by structural list recursion as a p.r. function:

Isort(0) =0
Isort (v,w) = Insert(v, Isort(w)).

Verification. (1): By structural list induction. The base case is straightfor-
ward and the induction step follows from

Isort (v,w) ~ Insert(v, Isort(w)) 6420

(U,Isort(w)) it (v, w).

(2): By structural list induction. The base case follows from 6.4.3(1). In
the induction step, when x = <v,w> for some v, w, assume Ord (v, w). Then
Ord(w) by 6.4.3(2) and we get from IH:

4.
Ord Isort(w) 845 Ord Insert(v, Isort(w)) = Ord Isort (v, w). |

Merge Sort

6.4.7 Introduction. More efficient sorting algorithm than insertion sort
is merge sort which takes order O(L(z)lg L(z)) time to sort a list « The
algorithm sorts a list by dividing it into two roughly equal parts. Each part
is then recursively sorted and the resulting lists are merged into one list.

Our implementation uses the discrimination on whether or not L(z) < 1.
As we have

s L(z) <1 (Tp(2) =, 0) = 1,

the evaluation of the variant L(x) < 1 takes constant time provided the
expression Th(x) =, 0 is taken as its characteristic term.

6.4.8 Splitting the list into two halves. The function Split(z) divides
a list into two lists: the length of the first one is at most one more than the
length of the second. The function satisfies

tpa JyIz Split(x) = (y, 2) (1)
pa Split(z) = (y,2) >z ~ydz (2)
wa Split (z) = (y,2) > (L(y) = L(z) v L(y) = L(2) + 1) (3)

and it is defined by course of values recursion with measure L(x) as a p.r.
function by

Split(x) = (x,0) <« L(x) <1
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Split(x) = ((u,y), (v,z)) < L(x) > 1Az = (u,v,w) A Split(w) = (y, ).

Verification. (2): By induction with measure L(x) as VyVz(2). Take any y, z
such that Split(x) = (y, z) and consider two cases. The case when L(z) <1
is obvious. So suppose that L(z) > 1. Then = = (u,v,w) for some u,v,w. By
(1) there are y1, 21 such that Split(w) = (y1, z1). By definition (u,y;) = y and
(v, z1) = z. We then obtain

(u,v,0) ¥ (1,051 @ 21) ~ (1) @ (0,21) ~ y @ 2.
(1),(3): This is proved similarly. m

6.4.9 Merging two ordered lists into one. The function Merge(z,y)
merges two ordered lists into one ordered list. The function satisfies

tpa Merge(z,y) ~x @y (1)
tpa Ord(x) A Ord(y) — Ord Merge(x,y) (2)

and it is defined by course of values recursion with measure L(z) + L(y) as a
p.r. function by

Merge(0,y) =y

Merge({vi,w1),0) = (v1,w1)

Merge({v1,w1), (va,ws)) = (Ul,Merge(wl, <’U2,U}2))> <~ 1 <V
Merge((v1,w1), (v2,ws)) = <02,Merge((vl,w1),w2)> < V1 > Vg.

Verification. (1): By course of values induction with measure L(z) + L(y).
We consider two cases. The case when either z = 0 or y = 0 is straightforward.
So suppose x = (v1,w1) and y = (ve, ws) for some vy, w1, va, we. If v1 < vy then
we have

Merge({v, w1 ), (v2, w2)) ~ (v1, Merge(wy, (v2, w2))) W

~ (v, w1 @ (v, wa)) ~ (v1,w1) © (v2, wa).

The subcase when v; < vo has a similar proof.
As a simple consequence of (1) and 6.4.2(5) we get

tpa a < Merge(z,y) < a<zra<y. (1)

(2): By course of values induction with measure L(z) + L(y). Assume
Ord(z) and Ord(y), and consider two cases. If x = 0 or y = 0 then the
property holds trivially. So suppose z = (vi,w;) and y = (ve,ws) for some
v1, w1, V2, ws. If v1 < v then we have
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Ord Merge({v1,w1), (v, w2)) < Ord (’Ul, Merge (w1, <’U2,’LU2))) 6'4252)

Ord Merge(wy, (v2,w2)) A vy < Merge(wy, (va, w2)) (Ll»)

Ord Merge(w1, (va,w2)) Avy < wy Avy < (Vg wa).

The last follows from TH and from assumptions by 6.4.3(2) and 6.4.3(3). The
subcase when v1 < vo is similar. O

6.4.10 Merge sort. The function Msort(z) sorts a list by dividing it into
two equal parts. Each part is then recursively sorted and the resulting lists
are merged together. The function Msort(x) satisfies

tpa Msort(z) ~x (1)
tpa Ord Msort(x) (2)

and it is defined by course of values recursion with measure L(x) as a p.r.
function by

Msort(z) =z« L(z) <1
Msort(x) = Merge(Msort(y), Msort(z)) <« L(x) > 1 A Split(z) = (y, z).

Its conditions of regularity

ta L(x) > 1A Split(x) = (y,2) > L(y) < L(z) (3)
tea L(x) > 1 A Split(x) = (y,2z) > L(z) < L(x) (4)

follows from 6.2.10(5) and 6.4.8(2)(3).

Verification. (1): By course of values induction with measure L(z). We con-
sider two cases. The case when L(z) <1 is obvious. So suppose L(z) > 1. By
6.4.8(1) there are y, z such that Split(z) = (y, z). Note that L(y) < L(z) and
L(z) < L(x) by (3),(4). We have

Msort(x) ~ Merge(Msort(y), Msort(z)) 6.4.9(1)

~ Msort(y) ® Msort(z) Ty 6452 4.

(2): By course of values induction with measure L(z). We consider two
cases. The case when L(z) < 1 is obvious. So suppose L(z) > 1. By 6.4.8(1)
there are y, z such that Split(z) = (y, z). Note that L(y) < L(z) and L(z) <
L(x) by (3),(4). We have by TH

) 6.4

Ord Msort(y) A Ord Msort(z £>(2) Ord Merge(Msort(y), Msort(z)) =

= Ord Msort(x). o



Chapter 7
Programs Operating on Trees

In this chapter we will study several kinds of branching data structures,
called trees in computer science. We will consider two of them: binary trees
and symbolic expressions.

Our discussion starts in Sect. 7.1 with binary trees. We use the so-called
constructors to code binary trees into natural numbers. Both the principle
of structural induction and structural recursion over binary trees are easily
formalized within PA. The rest of this section is devoted the specification,
implementation and verification of basic operations on binary trees.

We give two applications of binary trees. The first one is discussed in
Sect. 7.2 where we study binary search trees which are very useful for repre-
senting finite sets. The cost of most operations involving a single element is
linear to the depth of a binary search tree. If it is reasonably balanced the
cost of each such operation is logarithmic to its size.

In Sect. 7.3 we will study another kind of binary trees, called Braun trees,
which are suitable for efficient implementation of flexible arrays. As they are
size-balanced, the cost of most operations (subscription, updating, adding
and removing of the first or last element) is logarithmic to the size.

Another example of non-linear branching structures are symbolic expres-
sions. Section 7.4 shows the arithmetization of numeric terms of first-order
arithmetic. We design a compiler transforming the terms to programs for a
simple stack machine operating in polish postfix form. We also give an exam-
ple of a program which goes beyond structural recursion — it is the problem
of rearranging terms into expressions with left associated addition.

In Sect. 7.5 we consider the problem of the implementation of universal
function for the class of primitive recursive functions. That will be done by
arithmetization of primitive recursive derivations. The proposed encoding is
an example of a coding scheme for general trees. This is because primitive
recursive derivations can be visualized as multiway branching structures. We
finish the section by providing effective operations operating on the codes of
primitive recursive derivations. Our last example will be the construction of
a self-reproducing program.

195
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7.1 Binary Trees

7.1.1 Introduction. In this section we will show how to arithmetize binary
trees labelled by natural numbers (see Fig. 7.1). In most functional program-
ming languages the type Bt of binary trees can be defined by a union type:

Bt = E | Nd(N, Bt, Bt).

A value of type Bt is therefore either the empty tree F or a non-empty tree
of the form Nd(x,l,7), where x is the label of its root node and I, r are values
of type Bt called the left and right subtrees of that non-empty tree. The
constant £ and the function Nd are called constructors.

Fig. 7.1 Examples of binary trees

7.1.2 Constructors of binary trees. Arithmetization of binary trees is
done with the help of the following two pair constructors with pairwise dif-
ferent tags (see Par. 5.2.10 for details):

()=1(0,0) (empty tree)
<l|x|7°>=(1,$,l,7‘>. (node)

From the properties of the pairing function we obtain

tea () # (L] T ] 1)
bpa (ll|x1|7‘1)=<12|x2|7‘2>—>1‘1=$2/\11=l2/\7‘1 =79

The first property says that the constructors are pairwise disjoint and the
second that the functional constructor (I | % | r) is an injective mapping.

We obtain the pattern matching style of definitions of functions operating
over the codes of binary trees with the conditionals of the form
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case
t=()=p
t= (l | z | T) =zl ﬂ2[$,l,T]
otherwise = [3.

end

This is called discrimination on the constructors of binary trees. Recall that
such conditionals are instances of pair constructors discrimination terms dis-
cussed in Par. 5.2.10.

The above conditional is evaluated as follows. Note that the expression

Tuple,, (2,t) Ax [t]3 =, 0
is the characteristic term of its first variant since
toa t = () < Tuple(2,t) A [t]3 = 0.

Similarly, the expression

4

Tuple, (4,t) Ax [t]] =« 1

is the characteristic term of its second variant as we have
toa 3z313rt = (1| % | 1) < Tuple(4,t) At]] = 1.

Finally note that we have
oa t= (1] T [ 1) >z = [t AL=[tlAr=[t]]

and therefore, the terms [t]g, [t]g and [t]ill are the witnessing terms for the
output variables z,[,r of the second variant of the conditional.

7.1.3 Arithmetization of binary trees. We wish to assign to every bi-
nary tree T a unique number "1, called the code of T. The mapping is defined
inductively on the structure of binary trees:

e If T is the empty tree then "T" is the number ().
e If T is a non-empty tree with the root label x, the left son 77, and the
right son Tb, then "I is the number ("T7" | T | "Ty").

For instance, the code of the first binary tree from Fig. 7.1 is the number
(COTEIOY 210 131())) = 26646277093 331 868 372 637.

Clearly, the mapping "T" is injective.

We will use the discrimination on the constructors of binary trees in the
definition of the predicate Bt(t) holding of the codes of binary trees. The
predicate is defined by course of values recursion as primitive recursive by
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Bt ()
Bi{l|%|r) < Bt(l) A Bi(r).

Note that the following are the omitted default clauses of the definition:
-Bt{l||r) < -Bt(l) v -Bt(r)
-Bt(t) «t+ () A=FzIIrt=(1|T|r).

Consequently, the clausal definition is equivalent to
ta Bt(t) < t=()v3zN3r(t = (1| % |r) A Bt(l) r Bt(r)).

The embedding of binary trees into natural numbers is so straightforward
that we will henceforth identify binary trees with their codes, i.e. with the
subset Bt of natural numbers. In our case we will say the binary tree t instead
of the code t of a binary tree.

7.1.4 Case analysis on binary trees. Directly from the definition of the
predicate Bt we obtain the following property

oa Bt(t) >t =()v3z33rt=(1]|7|r).

This is called the principle of structural case analysis on the constructors of
the binary tree t.

We can use the above principle of structural case analysis in order to
establish the admissibility of a certain kind of conditional discriminations on
the constructors of binary trees. These are of the form

Bt(t) — case

t={)=p
t= (l | x | T) =z.lr 62[:175157”]
end

Because of the precondition Bt(t) we have to evaluate only two alternatives
instead of three. Moreover, as we have

s Bt(t) >t =() < [t]7 =0
tpa BE(t) — 3z33rt = (1| T | r) o [t]; = 1,

we can use [t]f =, 0 and [t];l =, 1 as the characteristic terms of its two variants
which are much simpler expressions than those from Par. 7.1.2.

7.1.5 Structural induction for binary trees. The principle of structural
induction for binary trees can be informally stated as follows. To prove by
tree induction that a property holds for every binary tree it suffices to prove:

Base case:  the property holds for the empty tree ().
Induction step: if the property holds for the subtrees [, 7 then it holds also
for the whole tree (1| |r).
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This is expressed formally in PA by

tea @[] AVaVIVr(el] A @[r] = @[] # | r)]) - Bi(t) > ¢[t],

where ¢[t] is a formula of PA. The property is called the principle of structural
induction on the binary tree t for [t].

Proof. The principle of structural induction for binary trees is derived in PA
as follows. Assume @[()] and VaViVr(p[l] A@[r] = ¢[{I]|%|r)]) take any
binary tree ¢t and prove that ¢[t] holds by complete induction on t. We
consider two cases. If ¢ is the empty tree then the claim follows directly from
the first assumption. Otherwise, ¢ is a non-empty tree of a form (I | | r) for
some z,l,r. By 2.1.6(2) we have | < (I | Z | r) and r < (I | Z | r). By applying two
IH’s we get [l] and ¢[r], and thus ¢[{l | T | r)] by the second assumption.

7.1.6 Structural recursion on binary trees. Structural induction over
binary trees is used to prove properties of functions defined by the scheme
of structural recursion on binary trees. In its simplest form, the operator
of structural recursion introduces a function f from two functions g and h
satisfying

f(t,y) = case
t=()=9(y)
t=(L]=]r)=h(x,Lr, f(y), f(ry),y)
otherwise = 0
end.

Note that this is a recursive definition regular in the first argument with
discrimination on the constructors of binary tree (output variables of the
second variant are omitted).

The following identities form the clausal form of the above definition

F()y) =9(y)
f((l | z | T)vy) = h(:z:,l,T,f(l,y),f(r,y),y).

Note here that this is a typical example where we wish to use the default
clauses — in this case

flt,y)=0<t+ () A-FxIrt=(|T|r),

in order not to clutter the definition. We do not care what value is yielded
by the application f(¢,y) if ¢ is not the code of a binary tree.

The above definition for the function f can be easily rewritten to a condi-
tional program for the same function as we have

tpa Bt(t) — f(t,y) = case
t=()=9(y)
t=(l|x|r)=h(z,l,r, f(Ly), f(ry),y)
end
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Its conditions of regularity

bpa Bt(t)At=(l|%|r)>1<tADBt(l)
tpa Bt(t)At=(l|%|r)—>r <t Bt(r)

are trivially satisfied.

Similar schemes, when we allow terms with arbitrary number of parameters
on the right-hand side of the above identities, substitution in parameters, or
even nested recursive applications, will be also called definitions/programs
by structural recursion on binary trees.

7.1.7 Depth and size of binary trees. The depth function d(t) yields
the length of the longest path from the root to a leaf in the binary tree t.
The function is defined by parameterless structural recursion on the binary
tree ¢t as a primitive recursive function:

d()=0
d(l||r) =max(d(l),d(r)) +1.

The size function [¢| counts the number of labels in the binary tree ¢. The
function is defined by parameterless structural recursion on the binary tree ¢
as a primitive recursive function:

() =0
[KETE L) = [+ ]+ 1

The next property relates the number of labels in a binary tree to its depth:
pa Bt(t) - d(t) < t] < 27, (1)

There are trees for which the second inequality is tight, i.e. [t| + 1 = 24(*), Such
trees are called full binary trees.

Proof. The property is proved by structural induction on the binary tree t.

The base case is obvious. The induction step when ¢ = (I | % | r) follows from

d{1]7 | r) = max(d(1),d(r)) + 1 < max(|i],|r]) + 1 <
<[ +[rl+ 1= ]r)]

and

12 |7 = 1] + [r] + 1< 200 4 24() ¢ 9 gmax(d(D.d(r)) _
_ 2max(d(l),d(r))+1 _ 2d(l|$\7‘)' o

7.1.8 Membership in binary trees. The predicate x € t holds if z is a
label of the binary tree t. The predicate is defined by structural recursion on
the binary tree t as a primitive recursive predicate:
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xe(l|Y|ry<xz=y
ze(l|Y|ry<xz+tyrzel
ze(l|Y|ry«x+tyrzé¢lazer.

The following are the basic properties of the tree membership predicate:

A $¢<>
bpa xe(l|Y|ryoax=yvaelvaer

From the property 2.1.6(2) of the pairing function we get tpa z €t > x <t.

Consequently, the universal quantifier Y& in a context like Vz(z e ... > )
can be bounded. Similarly for existential quantifiers.

7.1.9 Subtree relation. Given the binary trees ¢; and to, the predicate
t1 < t5 holds if the tree t1 is a subtree of the tree t5. The predicate is defined
by structural recursion on the binary tree t2 as primitive recursive by

t1 Qo <« t1 =19
tlﬂt2<—t1#tgAt22(12|x2|T2)/\t1§112
t1§t2<—t1¢t2/\t2=<lg|x2|T2)/\t1ﬂ12/\t1§1’l”2.

The following is the basic property of the subtree predicate:
tpa 1 Qo >t =to Vv HxQHZQHTQ(tQ = <ZQ | T2 | ’I”2> A (tl d ZQ Vit < ’1”2)). (1)
As a straightforward consequence we obtain that

A <ll|I1|7"1>Sl<12|x2|T2)<—>$1:I2/\11212/\T2:T2\/

v(ll|$1|r1)ﬂlgv(ll|$1|r1)51r2.

(2)

Finally note that tps t1 <t —> t1 < to by the property 2.1.6(2) of the pairing
function. Therefore universal quantifiers in contexts like Vii (¢ <... — )
can be bounded. Similarly for existential quantifiers.

7.1.10 Subsorts of binary trees. In the following sections we will study
various kinds of binary trees where the sorted predicate R(t) for each partic-
ular variety of binary trees has the following explicit definition

P(t) < Bt(t) AVzVIVr({l| T |r) 9t - p[z,l,7]) (1)

for a suitable ¢[x,l,r]. For instance:

e perfectly size-balanced trees are defined by (1) with ¢ = |I| = |r[;
e perfectly depth-balanced trees are defined by (1) with ¢ =d(1) = d(r).

The predicate P defined by (1) has the following basic properties:

pa P() (2)
tpa P{L|Z|7) o o[z, l,7]AP()AP(r). (3)
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Proof. (2): This is obvious. (3): It follows from

P(l|Z|r)<

7.1.9(2)
Bt{l|Z|r)nA Vx1V11VT1((ll [Z1]|r) 2 {l|Z|r) — tp[zl,ll,rl]) <

Bt(l) A Bt(r) np[x,l,r] AVz1 VI Vry ( i1yl 90[:61,11,7“1]) A
/\VIlv11VT1( l1 |:E1 |7’1 <17’—> (p[Il,ll,Tl])
ola,l,r] A P(1) A P(r). ]

Fig. 7.2 Three basic traversals of binary trees — preorder, inorder and postorder

7.1.11 Depth-first traversal of binary trees. Consider the function
Preorder(t) collecting the labels of a binary tree into a list in the order
which corresponds to depth-first traversal of binary trees (see Fig. 7.2). The
function is defined by structural recursion as primitive recursive by

Preorder () =0
Preorder (1| % | r) = (z,0) ® Preorder(l) & Preorder(r).

Note that the program runs in time O(|¢[*) due to repeated concatenation.

We obtain more efficient algorithm by keeping the labels of the visiting tree
in an accumulator. For that we need a binary accumulator function f(¢,a)
defined by nested structural recursion on the binary tree ¢:

f({)a)=a
f((l | z | T),CL) = (x,f(l,f(r, CL)))

Then we can take the following property

tpa Bt(t) - Preorder(t) = f(t,0).

as an alternative (conditional) program of the preorder traversal function
with time complexity O(]t]).

The property is a straightforward consequence of a more general property
of the accumulator function:

tpa Bt(t) — Va f(t,a) = Preorder(t) ® a,
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which is proved structural induction on the binary tree ¢. The base case is
trivial. In the induction step when ¢ = (I | % | r) take any a and we get

IH

fll1z|r),a)= (x,f(l,f(r,a))) = (x,f(l,Preorder(r) ®a)

= (z, Preorder (1) ® Preorder(r) ® a) = Preorder (L| % | 1) & a.

)
Note that the second application of TH is with Preorder(r) @ a in place of a.

7.2 Binary Search Trees

7.2.1 Introduction. In this section we will study binary search trees which
are useful for representing finite sets of natural numbers. The time required
to search for an element of a binary search tree ¢ takes the number of steps
proportional to the depth of the tree ¢. If the tree is reasonably balanced then
the time is order lg|t|. The same holds for the basic operations over binary
search trees such as insertion and deletion.

Fig. 7.3 Examples of three different binary search trees representing the same finite set
of natural numbers {1,2,3,4,5,6,7}

A binary search tree t is a binary tree satisfying the following search
condition:

for every non-empty subtree of ¢, its root label is strictly greater than the labels of
its left son and strictly less than the labels of its right son.

Figure 7.3 shows three binary search trees representing the following three
finite sets of natural numbers: {1,2,3}, {1,2,3,4} and {1,2,...,15}.
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7.2.2 Auxiliary specification predicates. The predicate x <t holds if x
is a strict lower bound of the labels of the binary tree ¢, i.e.

r<teVylyet >z <y).

The predicate z > t holds if x is a strict upper bound of the labels of the
binary tree t, i.e.

r>tVy(yet -z >y).

Later, in Par. 7.2.8, we will find useful the binary predicate ¢; <} ¢t holding
if the labels of the binary tree ¢; are strictly less than the labels of the binary
tree t3. The predicate has the following explicit definition:

t1 <p to < Vx1V:1:2(:1:1 €tiATo €ty > 11 < .IQ).

7.2.3 Binary search trees. The predicate Bst(t) holding of binary search
trees is defined explicitly as a primitive recursive predicate by

Bst(t) <> Bt(t) AVaVIVr({(L | T |r)ydt >z >1Axz<T).

From the results of Par. 7.1.10 we obtain that the predicate satisfies

tpa Bst(l|T|r) < x>1Ax<7rABst(l) A Bst(r).

Fig. 7.4 Testing for membership of numbers 3 (dotted arrows) and 11 (dashed arrows) in
the binary search tree representing the finite set {1,...,10} u {12,...,15}

7.2.4 Membership in binary search trees. Testing for membership in
binary search trees is simple (see Fig. 7.4). To determine whether a binary
search tree ¢ contains a node labelled with z it suffices to compare x with the
root label of ¢. If x is smaller than the root label then it can only appear in
the left subtree; if x is greater then it appears in the right subtree. Otherwise
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they are equal and we are done. Note that the time to evaluate « € ¢ in binary
search trees is order d(t).

The above reasoning can be expressed by the following property of its
characteristic function:

Bst(t) » x €, t <> case
t=()=0
t=(Y|r)=>
case
T<y=>1re,l
r=y=1
T>Y=>TET.
end
end

We can take the property as an alternative (conditional) program for com-
puting the tree membership predicate. Its conditions of regularity

tpa Bst(t)At=(l|Z|ryrxz<y—1<tABst(l)
ta Bst(t)At=(l|Z|ryrnz>y—r<tnaBst(r)

are trivially satisfied.

7.2.5 Extreme values of binary search tree. Now we consider the prob-
lem of computing extreme values of binary search trees. Because the labels
of a binary search tree t are sorted in increasing order the leftmost node
contains the smallest label of the tree and the rightmost node contains the
largest (see Fig. 7.5).

Fig. 7.5 Extreme values of binary search trees

The problem is illustrated for the function Maz(t) computing the largest
elements in binary search trees. The function satisfies
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tpa Bst(t) At # () > Max(t) et (1)
ta Bst(t)At+ () Az et —>x< Max(t) (2)

and it is defined by structural recursion on binary trees as a p.r. function:
Maz (L[] ()) ==
Maz (1| % |r) = Max(r) < r ().

We intend to apply the operation Maz(¢) only in cases when ¢ is a non-
empty tree. For that we can take the following property as an alternative
(conditional) program for computing the function:

tpa Bt(t)At+ () > Maz(t)=let t=(l|Z|r) in
r=()=>ux
r# () = Maz(r)
end.

Its condition of regularity
tpa Bt(E)At+=(YAt=(l|T|ryAar () >r<tABt(r)ar+()

is trivially satisfied.

Verification. (1): This follows from
ta Bt(t) At + () — Max(t) et

which can be proved by a straightforward structural induction on the binary
tree t.

(2): By structural induction on the binary tree t. In the base case there is
nothing to prove. In the induction step, when ¢ = (I | ¥ | r), assume z € (I | Y | )
and consider two cases. If = () then either z =y or x € [ and then z <y by
definition. In either case we have x <y and the claim follows from definition
since Maz (1| Y| ()) =y. If r # () we continue by considering three subcases:

1
:v:y(:>)y<Mam(r):Max(l|y|r)
a:el:>a:<y(:1>)a:<y<Ma:L’(7’):Max(l|y|r)
xerlz}ixSMa:L’(r):Ma:L’(Hyh). o

7.2.6 Insertion in binary search trees. The function t U {x} takes a
binary search tree ¢ and inserts x into it (see Fig. 7.6). The function satisfies

tpa Bst(t) - Bst(tu{z}) (1)
bpa Bst(t) >yetu{z} syetvy=z (2)

and it is defined by structural recursion as a p.r. function:
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(yu{z} =0 [¥]()

(1Y |ryu{zy=(L]Y]rufz}) «y<az
(LY |ryuizy=(l]Y][r) cy=z

(1Y |ryufe =(u{z}|[¥V]r) <y>w.

Note that the time to evaluate ¢t U {x} is order d(¢).

Fig. 7.6 Insertion of the number 11 into the binary search tree representing the finite set
of natural numbers {1,...,10} u {12,...,15}

Verification. (2): This follows from
tpa Bt(t) »yetu{z} oyetvy=uz, (t1)

which is proved by structural induction on the binary tree t. The base case
is straightforward. In the induction step when ¢ = (I | # | r) we consider three
cases. If z <z then we have

yé(l|Z|T)U{a:}@ye(l|z|ru{x})@y:szelvyeru{z}g
<y=zvyelvyervy=c<yec(l|?|r)vy==x.
The case when z = x is obvious and the case when z > x is proved similarly.
As a simple consequence of (f;) we get
a Bt(t) >y <tu{a} oy<try<z (t2)
bpa Bt(t) ~y>tu{z} o y>tary>uax. (t3)
(1): By structural induction on the binary tree t. The base case is straight-

forward. In the induction step when ¢ = (I | ¥ | r) we consider three cases. If
y < x then we have

Bst({l|Y|r)u{x}) < Bst(l|V]|ru{z}) <
< y>lny<ru{x}aBst(l) A Bst(ru{z}).

The last follows from IH and (f,). The case when y = x is trivial and the case
when y > x is proved similarly. ]
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Fig. 7.7 Deletion of extreme values in binary search trees

7.2.7 Deletion of extreme values in binary search trees. In this para-
graph we will consider the problem of deletion of extremal values from binary
search trees (see Fig. 7.7). We show here only the implementation and ver-
ification of the function deleting the gretest label in a binary search tree.
We leave to the reader the implementation and verification of the function
deleting the smallest label.

The function Delmaz(t) deleting the largest label in the binary search tree
t satisfies

tea Bst(t) At + () - Bst Delmaz(t) (1)
tea Bst(t) At + () — x € Delmax(t) < x et Az + Maz(t) (2)

and it is defined by structural recursion as a p.r. function (see Fig. 7.7):

Delmaz (1| % |()) =1
Delmaz (1| % |r) = (1| % | Delmaz(r)) < r % ().

We intend to apply the operation Delmaz(t) only in cases when ¢ is a
non-empty tree. For that we can take the following property as an alternative
(conditional) program for computing the function:
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tea Bt(t) At + () > Delmaz(t) =let t =(l|%|r) in
r=()=1
r# ()= (|| Delmaz(r))
end.

Its condition of regularity
ba Bt(t)At=(Int=(l|T|r)Ar£{)>r<tAnBt(r)ar=+{)

is trivially satisfied.
Note also that as a simple consequence of 7.2.5(2) and (2) we have

tea Bst(t) At # () > Max(t) > Delmaz(t). (3)

Verification. (2) By structural induction on the binary tree ¢. In the base
case there is nothing to prove. In the induction step when t = (I | ¥ | r) we
consider two cases. If r = () then we get the following by noting that y ¢ [:

xeDelmax (l|Y| ())<= zele(z=yvael)rr+ty<
sze(l|Y]()rx+ Maz(l]|Y]()).

If r # () then we have
x € Delmaz (1| Y|r) < xe(l|Y]| Delmaz(r)) <
x:yvxelvxeDelmax(r)gx:y\/xelvxer/\:ciMax(r)(é»)
(z=yvaelvaer)rx+ Max(r) < ze(l|Y|r)rx+ Maz(l|Y|r).

The step marked by () follows from Maz(r) + y and Maz(r) ¢ I by 7.2.5(1).
As a simple consequence of (2) we get

tpa Bst(t) At # () Ax <t > x < Delmax(t) . (1)

(1): By structural induction on the binary tree ¢. In the base case there is
nothing to prove. In the induction step when ¢ = (I | Z | r) we consider two
cases. If r = () then the claim follows directly from the definition. If r # ()
then we have

Bst Delmaz (1| % | r) <> Bst(l | | Delmaz(r)) <
< x> 1 Ax < Delmaz(r) A Bst(l) A Bst Delmaz(r).

The last follows from IH and (}). i

7.2.8 Deletion in binary search trees. Deletion of labels from binary
search trees is much harder than insertion. We wish to define the function
t ~ {z} deleting a number z from a binary search tree ¢ with the following
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specification:

tpa Bst(t) - Bst(t~ {x}) (1)
tpa Bst(t) >yet~{z}oyectry+ua. (2)

The key problem in finding the implementation of the deletion function is:
how to define ¢ \ {z} when x is the root label of ¢, i.e. when ¢ =(l|%|r) for
some [ and r. Figure 7.8 gives two answers to the problem.

In the first solution the right son r is appended as a new subtree at the
bottom right to the left son [. Note that it may happen that the depth of the
resulting tree is greater than the depth of ¢.

In the second solution we take the largest label of the left son [ as a new
root label with the left son obtained from [ by deleting its maximal element
and with r as its right son. The result is a tree which depth does not exceed
the depth of the original tree.

/,\ L
l1
In r
ln
TN
- )\ o =
l '
ln—l ln—l ln
ln

Fig. 7.8 Deletion operation in binary search trees

We therefore take the second method as a basis of our implementation
of the deletion function. We define ¢ \ {z} by structural recursion on ¢ as a
primitive recursive function:

tlut2=t2<—t1=<)
tiUts = (Delmax(tl) | Maz(t1) | tg) 1t * <)
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) =)

[V r) Az} = (Y| r~{z}) cy<z

|V |ry~{z}=lur<y==x

[YIr)~A{a) = (I {z} [Y]r) <y >a,

where the auxiliary primitive recursive function ¢; U ¢5 joining two trees as
shown in Fig. 7.8 satisfies

Fpa Bst(tl) A Bst(tg) Aty <p tg — Bst(tl [ tg) (3)
pa BSt(tl)/\BSt(tQ)—).Ith Uty <> x€t] VvV €Ets. (4)

Verification. Property (4) is proved by considering two cases. The case when
t1 = () is trivial and in the case when t; # () we have

x €ty Uty < x € (Delmaz(ty) | Maz(t1) | t5) <

7.2.7(2
x = Maz(t1) v a € Delmaz(t1) v x €ty i)
x=Max(t1)vaety /\:thMam(tl)vxetg(é»):vetl VT € to.

The step marked by (*) follows from Maz(t1) € t; which holds by 7.2.5(1).
In the proof of the property (3) we consider two cases. The case when t; = ()
is trivial and in the case when #; # () we have

Bst(t1 uty) < Bst(Delmaz(ty) | Maz(ty) | ty) <
Max(t1) > Delmaz(t1) A Maz(t1) < to A Bst Delmaz(t1) A Bst(tz).

The last follows from 7.2.7(3), 7.2.5(1), and 7.2.7(1).

Property (2) is proved by structural induction on t. The base case is
straightforward. In the induction step when ¢ = (I | # | ) we consider three
cases. If z < x then we have

ye(l|Z|r)\{:1:}<:>ye(l|Z|r\{x})@y:szElVyer\{z}g
y:ZVyElVyET/\y:/::ng(y:zvyelvyér)/\y:/:x@
ye(l|?|ryrny +x.
The step marked by (*) follows by a simple case analysis on y =z and y # x
by noting that we have x ¢ . The case when z = x follows from (4) by similar

arguments. The case when z > x is left to the reader.
As a simple consequence of (2) we get

tpa Bst(t)Ay<x>y<t~{z}oy<t (5)
ta Bst(t)Any>z —>y>t~{a} o y>t. (6)

Property (1) is proved by structural induction on t. The base case is
straightforward. In the induction step when t = (I | ¥ | r) we consider three
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cases. If y < then we have

Bst({(I|Y|r)~{z}) < Bst(l|Y]|r~{z}) <=
y>lny<r~{x}ABst(l) A Bst(r~{z}).

The last follows from IH and (5). If y = = then the claim follows from (3).
The case when y > x is proved similarly. o

7.3 Braun Trees and Flexible Arrays

7.3.1 Introduction. As the second illustration of the use of binary trees,
we will consider the problem of efficient implementations of flexible arrays.
Arrays are implementations of sequences where the two operations, indexing
and updating, are efficient. Flexible arrays are arrays with efficient imple-
mentation of the operations accessing first and last elements. Flexible arrays
are very suitable for representing heaps and priority queues.

In this section we will consider one implementation of flexible arrays -
Braun trees [5, 34]. For a Braun tree the following holds for every its subtree:

the size of its left subtree is the same as the size of its right subtree or one node
larger.

Consequently Braun trees are optimal in size, that is the depth of a Braun
tree is logarithmic in its size. As we will see below the complexity of the
most operations operating on Braun trees are proportional to their depths,
the cost of each operation is logarithmic to the tree-size.

This section is organized as follows. We begin with an alternative definition
of Braun trees which is based on dyadic indexing scheme and show that
definitions coincide. Then we prove that the size of Braun is optimal and then
we give an O(Ig®(n)) algorithm to compute the size of Braun trees. Finally we
describe basic operations on Braun trees such as indexing, updating, inserting
and deleting an element on one of the sides of a tree.

7.3.2 Dyadic indexing scheme. We start by describing the indexing
scheme for binary trees. In our scheme, the index of a node is a descrip-
tion of the path leading from the root to that particular node. On the other
hand each such path can be easily represented by a dyadic word which is over
two elements alphabet X' = {1,2} as it is shown in Fig. 7.9. Here the symbol
1 stands for the way to the left and 2 for the way to the right in trees.

For instance, consider the path leading from the root to the node labelled
with the number 29. The path can be identified with the dyadic string 2221.
Similarly, the string 2122 represents the path to the node labelled with the
number 26. Note also that the empty string represents the trivial path, from
the root to the root itself.
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Fig. 7.9 Dyadic indexing scheme for binary trees

Recall that there is a simple method of coding of the words over the
two-symbol alphabet X' into natural numbers. Arithmetization is based on
dyadic representation of numbers as described in Par. 1.1.5; each number has
a unique representation as a dyadic numeral which are terms built up from
0 by applications of dyadic successors x1 = 2z + 1 and x2 = 2z + 2.

In our example, the code of the string 2221 is the number

02221=2x (2x(2x(2x0+2)+2)+2)+1=
=2x22+2x22+2x2' +1x2°=29.

Similarly, the code of the string 2122 is the number

02122=2x (2x (2x(2x0+2)+2)+1)+2=
=2x25+1x22+2x2+2x20=96.

A careful inspection reveals that the binary tree shown in Fig. 7.9 consists
of nodes labelled by their indices. Note also that the root node is indexed by
the number 0, the nodes in the left subtree are indexed by odd numbers, and
the nodes in the right subtree are indexed by positive even numbers.

As we have mentioned above our indexing scheme is based on dyadic rep-
resentation of numbers. Consequently, dyadic recursion and dyadic induction
will play prominent role in the implementation and verification of the basic
operations such as indexing and updating.

7.3.3 Valid indices. The predicate Index(i,t) holds if the 4 is a valid index
of the binary tree ¢. The predicate is defined by dyadic recursion on i with
substitution in parameter:

Index(0,(l |2 | r))
Index(i1,(L| T | r)) < Index(i,1)
Index(i2,(l| ®| 1)) < Index(i,r).
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Note that the empty tree does not have valid indices.
Valid indices of a binary tree cannot be arbitrary large numbers since we
have the following simple bound for them:

tpa Bt(t) A Index (i, t) — i +2 < 240, (1)

Note also that since a binary tree t has exactly |¢t| nodes there are only [¢| valid
indices for that tree. Consequently each selection of |t/ + 1 numbers contains
at least one number which is not a valid index of ¢. This cannot be stated in
PA directly, not without the formalization of finite sets within PA, but we
can state

toa Bt(t) > 3i(i < |t| A ~Index(i,t)). (2)

We will find this claim very useful latter when dealing with alternative defi-
nition of Braun trees.

Proof. (1): By structural induction on the binary tree t as Vi(1). In the base
case there is nothing to prove. In the induction step when ¢ = (I | % | r) take
any ¢ such that Indez(i,(l|%|r)) and consider three cases. The case when
1 =0 is obvious. The case when i = j2 for some j follows from

J242-2j4242=2(j+2) £ 2x 240 < 2 gmax(a®) () _ 9 (1)

Note that the induction hypothesis is applied with j in place of 7. The last
case when 7 = j1 for some j has a similar proof.

(2): By structural induction on the binary tree ¢. In the base case it suf-
fices to take i:=0. In the induction step when ¢ = (I |% | r) we consider two
subcases. If |I| < |r| then by IH there is a number j < |I| such that ~Indez(j4,1).
We have —Index(j1,(l|®|r)) and

jr=2j+1<20l|+ 1<l +]r]+1=|(L]|Z|7).

It suffices to take i := j1. Suppose now [I| > |r|, ie |r| + 1 < |I|. By IH there is a
number j < |r| such that —~Index(j,r). We have -Index(j2,(l | % |r)) and

j2=2j+2< 2|+ 2=|r|+ 1+ |r|+ 1<l +|r|+1=[1|%|7)|.
Now it suffices to take 7 := j2. o

7.3.4 Braun trees. A binary tree is called a Braun tree if its valid indices
are exactly the numbers strictly lesser than the size of the tree. The predicate
Brt(t) holding of Braun trees is explicitly defined by

Brt(t) < Bt(t) A Vi(Index(i,t) < i <[t]).
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Note that by 7.1.7(1) and 7.3.3(1) the variable i in the universal quantifier
can be bounded by the number 24(t) Thus the predicate Brt is primitive
recursive.

7.3.5 Basic properties of Braun trees. Braun trees satisfy the following
conditions:

tea Bri () (1)
tpa Bri(l|T|r) < (|| =|r| v |l|=]|r| + 1) A Brt(l) A Brt(r). (2)
In other words, for any non-empty Braun tree, its left subtree is either exactly
the same size as its right subtree, or one node larger.
Proof. Property (1) is straightforward. In the proof of the property (2) we
consider two cases. If either |I| = |r| or |I] = |r| + 1 then we have

Brt(l|®|r) < Bt(l|%|r) AVi(Index(i,{L| T | 7)) < i<|[(l|T]|r)]) <

Bt(1) A Bt(r) AVi(Index (i, (L| T | r)) < i < || +|r] + 1) 2
Bt(1) aVj(Index(j1,{l| T |r)) < jr<|l|+|r]+1) A
ABt(r) AVji(Indez(j2,{l| T | 7)) < j2<|l|+|r|+1) <
Bt(l) AVj(Index(j,1) < 25 <|l| +|r]) A
A Bt(r) AVji(Index(j,r) < 25+ 1 <|l|+]|r]) <
Bt(l) AVj(Index(j,1) < j <|l|) A Bt(r) AVj(Index(j,r) < j <|r|) <
Brt(l) A Bri(r).

The step marked by (*) is by dyadic case analysis on i. The case when neither
I| = |7| nor |I| = |r| + 1 is a straightforward consequence of the assertion

tea Bre (L% | r) = (I = |r[ v [i] = |r[ + 1),
which follows from 7.3.3(2). o

7.3.6 Alternative definition of Braun trees. The predicate Brt(t) holds
iff ¢ is a binary tree satisfying the following (size) balanced condition:

for every non-empty subtree of ¢ the size of its left subtree is at most one more than
the size of its right subtree.

Braun trees satisfy
tea Bri(t) < Bt(t) aVaVIVr((L|Z|ry st > || =|r| V]| =]|r| +1).
The property follows from 7.3.5(1)(2) and from the results of Par. 7.1.10.

7.3.7 Braun trees are optimal. The depth of a Braun tree is always
minimum; that is, we have
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pa Bri(t) - 27® =2 <]t < 24, (1)
Consequently the depth of Braun trees is logarithmic in their size.

Proof. The sharp inequality holds for arbitrary binary trees; this has been
already proved in 7.1.7(1). The non-sharp inequality, i.e.

oa Brt(t) - 290 22 < |t

is proved by structural induction on the binary tree t as follows. The base
case is trivial. In the induction step take any non-empty Braun tree of the
form (I | % |r). By 7.3.5(2) we know that [ and r are Braun trees satisfying

U ={rl v il = [r] + 1.
We wish to prove
M) Lo < (1] @ | 7).
First note that we have
2d(l\x\r) 9= 2max(d(l),d(r))+1 9= 2max(d(l),d(r)) _ Inax(2d(l), 2d(r)).

Now we consider three cases.
Suppose that both subtrees | and r are non-empty. Then d(1) # 0 = d(r)

and thus by TH we have 29 < 2]i| and 2%(") < 2|r|. We obtain
max (290 24 < max (211, 2|r|) = 2max(JI|,|r]) = 2]I].
We consider two subcases. If |I| = |r| then the desired property follows from
200 = i+ [r] <l + [+ 1= [{L[ = ] r)].
Otherwise |I| = |r| + 1 and we have
20 = {1+ [ = U+ [rf+ 1= [ ]2 )]

This concludes the proof for the case I # () # r.

If one of the intermediate subtrees of (I | € | ) is empty then by 7.3.5(2)
it must the case that the right subtree r is empty and that the left subtree [
is either empty or singleton. In either case it is easy to see that the desired
inequality holds. ]

7.3.8 Quick computation of the size of Braun trees. The recurrent
property 7.3.5(2) of Braun trees allows us to quickly calculate their size.
Consider a non-empty Braun tree of the form (I | % | r). By 7.3.5(2) we have
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U= Irl v {il = Jr| + 1.

So if the size of the right tree is n then the size of its left tree is either n or
n + 1. From definition of Braun trees we know that

I| = |r| = =Index(|r|,1)
7] = |r| + 1 = Index(|r|,1)

and thus

Ul = |r| < ~Index(|r|,1)
[I| = |r| + 1 < Index(|r|,1).

So either n is a proper index of the tree [ and then |[| =n + 1 or not and then
7] = n.

Consequently, the size of Braun trees can be implemented by the following
conditional algorithm:

tea Brt(t) — |t| = case

t=()=0
t={(l|T|r)=1let|r|=nin
case

Index(n,l) =2n+2
—Index(n,l) =2n+1
end
end.

Since the complexity of the call Index(n,t) is linear in the depth of ¢, the
above algorithm has time complexity (’)(d(t)z).

7.3.9 Remark. In the following paragraphs we will study operations over
Braun trees involving one element (first or last). The complexity of these
operations is proportional to the depth, i.e. logarithmic in the size. We will
tacitly use the following simple properties of Braun trees:

tpa Bri{l|T|ry i1 <|({|Z]|7)] <<
tpa Bri{l|T|r) =i 2<|(L|T|r)] <i<]|r|

7.3.10 Indexing operation. We start with the definition of the indexing
operation since this function will play crucial role in specification of the re-
maining operations. The application ¢ [¢] yields the label indexed by 4 in the
Braun tree t. The function is defined by dyadic recursion on ¢ with substitu-
tion in parameter as a primitive recursive function:

(L1=]r)[0] ==

(L% ]r)[in] = 1]7]
(L% ]r)[i2] = r[4].
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Note the missing clause for the case when the first argument is the empty
tree; the result is 0 by default.

We usually intend to apply the operation ¢[i] only in cases when ¢ is a
non-empty Braun tree and 1 is its valid index, i.e. i < |t|. For that we can take
the following property as an alternative (conditional) program for computing
the indexing function:

tpa Bri(t) Ai< |t| > t[i] = case

1=0=>lett=(l|%|r)inx
t=j1=lett=(1|%|r)inl[j]
i=j2=>lett=(1|%|r)inr[j]

end.

Its conditions of regularity
bpa Bri(t)ni<l|tini=jdint=(]Z|r)>1<tABri(l)anj<]|l]
bpa Bri(t)ni<|tlni=jg2at=(1]|T|r)>r<tArBrt(r)nj<|r|

are trivially satisfied.

7.3.11 Updating operation. The next is the ternary function ¢[i:= z]
which modifies the Braun tree ¢ at the index i to obtain a new value z. The
function can be easily specified with the help of the indexing function by

tpa Bri(t) ni < |t| = Brt(t[i:=x]) (1)
tpa Bri(t) ni < |t| = [t[i = z]| = |t] (2)
bpa Bri(t) ni<|t| > t[i=x][i] == (3)
bpa Bri(t) ni<l|tinj<ltingzi—>tli=x][j]=¢t[Jj]. (4)

Note that the properties do not specify the result of the application of the
updating operation for the empty tree; from the inequality i < [t| we get
immediately that the tree t must be non-empty.

The updating operation ¢ [i := z] is defined by dyadic recursion on ¢ with
substitution in parameter ¢ as a p.r. function:

(LY |r)[0=a]=([7]r)
(Y| ry[iri=a]=(l[i:=2]|Y]|r)
(1Y ]|ry[iz:=2]=(l]|Y]|r[i=2x]).

The second parameter x does not change in recursion.

We usually intend to apply the operation ¢ [i := x] only in cases when t is a
non-empty Braun tree and ¢ is its valid index, i.e. ¢ < |¢|. For that we can take
the following property as an alternative (conditional) program for computing
the updating function:
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bpa Bri(t) ni<|t| — t[i:=2x] = case

i=0=>lett=(|Y|r)in (l|Z]|r)
i=ji=>lett=(|Y|r)in(I[j=2]|Y]|r)
i=j2=>lett=(|Y|r)in ({|Y|r[j:==x])

end.

Its conditions of regularity

bpa Bri(t) ni<|t|ni=jd1at=(1]|T|r)>1<tABrt(l)aj<]||
bpa Bri(t)ni<|tlani=jg2at=(l]|T|r)>r<tAnBrt(r)nj<|r|

are trivially satisfied.

Verification. (2): This is proved by dyadic induction on i as V¢(2). In the
base case take any Braun tree ¢ such that 0 < |¢t|. Then ¢t = (I | ¥ | r) for some
y,l,r and we have

[KEIY ) [0=2][= [{L] = )] =l +[rl + 1= (] Y )]

In the induction step, when ¢ = j1 for some j, take any Braun tree ¢ such that
jr<|t|. Then t = (| Y |r) for some y,l,r and we obtain

(LY Py =]l = =a] || =li[j=a]l+]r]+1 %
=[]+ [+ 1= (1] Y] 7).

Note that the induction hypothesis is applied with [ in place of t. The second
induction step when i = j2 for some j has a similar proof.

(1): By dyadic induction on ¢ as V¢(1). We show here only the induction
step when ¢ = j1 for some j and ¢ is a Braun tree of the form t=(l|Y|r)
such that j1 < (I |¥|r). We then have

Bri({(I|Y|ry[j1:=2]) < Brt{l[j=z] |Y|r) <

(i[g=2]|=Ir|v|I[j:=2]|=|r|+ 1) A Brt(l[j = z]) A Brt(r) g

(= [F[ v |I| = |r] + 1) A Brt(L[j = y]) A Bri(r) <

(2| = |r| v || = |r] + 1) A Brt(l) A Brt(r).
And the last follows from the assumption that (I | ¥ | r) is a Braun tree. Note
also that the induction hypothesis is applied with [ in place of .
(3): By dyadic induction on i as V¢(3). As before we show here only

the induction step when ¢ = j1 and ¢=(l|¥|r) is a Braun tree such that
Jr<(l|Y|r). We then have

(1Y ]ryr=a][j1) = (L =] [V |r) 2] = 1[5 = 2] [J] = 2.

Note that the induction hypothesis is applied with [ in place of ¢.
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Finally, the last property is proved by dyadic induction on i as VtVj(4).
The proof is similar to those above and thus left to the reader. ]

7.3.12 Creating a new Braun tree. So far we have been talking about
functions operating on existing Braun trees. Now we turn to the problem of
creating a Braun tree. The simplest operation is the function New(n) creating
a Braun tree of the size n:

tpa Brt New(n) (1)
tpa |New(n)|=n. (2)

Note that we do not care about the elements of the resulting Braun tree.
The operation is defined by course of values recursion as a p.r. function:

New(0) = )
New(n1) = (New(n) | 0| New(n))
New(n2) = (New(n +1) | 0| New(n)).

Note that this is not the definition by dyadic recursion; the recursion in the
third clause goes from n2 to n + 1 but not to n as it is required in dyadic
recursion. Note also that in our implementation the result is a tree labelled
by 0.

Verification. Both properties are proved by complete induction on n. We will
show the proof only for the last subcase of the induction step of (2). We have

|New(n2)| = |(New(n + 1) | 0| New(n))| = [New(n + 1)| + [New(n)| + 1 Z2"

=n+1l+n+1=n2.

Note that IH has been used twice; first with the number n + 1 < n2 and sec-
ondly with n < n2. o

7.3.13 Insertion of a new first label. The function Insfirst(t, z) increases
by one the size of the Braun tree ¢ by inserting a new element x into its first
position. The function satisfies

tpa Brit(t) — Brt Insfirst(t, x) (1)
tpa Bri(t) — |Insfirst(t,z)| = |t| + 1 (2)
tea Brt(t) - Insfirst(t,z) [0] = x (3)
ta Bri(t) ni<|t| — Insfirst(t,x) [i + 1] =t [¢] (4)

and it is defined by structural recursion on the binary tree ¢ with substitution
in parameter as a p.r. function (see Fig. 7.10):

Insfirst((), «) = ((} [ *] ())
Insfirst((L| Y | r),x) = (Insfirst(r,y) | T | ).
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(a)

Fig. 7.10 Insertion of a new first label x into a 14-elements Braun tree: (a) before insertion
of z, (b) after insertion of z.

Verification. (2): It follows from
on Bi(t) — |Insfirst(t, 2)| = |f] + 1 ()

which is proved by structural induction on the binary tree ¢ as Yz (},). The
base case is obvious. In the induction step when ¢ = (I | ¥ | r) take any = and
we have

| Insfirst({L| Y | r), )| = [(Insfirst(r,y) | T | D] = [Insfirst(r,y)| + 1] + 1 £
s+ 1+ +1=(L|Y|r)+1.

Note that the induction hypothesis is applied with y in place of x.

(1): By structural induction on the binary tree ¢t as Yz (1). The base case
is straightforward. In the induction step when t = (I | ¥ | r) take any x and
we have

Brt Insfirst((L | Y | r},x) < Brt (Insfirst(r,y) | % | 1) <
(|[Insfirst(r,y)| = |l v |Insfirst(r,y)| = |I| + 1) A

A Brt Insfirst(r,y) A Brt(l) (I:Q

(IF[+1 =[] v |F| +1 = || + 1) A Brt Insfirst(r,y) A Br(l) <

(1] = [r| v |I] = |r| + 1) A Bre(r) A Bre(l).
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The last follows from the assumption that (I | ¥ | r) is a Braun tree. Note also
that the induction hypothesis is applied with y in place of x.

(3): Obvious.

(4): By structural induction on the binary tree ¢ as VivVa(4). In the base
case there is nothing to prove. In the induction step when t = (I | ¥ | r) take
any 4,2 such that ¢ < (I | ¥ | r)| and consider three cases. If i = 0 then

Insfirst(L| V| r),2) [0+ 1] = (Insfirst(r,y) | % | 1) [1] = Insfirst(r,y) [0] ©
=y=(l|Y][r)[0].
If i = j1 for some j then we have
Insfirst((L| Y | r),2) [71 + 1] = (Insfirst(r,y) [T | 1) [j2] = L[7] = (L| Y | r) [j1].
Finally, if ¢ = j2 for some j then we obtain
Insfirst((L| Y| r),x) [§2 + 1] = (Insfirst(r,y) | T | 1) [(F+ 1)1] =
= Insfirst(r,y) [j + 1] = r[j] = (1| ¥ | r) [j2].

Note that in this last case the induction hypothesis is applied with j and y
in place of i and x, respectively. ]

7.3.14 Deletion of the first label. The function Delfirst(t) removes the
first label from a non-empty Braun tree:

tpa Bri(t) At # () > Brt Delfirst(t) (1)
pa Bri(t) nt # () — |Delfirst(t)| + 1 = |¢| (2)
ta Bri(t) at+ () Ai+1<|t| > Delfirst(t) [¢] =t[i+1] (3)

The operation is defined by structural recursion on binary trees as a p.r.
function (see Fig. 7.11):

Delfirst (() | * | r) = ()
Delfirst (1| | r) = (r | L[0] | Delfirst(1)) <1 = ().
We usually intend to apply the operation Delfirst(t) only in cases when ¢ is

a non-empty binary tree. For that we can take the following property as an
alternative (conditional) program for computing the deletion function:

tea Bt(t) At + () - Delfirst(t) =let t = (I |Z |r) in
L=()=()
1+ () = (r | L[0]] Delfirst(1))
end.

Its condition of regularity
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tpa Bt(t)At+=(Wnt=(l|T|r)Al+()>1<tABt(I)al={)

is trivially satisfied.

(a)

Fig. 7.11 Deletion of the first label from a 15-elements Braun tree: (a) before deleting,
(b) after deleting.

Verification. (2): By structural induction on on the binary tree ¢. In the base
case there is nothing to prove. In the induction step when ¢ = (I | Z | r) we
consider two cases. If [ = () then it must be r = () and we have

| Deifirst () [ 2] ()] +1 =101+ 1=1= [0+ |01+ 1= [{() [ = ()]

Otherwise [ # () and we obtain
|Delfirst (1| © | r)| +1 = |(7’ 11[0] Delﬁrst(l))‘ +1=
= |r| + |Delfirst(l)| + 1+ 1= |r| + || + L= (L | % | 7).
(1): By structural induction on the binary tree t. In the base case there is
nothing to prove. In the induction step when ¢ = (I | Z | r) we consider two

cases. If [ = () then r = () and the claim holds trivially. Otherwise [ # () and
we obtain

Brt Delfirst (1| © | r) < Brt (r | L[0] | Delfirst(1)) <

(|r| = | Delfirst(1)| v |r| = | Delfirst(1)| + 1) A Brt(r) A Brt Delfirst(1) 2
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(|r| + 1 =] v |r| = |I|) A Brt(r) A Brt Delfirst(l) M
() = 7| v |i| = |r| + 1) A Brt(r) A Brt(l).

And the last follows from the assumption that (I | Z|r) is a Braun tree.

(3): By structural induction on the binary tree ¢t as Vi(3) In the base case
there is nothing to prove. In the induction step when ¢t = (I | Z | r) take any
i such that ¢+ 1 < |(I| % |r)| and consider two cases. If [ = () then r = () and
we have a contradiction. So suppose that [ # (). We consider three subcases.
If i = 0 then

(Delfirst (1| T | 7)) [0] = (r | L[O] | Delfirst(1))[0] =1[0] = (1| = | r)[0+1].
If ¢ = j1 for some j then we have

(Delfirst (1| % | r)) [j1] = (r | (O] | Detfirst (1)) [j1] = [5] =
= (1|7 |r)[j2]= (|7 |r) [j1+1].
If i = j2 for some j then j + 1 < |l] and we get
(Delfirst (1| © | r)) [j2] = (r | L[0] | Deifirst(1)) [j2] = Delfirst(l) [j] =
S+ == ) [G+ D)= (]| r) [j2+1].

Note that the induction hypothesis is applied with j in place of . ]

7.3.15 Insertion of a new last label. Unlike the previous two operations
which manipulate with first elements of Braun trees accessing the last element
requires to know the size of the tree. Consider for instance the problem of
inserting an element x at the end of a Braun tree ¢. For that we need to know
the exact size of the tree since the number [¢| is the index of the position of
the new last element z.

The ternary function Inslast(n,t,z) which inserts x at the last position of
the tree t has the following specification:

tea Brt(t) - Brt Inslast([t|,t,x) (1)
tea Brt(t) — |Inslast(|t|,t,x)| = |t| + 1 (2)
pa Bri(t) ni<|t| — Inslast(|t]|,t,z) [i] = t[7] (3)
pa Brt(t) — Inslast([t|,t,x) [|t|]] = = (4)

and it is defined by dyadic recursion on n with substitution in the parameter
t as a p.r. function:

Inslast(0,t,) = () | # ] ()
Inslast(n1,(L| Y | r),x) = (Inslast(n,l,x) | Y| )
Inslast(n2,(L| Y | r),z) = (L | Y| Inslast(n,r,xz)).
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Note that the parameter x does not change in recursion. Not also that the
insertion operation is specified only non-empty Braun trees.

We intend to apply the operation Inslast(n,t,x) only in cases when ¢t is a
Braun tree and n is the index of the new last position, i.e. n = [¢|. For that
we can take the following property as an alternative (conditional) program
for computing the insertion function:

pa B’I’t(t) AN = |t| —
Inslast(n,t,z) = case

n=0=(0[*]()

n=ml=>let t=(l|Y|r)in (Inslast(m,l,z) | Y |r)

n=m2=let t=(l|Y|r) in (I | Y| Inslast(m,r,x))
end.

Its conditions of regularity

ta Bri(t) an=ltlan=miant={(l|Y|r)>1<tABrt(l) Am=|]
tpa Bri(t) an=|tjan=m2at=(l|Y|r)>r<tABri(r)am=|r|

are trivially satisfied.

Verification. (2): By structural induction on the binary tree ¢. The base is
obvious. In the induction step when ¢=(l|¥|r) we consider two cases. If
I| = || then [(I|¥]r)|=2]l]+1 and thus

[Inslast([{L| Y | )|, {L| Y| r),x)| = |Inslast(|l|1,{l | Y| r),x)| =

= [(Inslast(jl|,1,z) | Y | )| = |Inslast(|I], 1, z)| + |r] + 1 &
[+ 1+|r|+1=[(L|Y]|r)+1.

Otherwise we have || = |r| + 1 and therefore |(I|¥Y |r)| =2]|r| +2; the proof
proceeds similarly.

(1): By structural induction on the binary tree ¢. The base is obvious. In
the induction step when ¢ = (I | ¥ | r) we consider two cases. If |I| = |r| then by
the same arguments as above we obtain

Brt Inslast([(L| Y | )|, (L |Y | r),x) < Brt{Inslast(|l|,l,z) | ¥ |r) <
(|Inslast(|l|, 1, z)| = |r| v [Inslast(|I] , I, )| = |r| + 1) A

2
A Brt Inslast(]l] 1, 2) A Brt(r) &

(JI|+1=|r|v|l|+1=|r|+ 1) A Brt Inslast(|l| , 1, 2) A Brt(r) =
(1] = [r| v )i = |r| + 1) A Brt(l) A Brt(r).

The last follows from the assumption that (I | ¥ | r) is a Braun tree. The case
I| = |r| + 1 is proved similarly.

(3): By structural induction on the binary tree ¢t as Vi(3). The base is
obvious. In the induction step when ¢ = (I | ¥ | r) take any ¢ and consider two
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cases. If |I| = |r| (and similarly when |I| = |r|+1) then we consider the following
three subcases. If i = j1 then we have

Inslast([{L| Y| )|, {L| Y| r),x) [j1] = (Inslast(|I] , L, x) | Y| ) [j1] =
= Inslast(ll] 1, =) [j] F 1[j]1= (| ¥ | r) [j1].

Other subcases when ¢ = 0 are ¢ = j2 are straightforward.
The last property (4) is proved similarly. i

7.3.16 Deletion of the last label. The final operation is removal of the
last element from Braun trees. This is realized with the binary function
Dellast(n,t) which deletes the last label of the non-empty Braun tree .
Here the number n is the index of the last element in the tree ¢, i.e. we have
n = |t| = 1. The function satisfies

tpa Bri(t) At + () — Brt Dellast(Jt| = 1,t) (1)
tpa Bri(t) At = () - |Dellast(|t| = 1,t)| + 1 = |¢] (2)
tpa Bri(t) At # () Ai+ 1< [t| > Dellast(|t] = 1,¢) [¢] = ¢ [4] (3)

and it is defined by dyadic recursion on n with substitution in parameter as
a p.r. function:

Dellast(0,t) = ()

Dellast(n1,(l | T | r)) = (Dellast(n,l) | T | r)

Dellast(n2,(l | T | r)) =(l| % | Dellast(n,r)).

We intend to apply the operation Dellast(n,t) only in cases when ¢ is a
non-empty Braun tree and n is the index of its last position, i.e. n = [¢| = 1.
For that we can take the following property as an alternative (conditional)
program for computing the deletion function:

bpa Bri(t)nt={()an=[t|=1-
Dellast(n,t) = case
n=0=()
n=m1=let t=(l|%|r)in (Dellast(n,l) | T |r)
n=m2=let t=(l|%|r)in (I | T | Dellast(n,r))
end.

Its conditions of regularity
bpa Bri(t)at+()Aan=Jt|=1an=miat=(|T]|r) -
I<taBrit(l)nl#{()am=]|l| =1
ba Bri(t)nt=()Aan=[t|=1Aan=m2rt=(||r) >

r<tABri(ryar={)am=|r|=1

are trivially satisfied.
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Verification. (2): By structural induction on the binary tree t. In the base
case there is nothing to prove. In the induction step when t=(l|Z|r) is a
non-empty Braun tree we consider two cases. If [ = () then r = (), i.e. t is a
singleton tree({) | Z | {)). We then have

| Dellast (|(() [ ] (N =1, {0 1+ 1O+ 1= [Dellast (0, {{) | # | ()] +1=
=0+ 1=1=[O 1= 1O

So suppose [ # (). Now we consider two subcases. If |I| = |r| + 1 then
1 Z e ==l +r| =20l = 1=2(Ji[ = 1)+ 1= ([~ 1)1 (t1)
by noting that |I| # 0.
|Dellast(|(1| | 7)) = 1,(1] % [ r))]+1 2
= [Dellast((|i| = 1)1, (1| % | r))| + 1 = [(Dellast (|| = 1,1) | €| r)| + 1 =
=|Dellast(|I| = 1,1)| + 1+ |r| + VE ||+ |r|+ 1= (1|7 | r)].

If |I| = |r| then
(ELE e =1 =i+ [r] = 2] = 2(r| = 1) + 2 = (|r[ = 1)2 (f2)
since |r| # 0. We then have

|Dellast (1|2 | r)| = 1,{1| % |r))|+1 (12)
= |Dellast((Jr] = 1)2, (L | | r))|+ 1= (1| T | Dellast(|r] = 1,7))| + 1 =

= |I| + |Dellast (|r| = 1,7)| + 1+ 1L Z ||+ [r| + 1= (T | 2| 7)|.

This concludes the proof of the induction step.

(1): By structural induction on the binary tree ¢. In the base case there
is nothing to prove. In the induction step when ¢ = (I | Z|r) is a non-empty
Braun tree we consider two cases. If | = () then r = (), i.e. ¢t is a singleton
tree(() | © | ()). Then

Dellast([(() | # [ O] = 1O [#] () = Dellast(0,{() | *| ())) = {)

is clearly a Braun tree. So suppose [ # (). Now we consider two subcases. If
] =|r| + 1 then



228 7 Programs Operating on Trees
Brt Dellast(|(1 | [} = 1,(1 | Z | 1)) D) Brt Dellast(([l] = 1)1, (1| | r)) <
< Brt(Dellast(]l| = 1,1) | T | r) <
< (|Dellast (|| = 1,1)| = |r| v |Dellast (|I] = 1,1)| = |r| + 1) A

Brt Dellast(]l| = 1,1) A Brt(r) <
< (|Dellast(|l] = 1,1)| + 1 = |r| + 1 v |Dellast(JI| = 1,1)|+ 1 = |r| + 2) A

Brt Dellast(|l] = 1,1) A Brt(r) g
< (|| =|r|+1v|l| = |r| +2) A Brt Dellast(|l| = 1,1) A Brt(r) <
< |l| = |r| + 1 A Brt Dellast(]l| = 1,1) A Brt(r).

The last follows from the assumption that (I | % | r) is a Braun tree and from
IH applied to the left subtree . The subcase when |I| = |r| is proved similarly.

(3): By structural induction on the binary tree ¢ as Vi(3). The proof is
similar to that above and thus left to the reader. O

7.4 Symbolic Expressions

7.4.1 Introduction. The symbolic data structures are usually defined in
the functional programming languages with the help of union types which
can be readily arithmetized. We have seen an example of union type defining
binary trees in Sect. 7.1. We will use in the following paragraphs another
union type to arithmetize a certain class of expressions.

Suppose that we wish to operate symbolically on numeric terms which are
formed from variables x;, constants n by the numeric operators + (addition)
and x (multiplication). Functional programming languages use the following
union type to specify the domain of numeric terms:

Term = Var(N) | Const(N) | Add( Term, Term) | Mult( Term, Term).

A value of type Term is therefore either a variable Var(i), or a constant
Const(n), or an addition Add(t1,t2), or a multiplication Mult(t1,t2), where
7 and n are of type N and ¢; and o are values of type Term. The functions
Var(i), Const(n), Add(t1,t2) and Mult(t1,t2) are called constructors.

7.4.2 Constructors of numeric terms. Arithmetization of numeric ex-
pressions is done with the help of the following four pair constructors with
pairwise different tags (see Par. 5.2.10 for details):
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=(0,1) (variables)
=(1,n) (constants)
t1 4%t = (2,11,12) (addition)
t1 x*ta = (3,11,12). (multiplication)

From the properties of the pairing function we obtain the constructors are
pairwise disjoint and that the constructors are injective mappings, e.g.

pa X;itl +.t2
tpa 1 X.tzztll X.t,2—>t1 Ztll/\tQItIQ.

Similar properties hold also for the other constructors.
The pattern matching style of definitions of functions operating over the
codes of numeric terms is obtained with the conditionals of the form

case
t= X; = 61 [’L]
t=n°® =n 62[”]
t=t1+%ta =4, 4, B3[t1,12]
t= tl x® tQ 3,517152 64[t1, tQ]
otherwise = [5.

end

This is called discrimination on the constructors of numeric terms. Recall
that such conditionals are instances of pair constructors discrimination terms
discussed in Par. 5.2.10.

The above conditional is evaluated as follows. Consider, for instance, its
third variant ¢ = t1 +°* to. The expression

Tuple, (3,t) Ax [t]i =2
is its characteristic term as we have
tpa 3ty 3tot =ty +"ty < Tuple(3,t) A[t]; = 2.
Note also that
. 3 3
bpa t=t1+ tog >t = [t:|2/\t2 = [t:|3

and therefore, the terms [t]g and [t]g are the witnessing terms for the output
variables t1, o of this variant. Similarly for the other variants.

7.4.3 Arithmetization of numeric terms. We wish to assign to every
numeric 7 a unique number "7, called the code of 7. The mapping is defined
inductively on the structure of numeric terms:
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r a (]
Ti =X;
r._ 1 L]
n =n
I'7_1 + 7_21 — I'T11 +. FT11

r a r a er a
TIXT2 = T1 X T1 .
We can now encode, for instance, the term 4 x x5 + z7 by the number

4° x*x2 +°x3 = 103635707 473 048 605 704.

Discrimination on the constructors of numeric terms is used in the defi-
nition of the p.r. predicate Term(t) holding of the codes of numeric terms.
The predicate is defined by course of values recursion as follows:

Term(x?)
Term(n®)
Term(t1 +°ta) < Term(t1) A Term(t2)
Term(t1 x*ta) < Term(t1) A Term(t2).

In the sequel we identify numeric terms with their codes and from now on
we will say the numeric term t instead of the code t of a numeric term.

7.4.4 Case analysis on numeric terms. From the definition of the pred-
icate Term we get directly the following property

ta Term(t) - Jit=x; vInt =n® v Ity Itat =t +°to v It1 ot = t1 x° to.

This is called the principle of structural case analysis on the constructors of
the numeric term t.

We can use the above principle of structural case analysis in order to
establish the admissibility of a certain kind of conditional discriminations on
the constructors of numeric terms. These are of the form

Term(t) — case
t=x; = (1]
t=n® =, B2[n]
t=t1+%ty =4, 4, OB3[t1,12]
t=t1 x*ty =4, 4, Palt1,t2].
end

Because of the precondition Term(t), we have to evaluate only four alterna-
tives instead of five. Moreover, characteristic terms of each alternative can
be selected much simpler than those in Par. 7.4.2. For instance, we have

Term(t) - 31 3tat =ty +* o < [t]} =2

and thus we can use the expression [t]:f =, 2 as the characteristic term of the
third variant of the above conditional. Compare with the characteristic term
Tuple, (3,t) As [t]i =, 2 of the same variant from Par. 7.4.2.
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7.4.5 Structural induction on numeric terms. The principle of struc-
tural induction over numeric terms can be informally stated as follows. To
prove by structural induction that a property ¢[t] holds for every numeric
term t it suffices to prove:

Base cases:  the property holds for every variable x{ and constant n°.
Induction steps: if the property holds for the terms t1, 2 then it holds also
for the terms t1 +°*t5 and ¢1 x° ta.

This is expressed formally in PA by

ea Vip[x7] A Vng[n®] AV Via(p[t] A p[ta] = ¢[ts +° t2]) A
Vi Via(plti] A plta] = @[t x* t2]) - Term(t) — o[t]

The theorem is called the principle of structural induction on the numeric
term t for ¢[t].

Proof. The principle of structural induction for numeric terms is derived in
PA as follows. Under the assumptions corresponding to the base cases and
induction steps of the structural induction take any numeric term ¢ and prove
that ¢[t] holds by complete induction on ¢. We consider the following four
cases according to Par. 7.4.4. The cases when t = x; or t = n® are trivial. In
the case when t = t1 +°* to for some t1,t2 we have [t1] and p[t2] by IH since
t1 < t1+%ty and ty < t1 +° t2. From the assumption we get ¢[t1 +° t2]. The case
when t =t x*to for some t1,ts is similar. O

7.4.6 Structural recursion on numeric terms. Structural induction
over numeric terms is used to prove properties of functions defined by the
scheme of structural recursion on numeric terms. In its simplest form, the
operator of structural recursion over numeric terms introduces a function f
from functions g1, g2, g3 and g4 satisfying

f(t,y) = case
t:X;:gl(iay)
t=n"= ga(n,y)
t=ty+°ty = gs(t1,ta, f(t1,9), f(t2,),y)
t=tyx"ty = gu(tr, b2, f(t1,9), f(t2,),y)
otherwise = 0
end.

Note that this is a recursive definition regular in the first argument with
discrimination on the constructors of numeric terms (output variables of each
variant are omitted).

The following identities form the clausal form of the above definition

fx39) = 91(i,y)
f(n*,y) = g2(n,y)
f(ti+2t2,y) = gs(tr, ta, F(t1,9), F(t2,9),y)
F(tixta,y) = ga(ta, ta, f(t1,9), F(t2,9),y)
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Note here that this is a typical example where we wish to use the default
clauses — in this case

f(t,y) =0+« ﬁﬂit:x;/\ﬁﬂnt:n'/\ﬁﬂtlﬂtgt:tl +'t2 /\—|E|t13t2t=t1 X.tg

in order not to clutter the definition. We do not care what value is yielded
by the application f(¢,y) if ¢ is not the code of a numeric term.

The above definition for the function f can be easily rewritten to a condi-
tional program for the same function as we have

tpa Term(t) - f(t,y) = case
t:X;:gl(iay)
t=n"= ga(n,y)
t=t1+%ts = g3(t1,t2, f(t1,y), f(t2,9),Y)

t=1 ><.152 = g4(t17t27f(t17y)uf(t27y)7y)
end

Its conditions of regularity, e.g. for the variant t = t1 +° to

tpa Term(t) At =11 +%ta > t1 <t A Term(t1)
tpa Term(t) At =11 +°ty - to <t A Term(ts),

are trivially satisfied.

Similar schemes, when we allow terms with arbitrary number of parameters
on the right-hand side of the above identities, substitution in parameters, or
even nested recursive applications, will be also called definitions by structural
recursion on numeric terms.

7.4.7 Size of numeric terms. The function |¢| yields the size of the nu-
meric term ¢, i.e. the number of operations including variables needed to
construct the term ¢. The function is defined by parameterless structural
recursion on the numeric term ¢ as a p.r. function:

;| =1
In®l=1
|t1 +* t2| = |t1| + |t2| +1
|t1 X.t2| = |t1| + |t2| +1.

7.4.8 Denotation of numeric terms. We now define the binary denota-
tion (valuation) function [t], which takes the code t of a numeric term 7 and
the assignment v which is a list assigning the value v[i] to the variable z;
and yields the value of the term 7. The function [t], is defined by structural
recursion on the numeric term ¢ as a p.r. function:

[x7], =vl[z]

[n°], =n

[tl +° tgﬂv = [tlﬂv + [tgﬂv
[t1x*t2],, = [t1], x [t2], -
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For instance, if v = (10,11,12,13,0) then

[ +02%) < x5] =[x +°2°], x [x3], = ([x1], +[2°],) x [x3], =
= (v[1]+2) xv[3] = (11+2) x 13 = 169.

7.4.9 The compiler and postfix machine. In this example we give the

proof of correctness of a simple compiler for numeric terms. A term is com-

piled into a program of a postfix machine and then the program is executed.
The instructions are defined with the help of four pair constructors:

LOAD(i) ={0,14)
PUSH (n) =(1,n)
ADD = (2,0)
MULT = (3,0).

A program of the machine is just a list of instructions.

Numeric terms are compiled into programs with the help of Cmp(t). The
compilation function is defined by structural recursion on numeric terms as
a p.r. function:

Cmp(x?) = (LOAD(1),0)

Cmp(n®) = (PUSH (n),0)

Cmp(t1+°t2) = Cmp(t1) @ Cmp(t2) @ (ADD,0)
Cmp(t1 x*t2) = Cmp(t1) @ Cmp(t2) ® (MULT,0).

For instance, the following is the compiled program
(LOAD(1),PUSH(2),ADD,LOAD(3), MULT,0)

for (the code of) the numeric term (1 +2) x x3.

The operation of the postfix machine itself is described by the ternary
function Run(p,v,s), where p is a program, v is an assignment (environment),
and s is a list of values (I/O stack). The function Run(p,v,s) is defined by
recursion on the list p with substitution in the parameter s as a p.r. function:

Run(0,v,(t,s)) =t
Run({LOAD(i),p),v,s) = Run(p, v, (v[i], s))
Run((PUSH (n),p),v,s) = Run(p,v,(n,s))
Run((ADD7p>a v, (t27t17 S)) = RUTl(p,’U, (tl + tQ; S))
Run({MULT, p),v,(t2,t1,$)) = Run(p,v, (t1 x t2,s)).
Note that the other parameter v does not change in recursion.
Correctness of the compiler is expressed by the following formula:

pa Term(t) - Run(Cmp(t),v,0) = [¢], . (1)

In order to prove it we need the following auxiliary claim:
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pa Term(t) — Vst(Run(C’mp(t) ®p,v,s) = Run(p,v,([t],, s))) (2)

This is proved by structural induction on the numeric term t. So take any
numbers p, s and continue by case analysis on the numeric term ¢. If ¢ = x}
for some ¢ then we have

Run(Cmp(x}) @ p,v,s) = Run({(LOAD(i),p),v,s) = Run(p,v, (v[i],s)) =
= Run(p7 v, <[[X:ﬂv ) S))

If t = t1 +° t5 for some t1,t5 then we obtain

Run(Cmp(t1 +°t2) ®p,v,s) =

(
= Run({Cmp(t1) ® Cmp(t2) & (ADD,p)),v,s) ks
(

= Run((Cmp(t2) @ (ADD,p)),v,([t:],5)) ¥

= Run((ADD,p),U, ([[tﬂ]v ) [tlﬂv 7‘9)) =
= Run(p, v, ([t1], + [£2],,s)) = Run(p,v,([t1 +* t2], , s)).

Note that the first induction hypothesis is applied with Cmp(t3) & (ADD, p)
in place of p while s is unchanged; and that the second induction hypothesis
is applied with (ADD,p) and ([t1], ,s) in place of p and s, respectively. The
remaining cases are proved similarly.

We are now in position to prove (1). Take any term ¢ and we have

Run(Cmp(t),v,0) 2 Run(0,v,([t], ,0)) =[], .

7.4.10 Rearranging terms into expressions with left associated ad-
dition. In this paragraph we give an example of a program which goes be-
yond structural recursion. Consider the problem of rearranging numeric terms
so that the additions which they contain are associated to left (see [49]). For
instance, the term (21 + z2) + (3 + (x4 + x5)) is transformed to an equivalent
term (((x1 +x2) +x3) +x4) + x5 with left associated addition.

More formally, let Lassoc(t) be a predicate holding of terms with left
associated addition. The predicate is defined by course of values recursion as
primitive recursive by

Lassoc(t) < —3ty,tat =t1 +%to

Lassoc(ty +°ta) < —3t3,t4to = t3+°t4 A Lassoc(ty).

We are looking for a p.r. function f(t) satisfying

tpa Term(t) — Term f(t)

tea Term(t) — Lassoc f(t)

tea Term(t) — [f ()] = [¢]

tea Term(t) > [f(D)], = [t], -
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The desired function is defined by
f(t) =t « —|3t1,t2t =11 +°* to
f(ti+2t2) = f(t1) +°ta < =Ttz tata =tz +° 1y
f(tr+°(t2+°t3)) = f(t1 +" ta +°3).
Is this a correct definition? The first two clauses are structurally recursive, but
this does not hold for the third, in which the recursion goes from ¢ +°(t2 +* t3)

to t1 +%to+°t3. We claim that the above definition is the definition with
measure m(t):

m(t) =1+« —|E|t1,t2t= t1 +.t2
m(t1 +° tg) = m(tl) + 2m(t2) +1.

Indeed, the regularity condition for the third clause follows from:

m(t1 +° to +* t3) = m(tl) + 2m(t2) + 2m(t3) +2<
< m(tl) + 2m(t2) + 4m(t3) +3= m(t1 +.(t2 +* tg)).

Properties (1)-(4) can be proved straightforwardly by the corresponding in-
duction principle.

7.5 Universal Function

7.5.1 Introduction. In this last section we will consider the problem of
defining a universal function for primitive recursive functions. Recall that
the class of primitive recursive functions is the smallest class of functions
containing the initial functions Z(x) =0, S(z) =z + 1, I7'(Z) = z;, and it is
closed under composition

f(@) =h(91(%), - gm (%))

and primitive recursion

£(0,9) = 9(9)
f($+ lvg) = h(:c,f(a:,gj),gj)

In order to find a universal function for p.r. functions we need to assign
indices to primitive recursive functions. This is done by arithmetization of
primitive recursive function symbols.

7.5.2 Primitive recursive function symbols. For every n > 1, the class
PR™ of n-ary primitive recursive function symbols (PR-function symbols for
short) is defined inductively as follows:

e ZecPR' SePR!and I ¢ PR" for 1<i<n,
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e if he PR™ and ¢1,...,9m € PR™ then Comp., (h,g1,...,9m) € PR,
e if ge PR™ and h € PR™? then Recy,1(g,h) e PR™

We set PR =U,s; PR".

We interpret n-ary PR-function symbols by n-ary functions. The interpre-
tation fN of a PR-function symbol f is defined by induction on the structure
of PR-function symbols as follows:

ZN is the zero function Z(z) =
SN is the successor function S(z) =z +1,
(I")" is the identity function I"(%) = =,
N
(Comp"m(h,gl, e 7gm)) is the n-ary function defined by composition:

(Comply(hygrs - gm)) @) = WY (g (@), Y (2)),

N
(Recn( g, h)) is the n-ary function defined by primitive recursion:

(Reea(9,m)" (0,5) = ¢V (@)
(Recn(g, h))N(x +1,9) = hN(:v, (Recn(g,h))N(a@,ﬂ),ﬂ).

In the sequel we will often drop the superscript in fN and write shortly f
instead of fV.

It is easy to see that primitive recursive functions are exactly those func-
tions which are denoted by PR-function symbols. In other words, the class
of primitive recursive functions is just the set U, {f* | f ¢ PR"}.

7.5.3 Arithmetization of primitive recursive function symbols. Now
we consider the problem of coding of PR-function symbols into N. The sym-
bols are arithmetized with the help of the following pair constructors:

=(0,0) (zero)

S :< ;0) (successor)

=(2,n,1i) (identities)

(9,98) = (3,9, 95) (contraction)

Comp. (h,gs) = (4,n,m, h, gs) (composition)
Rec,,(g,h) =(5,n,9,h). (primitive recursion)

The arities of the constructors are as shown in their definitions. We postulate
that the binary constructor {g, gs) groups to the right and has the same
precedence as the pairing function (z,y).

The assignment of the code "f" to the PR-function symbol f is defined
inductively on the structure of PR-function symbols:
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'Z'=Z7
S'=8
rI’;nJ — I:L’n,

"Compy,(h, g1, 9m)" = Compy ("R {"g175 ..., "gm’))
"Rec,(g,h)" = Rec,,("g","h").

Note that the binary operator (g, gs) plays a similar role as the pairing func-
tion (z,y) does for n-tuples of natural numbers. Its sole purpose is to rep-
resent the m-tuple "g1",..., g, ' of the codes of PR-function symbols by its
contraction which is the number of the form ("g1",..., "gm ')

7.5.4 Interpreter of primitive recursive functions. In this paragraph
we give a definition of a binary function e e x which effectively realizes the in-
terpretation of PR-function symbols. The application "f" e (x1,...,z,) takes
the code of an n-ary PR-function symbol f and the contraction of an n-tuple
Z1,...,%, of numbers, and yields the number f(x1,...,2,) as the result, i.e.

rf1'<£61,...7$n>:f(xl,...,xn),

To improve readability we will write e; @ e3 @ = instead of e¢; e (eg o ), that
is we let the operator associates right.
The interpreter e @ x of primitive recursive functions is defined by

Zex=0
Sexr=z+1
I ez =[z]]
(9395)°x: (gox,gsox)

Comp. (h,gs)ex=hegsex
Rec,,(g,h)¢(0,y)=gey

Rec, (g, h) e (z+1,y) = he(z, Rec,(g.h) o (z,y),y).

This is an example of regular recursive definition which is into the lexico-
graphical order (z1,y1) <lex (%2,y2) of natural numbers. This is because the
first argument of each recursive application except the one in the last recur-
sive clause goes down. In the recursive application of the last recursive clause
the first argument Rec,(g,h) stays the same and the second argument goes
down since (z,y) < (z + 1,y). We have therefore

(Recn(g, h), (x,y)) <lex (Recn(g, h),{(x+ l,y)).

By the results of Sect. 5.3, we can see that the interpreter is effectively com-
putable; the closed form of the above definition constitutes a program for the
reduction model discussed in Sect. 5.3. As we will see later the function is
not primitive recursive.
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7.5.5 Enumeration functions. The (n+1)-ary function 6 is said to be
an enumeration function for the class of n-ary functions F if we have the
following for every n-ary function f:

f € F iff there is a number e such that
f(xlv"'vxn) = 6(6,1‘1,..-71'77,)

holds for all numbers x1,...,Zy,.

The function @ is often called the universal function for the class F.
In the next theorem we will prove for every n > 1 that the (n+1)-ary
function U, explicitly defined by

Un(evxlv"'azn) :e.(xlv"'vxn)

is the enumeration function for the class of n-ary primitive recursive func-
tions. Since the function e e x is effectively computable, so is U,,. Note also
that U, and eex are the same functions. In the sequel we will often abbreviate
Ui(e,x) to Ule,x).

7.5.6 Enumeration theorem. For every n > 1, the U, is an effectively
computable function enumerating the class of n-ary primitive recursive func-
tions.

Proof. We wish to prove that the following holds for every n-ary function f:
the function f is primitive recursive iff there is a number e such that
flz1,...,zn) =Un(e,z1,...,2n)
for every x1,...,Tn.

For the proof of the (=)-part of the claim it suffices to show that for every
n-ary PR-function symbol f and every z1,...,z, we have

flay,...,zp) =" o{x1,...,2n).

This is proved by induction on the structure of PR-function symbols. So take
any n-ary PR-function symbol f, any n-tuple Z of numbers, and continue by
the case analysis of f. The cases when f = Z or f = S are straightforward.
Now, if f = Comp.,, (h,g1,...,9m) then we have

8

)=

"Compr (h,g1,---,9m)" ¢ (%)= Comp, ("h",{"g1"y-- gm ) ®{
IH

— rh1 .(rglw’”', rgmw) ° (j’:‘) — rh1 ° (r911 ° <i>,”'7rgm1 ° <ff)) =
=h(g1(2), ..., gm(&)) = Compy,(h,g1,- .., gm)(Z).

Finally, if f = Rec,(g,h) then Z = z,¢ for some z and a non-empty 3. The
desired property
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"Rec,(g,h)" o (z,9) = Recp,(g,h)(2,7)

is proved by (inner) induction on z. In the base case we have

"Recn(g,h)" ¢ (0,9) = Rec,,("g","h’) o (
= 9(y) = Recn(g, h)

0.4)="g" o (g) """
(0,7).
In the induction step we have
"Recn(g,h)" e {(z+1,7) = Rec,("g","h") o (2 +1,3) =
=B e (2, Reca("g", 1) o (,5).3) outer TH
(2, Reca("g", 1) o (2.51),4) = h(z,"Recu(g,h)" o (z,4).9) "¢ ™
(z, Rec, (g, h)(z,gj),g) = Recp,(g,h)(z +1,7).

This finishes the proof for the case when f = Rec,,(g,h).
In the proof of («<=)-part of the claim it suffices to show that the unary
functions ¢, explicitly defined by

bo() =coa

h
h

are primitive recursive functions. This is proved by complete induction on e.
So take any e and continue by case analysisone. If e=Z, e=S ore=1I"
then the following explicit definitions listed in that order

¢e($) =0
Pe(x) =2 +1
e(z) = [2]]
are derivations of ¢, as a primitive recursive function. If e = Comp; (e1,€e2)

for some e; and ey then the functions ¢., and ¢., are primitive recursive by
IH and we derive ¢, as a primitive recursive function by composition:

Ge(T) = e, G, ().

If e = Recy,(e1,ez) for some e; and e; then the functions ¢., and ¢., are
primitive recursive by IH and we derive ¢, as a primitive recursive function
by the following course of values recursive definition:

$e(0)=0
$e(0,y) = de, (y)
¢e($ + 17y) = ¢ez(x,¢e(x,y),y>.

If neither of the above cases applies then we derive ¢, as a primitive recursive
function by explicit definition:
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¢e(z) =0. |

7.5.7 Enumeration functions are not primitive recursive. We already
know that the enumeration functions U,, are effectively computable. In this
paragraph none of the enumeration functions is primitive recursive. We prove
this fact for the case when n =1 and left the proof the general result to the
reader.

The standard proof uses a diagonal argument. Suppose by contradiction
that the enumeration function U(e,x) is primitive recursive. Then also the
explicitly defined function f:

f(x)=U(z,z)+1 (1)

is a primitive recursive function. By the Enumeration Theorem there is a
number e such that for every number x we have

f(x) =U(e,x). (2)

We obtain contradiction from
F@) Y Uiee)+1? fe)+1.

7.5.8 Primitive recursive indices. We say that a number e is a primitive
recursive index of the n-ary function f if

flry,...,zn) =Un(e, 1, ..., 20)
for all numbers z1,...,z,. This can be expressed equivalently by
f('rla"'vxn) :€.<I1,...,ZE">-

Primitive index is said to be well-formed if it is a code of some PR-function
symbol. As a simple corollary of the Enumeration Theorem we can see that
a function is primitive recursive iff it has a primitive recursive index.

For every n > 1 by (;5((5") we denote the n-ary primitive recursive function
with the primitive recursive index e. Note that we then have

¢£")(:E1,...,xn) =Un(e,21,...,%n).
and

¢£n)(;p1,...,xn) =co(ry,...,Tn).

By the Enumeration Theorem, an n-ary function f is primitive recursive iff
f= ¢ for some e. In the sequel we will often abbreviate gl)(iﬂ) t0 e ().
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7.5.9 Indices of initial primitive recursive functions. We clearly have

tpa Zox=0
tpa Sexz=x+1
pa I o (x1,...,2n) =2

and therefore the numbers Z, S and I are p.r. indices of the initial p.r.
functions Z(x) =0, S(z) =z + 1 and I7'(Z) = x;, respectively.

7.5.10 Indices of constant functions. There is a unary p.r. function C,,
which yields p.r. indices of unary constant functions C,,(x) = m, i.e. we have

oo, (x) =m
for every x. The property can be easily expressed in the language PA by
tba Coex=m (1)
Note that we have
pa Co(z) =0

A O (1) = S Cr ()
and thus the function C,, has the following primitive recursive definition:

Cy=2
Cs1 = Comp}(S, C.).

There is a binary primitive recursive function C;’ which yields p.r. indices
of n-ary constant functions C7(Z) = m, i.e. we have

don (21,...,2n) =M.
This is expressed in the language PA by
tpa C o {x1,...,xp)=m (2)
Note that we have
tpa Cp (1, 2n) =Cp 17 (21, ..., 2p)
and thus the function C;} has the following primitive recursive definition:
C" = Compi(Cp, I").

Verification. (1): By induction on m. The base case is trivial and the induc-
tion step follows from
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Chiiex= C’omp%(S7 Cp)ex=Se C'moacIE Sem=m+1.
(2): Tt follows from

Cle(xi,....,xn)= Compy(Cp,I") o (x1,...,2n) =
)

=Cpel'e(z1,...,2y)=Cypexs = m. =

7.5.11 Explicit definitions. Now we consider the problem of finding p.r.
indices of functions defined by explicit definitions:

flxr,. ... ,xn) =721, ., 20 ] (1)

We suppose here that the term 7 is built up from from variables and constants
by applications of p.r. function symbols.

The primitive recursive index "AZ.7" of the function f defined by (1) is
constructed inductively on the structure of the term 7 as follows:

Nz, = IP
"Az.m’ = C
AE.g(T1,. . Tim) ' = Comp&(rg1, (AT r/\:f:.Tm’)).
We have
tpa AZ.T ®(X1,...,Tpn)=T[X1,...,Tp] (2)

Proof. Property (2) is proved by (meta-)induction on the structure of the
term 7. If 7 = 2; then we have

Nex; e (xy,...,xn) = I ez, .. xn) = @y,

Similarly, if 7 =m then we have

AZ.m e (x1,...,x,) = C o (x1,...,2,) [
Finally, if 7 = g(71,...,7m) then we have
rAf'g(Tlv s 77—771)1 i <Ila s ,.’,En> =

= Comp&(rg: (AT r/\i:.7m1)) o (r1,...,opn) =

="g e (" ATy, AT Y e (T, ) =
="g'e (r/\:?.ﬁ1 o (T1,...,Tp)yeen, ATy @ (xl,...,xn)> 1
="g e (m[x1,. . xn], o T [T1, o, X0 ]) =

g1, ) [T, - T |- o
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7.5.12 Example. Addition is defined by primitive recursion (cf. Par. 1.2.11)

0+y=1(y)
(z+1)+y=h(z,z+y,y)

from the identity function I(y) = y and the ternary function h(z,a,y) = S(a).
By Par. 7.5.11, "Ax12923.5(22)" is a p.r. index of h and therefore the number

RECQ(Ill, rAI1$2I3.S(.§C2)1)

is a p.r. index of the addition. Primitive recursive indices of some other p.r.
functions (e.g. multiplication) are obtained similarly (cf. Sect. 1.2).

7.5.13 Parametric function. The binary parametric function e/z takes a
p.r. index e of a binary p.r. f and a number z and yields a p.r. index of the
unary p.r. function g such that g(y) = f(x,y), i.e. we have

Befa(y) = 6 (2,y).
This is expressed in PA by
ea (efx) 0y =ce(z,y). (1)
The parametric function is defined explicitly as a p.r. function by
e/r = Compj(e,{Cy, I')).
Verification. Property (1) follows from
(e/z) oy = Compy(e,(Cu,I})) oy =co(Cy,I}) oy =
7.5.10(1)

=ce(Croy Il oy) =" co(x,y) O

7.5.14 S-m-n theorem. For every m,n > 1, there exists an (m+1)-ary
primitive recursive function s} (e, Z) such that

6 ey () = S (&,9).
This is expressed in PA by
pa Sy (6,21, oy Tn) O (Y1, -y Un) = €0 (X1, o Ty Y1s ooy Yn). (1)
The function s]'(e, Z) is defined explicitly as p.r. function by
st (e,21,..., ) = Compl,,.(e,(CL,...,CL II',..., I})).

Verification. Property (1) is proved as follows (§ = y1,...,Ym):
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S;n(eaxla-"vxm).(yla"'5yn>:
= Comp%m(e,(Cgl,...,Cgm,Ifl,...,I];))O(yl,...,yn):
=ee(C.,...,C JI',...,I') e (y1,...,yn) =

=ce(Cr e (h),....CL o (5), I o (3),..., I} o (7))

) 7.5.10(2)

:eo<x1,...,wm,y1,-~7yn>' °

7.5.15 Self-reproducing machine. We conclude this section by solving
the following question. Does exist a primitive recursive function which pro-
duces its own description? More precisely, we wish to find a unary recursive
function ¢.(x) which yields its own well-formed index e for every input =z,
i.e. we would like to have

(be(x) =6
or equivalently
tpa €0 = €. (1)

For that consider the following unary p.r. function defined explicitly by

9(y) = Comp;(y, C,). (2)
Let "g" be one of its well-formed p.r. indices. Then the number
e=9("g") (3)

is a well-formed index satisfying (1):

3

3
eceeoexr =

g(rg1).x(g) Compi(rgj,crg‘).l': rgw. Crg10$ -
r 1 r _1index r oy 3)
=g’y ="g(g") = e



Chapter 8
Conclusion

This thesis described logical principles behind the declarative programming
language CL which comes with its own proof system for proving properties of
defined functions and predicates. We have hopefully demonstrated that the
seemingly weak formal theory Peano Arithmetic is sufficient to introduce a
usable programming language and its verification system. We hope that we
have convinced the reader that we can code the basic data structures needed
in the computer programming into natural numbers with the level of comfort
comparable to that in other declarative programming languages.

This should be contrasted with other specification-verification systems
which formalization may be as strong as ZF (or even stronger), or based
in category theory. Many of them are based on highly non-trivial theory
of Scott’s domains. As a consequence, such systems are almost impossible
to teach at the introductory levels of undergraduate studies. The semantic
intuition of such systems, so obvious to the students of CL, is practically
non-existent.

We plan to apply the theoretical results of this work into the design of
a successor to the language CL. The current system has a fixed syntax of
programming constructs and permits only terminating programs as they are
definitions as well. We hope that the future version of CL will allow non-
termination for efficiency reason and programming with flexible user-defined
discrimination constructs but still within the framework of PA.

We plan to extend our research also to the area of modular program-
ming. Current version of CL implement modularity with the help of non-
conservative extensions of PA in the form of theories. Pavol Voda [56, 55]
have already been contemplating the ways of expressing modularity within
the framework of second order arithmetic. One of the most suitable systems is
ACAy, a subsystem of second order arithmetic with arithmetical comprehen-
sion axiom scheme. This is one of the weakest extensions of PA into second
order because it is conservative over PA. This and similar systems are in-
tensively studied in that part of mathematical logic which is called Reverse
mathematics [46, 45].
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strict lower bound 204
strict upper bound 204
structural case analysis 198
structural induction 198
structural recursion 199
subtree relation 201
body of clause 161
boolean functions 17
bounded
formula 17
quantifier 17
bounded minimalization
Braun tree 212
alternative definition 215
creating a new tree 220
deletion
of the first label 222
of the last label 226
formalization 214

16,18, 31
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indexing operation 217
insertion

of a new first label 220

of a new last label 224
size of

optimality 215

quick computation 216
updating operation 218

C

case analysis
dyadic 72
monadic 28

structural  see structural case analysis

case discrimination function 16
case discrimination term 154
assignment 156
dichotomy discrimination 155
discrimination on constants 155
discrimination on the constructors
of binary trees 197
of lists 168
of numeric terms 229
equality test 155
monadic discrimination 156
negation discrimination 155
pair constructor discrimination 156
pair discrimination 156
trichotomy discrimination 155
characteristic term
of pattern 152
clausal
definition 161, 164
closed form of 162
predicate form of 164
form 161
clause 160
body of 161
default 162
head of 161
initial 161
non-terminal 161
terminal 161
closed form of clausal definition 162
comparison predicates 18, 30
complete induction 28
composition of functions 12
computation tree 70
computational term 139
concatenation
dyadic 10,73
of lists 171
condition

Index

governing 132, 157

of regularity 132,139, 157, 159
conditional 106, see case discrimination

term, see case discrimination term

conservative extension 22
consistent theory 22
constant functions 13
constant pair constructor 153
constant symbol 21
constructors

of binary trees 196

of lists 168

of numeric terms 228
contextual definition 24
contracted iteration 39
contraction of function 49
contraction of redex 140
course of values

function 59,77

subtree function 76
course of values recursion 59

D

decimal constants 30
default clause 162
definition
of function see function definition
of predicate see predicate definition
deletion
in binary search trees 209
of extreme values 208
in Braun trees
of the first label 222
of the last label 226
denotation
of generalized term 154
of numeric term 232
of term 21
depth of binary trees 200
depth-first traversal 202
dichotomy discrimination 155
discrimination see case discrimination
term
discrimination function see case
discrimination function
divisibility predicate 5,18, 30
dyadic
case analysis 72
concatenation 10,73
numeral 9
representation 9
size 9,73
successor 9



Index

E

efficiency 160
equality

axioms 22

predicate 16

test 155
equivalent theories 23
Euclidean algorithm 5
expansion of structure 21
explicit definition

of function 13,26

of predicate 23

with bounded formula 17

exponentiation 15
extension

by definitions 25

conservative 22

of Peano arithmetic 29

of language 21

of theory 22

Skolem 24

F

Fibonacci sequence 7

finite sequence
arithmetization of 50
indexing operation 51
length of 51

first order
language 21
structure 21

theory 22
first projection 39
formal

proof 22
system 21
formula

bounded 17

logically valid 21
provable 22
single-valued 152
translation of 23,24

function
approximation 117,121
contraction of 49
partial 106

function definition
by backward recursion 64
by bounded minimalization 18,31
by course of values recursion 59
by nested simple recursion 88
by primitive recursion 54
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by recursion with measure 116
by recursion with parameter substitution
69

by regular minimalization 20, 30

by regular recursion 132, 157

by structural recursion see structural

recursion

by well-founded recursion 121

clausal definition 161

contextual definition 24

explicit definition 13,26

implicit definition 26

primitive recursive definition 14
function operator

bounded minimalization 16

composition 12

contracted iteration 39

iteration 14

primitive recursion 12

regular minimalization 19
function symbol 21
functional pair constructor 153
functions

boolean 17

constant 13

identity 12

M-recursive 20

primitive recursive 12

projection 39

G

generalization rules 22
generalized term 153

absolute 154

denotation of 154

size of 157

translation of 154
governing condition 132, 157
greatest common divisor 5
guard 153

of pattern 152

H

head of clause 161
Hilbert system 21

identity functions 12
implicit definition 26
indexing operation

in Braun trees 217
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in finite sequences 51
in lists 170
induction
backward 64
complete 28
least number principle 28
mathematical 27

structural  see structural induction

well-founded 120
with measure 115
inference rules 22
initial clause 161
input variables 152
insertion
in binary search trees 206
in Braun trees
of a new first label 220
of a new last label 224
integer division 19, 30
integer square root 146
interpretation 21

of primitive recursive function symbols

236
iteration 14

L

language
extension of 21
first order 21
least number principle 28

length
of finite sequence 51
of list 170

lexicographic ordering 114
list 167
arithmetization of 168
concatenation 171
constructors of 168
indexing operation 170
length 170
lower bound of 189
membership predicate 173
merge sort 194
ordered 190
permutation of 181
representation 168
reversal 174
sorting of 189
structural case analysis 168
structural induction 169
structural recursion 169
logical
axioms 21

consequence 21
logically valid formula 21
lower bound

of lists 189

M

mathematical induction 27
maximal element
in binary search trees 205
maximum 6
measure induction 115
measure term 115
membership predicate
in binary search trees 204
in binary trees 200
in lists 173
merge sort 194
minimal element
in binary search trees 205
minimum 107
mixed numeral 160
model 21
modified Cantor pairing function
modified subtraction 15,30
modus ponens 22
monadic
case analysis 28
discrimination 156
numeral 139
pattern 152
H-recursive
functions 20
predicates 20
multiplication 15

N

negation discrimination 155
nested simple recursion 88
non-logical symbol 21
non-terminal clause 161
numeral
dyadic 9
mixed 160
monadic 139
numeric pattern 152
numeric term 228
arithmetization of 229
constructors of 228
denotation of 232
size of 232
structural case analysis 230
structural induction 231
structural recursion 231

Index

36



Index

(0]

ordered list 190
output variables 152

P

pair
constructor discrimination 156
constructor pattern 153
discrimination 156
pattern 153
representation 37
pairing function
modified Cantor 36
pairing property 36
partial function 106
pattern 151
absolute 152
characteristic term of 152
guard of 152
input variables of 152
matching 151
output variables of 152
uniqueness condition 152
witnessing term of 152
pattern (example of)
assignment 152
monadic pattern 152
numeric pattern 152
pair constructor pattern 153
pair pattern 153
test 153
Peano arithmetic 27
permutation of lists 181
postfix machine 233
precondition
of program 139, 159
predecessor 15
predicate definition
by structural recursion
recursion
clausal definition 164
explicit definition 23
with bounded formula 17
predicate form of clausal definition 164
predicate symbol 21
predicates
comparison 18,30
p-recursive 20
primitive recursive 12
primitive recursion 12,54
primitive recursive
definition 14

see structural
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derivation 12

function symbol 235
arithmetization of 236
interpretation of 236
functions 12

predicates 12

primitively recursively closed 13

program
precondition of 139, 159
regular 139, 159
projection

function 39
projection function 49
propositional variable 21
provability 22

in Peano arithmetic 27
provable formula 22

Q

quantifier axioms 22
R

recursion

simultaneous 113

tail 8

with measure 116

with parameter substitution 69
redex 139

contraction of 140
reduction 140
regular minimalization 19, 20, 30
regular recursion 132, 157
relation

well-founded 120
remainder function
representation

dyadic 9

list 168

pair 37
reversal of list 174

19, 30

S

second projection 39
selector

for parameters 75

for recursive arguments 74
simultaneous recursion 113
single-valued formula 152
size

dyadic 9,73

of binary trees 200
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of generalized term 157
of numeric term 232
of term 132
Skolem
axioms 24
extension 24
sorting of lists 189
special lambda notation 88
square root see integer square root
standard model
of Peano arithmetic 27
strict lower bound
in binary trees 204
strict upper bound
in binary trees 204
structural case analysis
on the constructors
of binary trees 198
of lists 168
of numeric terms 230
structural induction
on binary trees 198
on lists 169
on numeric terms 231
structural recursion
on binary trees 199
on lists 169
on numeric terms 231
structure
expansion of 21
first order 21
subtree relation 201
successor
dyadic 9
monadic 12
summation 15,34
symbol
constant 21
function 21
non-logical 21
predicate 21

T

tag 153
tail recursion 8
term

Index

approximation 117,123
case discrimination see case discrimi-
nation term
computational 139
conditional 106
denotation of 21
generalized 153
regular in well-founded relation 132
157
size of 132
special lambda notation 88
terminal clause 161
test 153
theorem 22
theory
axioms of 22
consistent 22
first order 22
theorem of 22
translation
of formula 23,24
of generalized term 154
trichotomy discrimination 155
tuple
arithmetization of 48
predicate 49
projection function 49

U

unfolding 161
invariant 161
updating operation
in Braun trees 218

w

well-founded
induction 120
recursion 121
relation 120
witnessing term
of pattern 152

z

zero function 12



