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Abstract

In the paper, we generalise the well-known hyperresolution principle to the general first-
order Godel logic with truth constants. We propose a hyperresolution calculus suitable
for automated deduction in Godel logic with explicit partial truth and solve the deduction
problem of a formula from a countable theory. We expand Godel logic by a countable
set of intermediate truth constants of the form ¢, ¢ € (0,1). Our approach is based on
translation of a formula to an equivalent satisfiable finite order clausal theory, consisting
of order clauses. We introduce a notion of quantified atom: a formula a is a quantified
atom if a« = Qx p(to,...,t,) where Q is a quantifier (V, 3); p(to,...,t,) is an atom; x is
a variable occurring in p(to, ..., t,); for all i < 7, either ¢; = z or « does not occur in ¢;.
Then an order clause is a finite set of order literals of the form £ ©e9 where ¢; is an atom
or a quantified atom, and ¢ is the connective = or <. = and < are interpreted by the
equality and standard strict linear order on [0, 1], respectively. We shall investigate the
so-called canonical standard completeness, where the semantics of Godel logic is given
by the standard G-algebra and truth constants are interpreted by ’themselves’. The
hyperresolution calculus is refutation sound and complete for a countable order clausal
theory under a certain condition for the set of truth constants occurring in the theory.
As an interesting consequence, we get an affirmative solution to the open problem of
recursive enumerability of unsatisfiable formulae in Godel logic with truth constants.
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1. Introduction

Current research in many-valued logics is mainly concerned with left-continuous ¢-
norm based logics including the three fundamental fuzzy logics: Godel, Lukasiewicz, and
Product ones. From a syntactical point of view, classical many-valued deduction calculi
are widely studied, especially Hilbert-style ones. In addition, a perspective from auto-
mated deduction has received attractivity during the last two decades. A considerable
effort has been made in development of SAT solvers for the problem of Boolean satisfi-
ability. SAT solvers may exploit either complete solution methods (called complete or
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systematic SAT solvers) or incomplete or hybrid ones. Complete SAT solvers are mostly
based on the Davis-Putnam-Logemann-Loveland procedure (DPLL) [1, 2] or resolution
proof methods [3, 4, 5], improved by various features [6]. t-norm based logics are logics
of comparative truth: the residuum of a ¢t-norm satisfies, for all 2,y € [0,1], z —» y =1
if and only if z < y. Since implication is interpreted by a residuum, in the propositional
case, a formula of the form ¢ — v is a consequence of a theory if ||@||* < [[1||* for
every model 2 of the theory. Most explorations of ¢t-norm based logics are focused on
tautologies and deduction calculi with the only distinguished truth value 1 [7]. However,
in many real-world applications, one may be interested in representation and inference
with explicit partial truth; besides the truth constants 0, 1, intermediate truth constants
are involved in. In the literature, two main approaches to expansions with truth con-
stants, are described. Historically, the first one has been introduced in [8], where the
propositional Lukasiewicz logic is augmented by truth constants 7, r € [0, 1], Pavelka’s
logic (PL). A formula of the form 7 — ¢ evaluated to 1 expresses that the truth value of
¢ is greater than or equal to . In [9], further development of evaluated formulae, and in
[7], Rational Pavelka’s logic (RPL) - a simplification of PL exploiting book-keeping ax-
ioms, are described. Another approach relies on traditional algebraic semantics. Various
completeness results for expansions of ¢-norm based logics with countably many truth
constants are investigated, among others, in [10, 11, 12, 13, 14, 15, 16].

1.1. Motivation

Concerning the three fundamental first-order fuzzy logics, the set of logically valid for-
mulae is IIs-complete for Lukasiewicz logic, IIs-hard for Product logic, and 3;-complete
for Godel logic, as with classical first-order logic. Among these fuzzy logics, only Godel
logic is recursively axiomatisable. Hence, it was necessary to provide a proof method
suitable for automated deduction, as one has done for classical logic. In contrast to clas-
sical logic, we cannot make shifts of quantifiers arbitrarily and translate a formula to an
equivalent (satisfiable) prenex form. In [17, 18, 19], the prenex fragment of Godel logic
in presence of the projection operator A : [0, 1] — [0, 1],

Aa— {1 ifa=1,
0 else,
is investigated, denoted as the prenex GOAO; and without A, as the prenex G.. Infor-
mally, the standard Skolemisation of a prenex formula Q121, ..., Qnx, F (F is quantifier
free) with respect to validity is the replacement of every universally bound variable y
by a Skolem term f(z1,...,2,) if y is in the scope of the existential quantifier occur-
rences Jz1,...,3z,. Analogously, with respect to satisfiability, 'universal’ is altered to

‘existential’, and vice-versa. A Skolemised formula by the standard way is an open for-
mula. In classical logic, a Skolemised formula is valid | satisfiable if and only if so is
the original formula. In case of the prenex G, or GOA07 this duality does not hold. The
standard Skolemisation with respect to validity is not sound for the prenex G, but it
is for the prenex G4 . A variant of Herbrand’s Theorem for the prenex G4 is proved,
which reduces the validity problem (VAL) of a formula in the prenex G to the VAL
problem of an open formula in G£. In case of the satisfiability problem (SAT), one
cannot proceed as in classical logic. So, a novel extended form of Skolemisation has been
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introduced, which adds a new monadic predicate symbol besides replacing existential
quantifier occurrences by Skolem terms. Both the Skolemisation methods are in polyno-
mial time. Further, a meta-level logic of order clauses is defined, which is a fragment of
classical one. An order clause is a finite set of inequalities of the form a < bor a < b
where <, < are meta-level binary predicate symbols and a, b are atoms of G5 consid-
ered as meta-level terms. The semantics of the meta-level logic of order clauses is given
by classical interpretations on [0, 1], varying on assigned (truth) values to atoms of G4
(meta-level terms), which are the strict dense linear order with endpoints on [0,1]; < is
interpreted as the strict dense linear order with endpoints and < as its reflexive closure
on [0,1]. A Skolemised open formula can be translated using a structural translation to
order clauses in polynomial time. We conclude that a formula in the prenex G2 is valid
if and only if a translation (in polynomial time) of it to order clause form is unsatisfiable
with respect to the semantics of the meta-level logic. Similarly, a formula in the prenex
G2 is (un)satisfiable if and only if a translation (in polynomial time) of it to order clause
form is (un)satisfiable with respect to the semantics of the meta-level logic. The ordered
chaining calculi [20, 21] (the irreflexivity resolution and factorized chaining rules) may
be used for resolution-style deduction over order clauses. As an interesting consequence,
we get that the set of unsatisfiable formulae in the prenex G is recursively enumerable.

We believe that a solution via Skolemisation may be of limited use, if even feasible.
However, we can avoid this way as follows. In [22, 23], we have generalised the well-
known hyperresolution principle to the first-order Godel logic for the general case. Our
approach is based on translation of a formula of Gédel logic to an equivalent satisfiable
finite order clausal theory, consisting of order clauses. We have introduced a notion of
quantified atom: a formula a is a quantified atom if @ = Qz p(to,...,t;) where @Q is a
quantifier (¥, 3); p(tg, . ..,t;) is an atom; x is a variable occurring in p(to, ..., t,); for all
i < 7, either t; = z or x does not occur in ¢; (¢; is a free term in the quantified atom). The
notion of quantified atom is all important. It permits us to extend classical unification
to quantified atoms without any additional computational cost. Two quantified atoms
Qzp(to,...,tr) and Q'z' p'(t,...,t,) are unifiable if Q@ = @', = = 2/, p = p/, and
the left-right sequence of free terms of Qx p(to,...,t;) is unifiable with the left-right
sequence of free terms of Q'z’ p/(¢),...,t,) in the standard manner. An order clause
is a finite set of order literals of the form &1 ¢ €5 where ¢; is an atom or a quantified
atom, and ¢ is the connective = or <. = and < are interpreted by the equality and
standard strict linear order on [0, 1], respectively. On the basis of the hyperresolution
principle, a calculus operating over order clausal theories, has been devised. The calculus
is proved to be refutation sound and complete for the countable case with respect to the
standard G-algebra G = ([0, 1], <,V,A,=, ,=,<,0, 1) augmented by binary operators
= and < for = and <, respectively. As another step, one may incorporate a countable
set of intermediate truth constants of the form ¢, ¢ € (0,1), to get a modification of the
hyperresolution calculus suitable for automated deduction with explicit partial truth [24].
We shall investigate the so-called canonical standard completeness, where the semantics
of Godel logic is given by the standard G-algebra G and truth constants are interpreted
by ’themselves’. Note that the Hilbert-style calculus for Godel logic introduced in [7],
is not suitable for expansion with intermediate truth constants. We have ¢ - 9 if and
only if ¢ = ¢ (wrt. G). However, that cannot be preserved after adding intermediate
truth constants. Let ¢ € (0,1) and a be an atom different from a constant. Then
¢ | a (C is unsatisfiable) but = ¢ — a, ¥ € — a, ¢ I/ a (from the soundness and the
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deduction-detachment theorem for this calculus). So, we cannot achieve a strict canonical
standard completeness after expansion with intermediate truth constants. On the other
side, such a completeness can be feasible for our hyperresolution calculus under a certain
condition. We say that a set {0, 1} C X of truth constants is admissible with respect to
suprema and infima if, for all § # Y7,Y2 C X and /Y1 = AYs, VY1 e Vi, AYs € Vs
(truth constants are interpreted by ’themselves’). Then the hyperresolution calculus is
refutation sound and complete for a countable order clausal theory if the set of truth
constants occurring in the theory, is admissible with respect to suprema and infima. This
condition obviously covers the case of finite order clausal theories. We solve the deduction
problem of a formula from a countable theory. As an interesting consequence, we get
an affirmative solution to the open problem of recursive enumerability of unsatisfiable
formulae in Godel logic with truth constants.

The paper is organised as follows. Section 2 gives the basic notions and notation
concerning the first-order Godel logic. Section 3 deals with clause form translation.
In Section 4, we propose a hyperresolution calculus with truth constants and prove its
refutational soundness, completeness. Section 5 provides some examples for translation
and deduction. Section 6 brings conclusions.

2. First-order Godel logic

Throughout the paper, we shall use the common notions and notation of first-order
logic. N | Z designates the set of natural | integer numbers and < | < the standard
order | strict order on N | Z. By L we denote a first-order language. Varp | Funcy |
Predp | Termg | GTermy | Atomge | GAtom, denotes the set of all variables | func-
tion symbols | predicate symbols | terms | ground terms | atoms | ground atoms of
LY ary : Funcy U Pred; — N!' denotes the mapping assigning an arity to ev-
ery function and predicate symbol of £. We assume truth constants - nullary pred-
icate symbols 0,1 € Predg, arp(0) = arg(1) = 0; 0 denotes the false and 1 the
true in £. Let Cz C (0,1) be countable. In addition, we assume a countable set of
nullary predicate symbols Cy = {¢|¢ € Pred;,ars(¢) = 0,c € Cc} C Preds; {0},
{1}, O are pairwise disjoint. 0, 1, ¢ € C are called truth constants. We denote
Teonsy = {0,1}UC, C Preds. Let X C Tconsz. We denote X = {00 € X}U{l|1 €
X}u{clee XNnC,} C[0,1]. By Form' we designate the set of all formulae of £
built up from Atom, and Var, using the connectives: —, negation, A, conjunction, V,
disjunction, —, implication, and the quantifiers: V, the universal quantifier, 3, the exis-
tential one. In addition, we introduce new binary connectives =, equality, and <, strict
order. We denote Con = {—,A,V,—, =, <}. By OrdForm ' we designate the set of all
so-called order formulae of £ built up from Atom, and Var, using the connectives in
Con and the quantifiers: V, 3.2 Note that OrdForm, O Form,. In the paper, we shall
assume that £ is a countable first-order language; hence, all the above mentioned sets of
symbols and expressions are countable. Let € | g;, 1 <i < m | vy, 1 <i < n, be either
an expression or a set of expressions or a set of sets of expressions of £, in general. By

L If the first-order language in question is not explicitly designated, we shall write denotations without
index.
2We assume a decreasing connective and quantifier precedence: V, 3, =, A, =, =, <, V.
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vars(ey, ..., em) C Varg | freevars(ey,...,em) C Vare | boundvars(ey,...,em) C Varg |

funcs(er,...,em) C Funcy | preds(e1,...,em) C Preds | atoms(eq,...,em) C Atom we
denote the set of all variables | free variables | bound variables | function symbols | predi-
cate symbols | atoms of £ occurring in €1,...,&,,. € is closed iff freevars(e) = (). By £ we
denote the empty sequence. By |e1,...,&,| = m we denote the length of the sequence
€1y...,Em. We define the concatenation of the sequences e1,...,&,, and vy,...,v, as
(e1,--,em), (V1,...,Un) = €1,...,Em,V1,...,U,. Note that concatenation of sequences

is associative.?

Let X, Y, Z besets, ZC X; f: X — Y be a mapping. By ||X| we denote the
set-theoretic cardinality of X. X being a finite subset of Y is denoted as X Cr Y. We
designate P(X) = {z|x C X}; P(X) is the power set of X; Pr(X) = {z|z Cr X};
Px(X) is the set of all finite subsets of X; f[Z] = {f(2) |z € Z}; f[Z] is the image of
Z under f; flz = {(z, f(2)) |z € Z}; f|z is the restriction of f onto Z. Let v < w. A
sequence 0 of X is a bijection § : v — X. Recall that X is countable if and only if
there exists a sequence of X. Let I be a set and S; # 0, ¢ € I, be sets. A selector S
over {S;|i € I} is a mapping S : I — |J{S; |7 € I} such that for all i € I, S(i) € S;.
We denote Sel({S;|i € I}) = {S|S is a selector over {S;|i € I}}. R designates the
set of real numbers and < | < the standard order | strict order on R. We denote
R ={c|0<ceR},R* ={c|0<ceR};[0,1] ={c|0<c<1ceR};[0,1]is the
unit interval. Let ¢ € R*. logc denotes the binary logarithm of ¢. Let f,g: N — R{.
f is of the order of g, in symbols f € O(g), iff there exist ng € N and ¢* € R such that
for all n > ng, f(n) < c*-g(n).

We define the size of term of L |t| : Term; — N by recursion on the structure of ¢:

] = 1 ift € Varg,
LS ] it = f(t et

Subsequently, we define the size of order formula of £ |¢| : OrdForm, — N by recursion
on the structure of ¢:

L+ >0 |l ifo=plt,... t) € Atomg,

|¢‘: 1+|¢1| Zf¢:_‘¢1a
L+ |¢1] + |p2] if & = b1 0 pa,
2+ ¢ if ¢ = Qx 1.

Let T Cx OrdForm;. We define the size of T as [T| = >, cr|¢[. By varseq(¢),
vars(varseq(¢)) C Varp, we denote the sequence of all variables of £ occurring in ¢ which
is built up via the left-right preorder traversal of ¢. For example, varseq(Jw (Va p(z, z, 2)V
Jyq(x,y,2))) =w,x,z,2,2,y, 2,9,z and |w,z,z,z,z,y,2,y,z| =9. A sequence of vari-
ables will often be denoted as Z, g, z, etc. Let Q@ € {V,3} and & = z1,...,z, be a
sequence of variables of L. By QZ ¢ we denote Qx; ... Qx, ¢.

Godel logic is interpreted by the standard G-algebra augmented by binary operators
= and < for = and <, respectively.

G = ([07 ]‘]’ §7V7A7:7—7I7-<70’ 1)

3Several simultaneous applications of concatenation will be written without parentheses.
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where V | A denotes the supremum | infimum operator on [0, 1];

1ifa <b, 1ifa=0,
a=>b= a=

b else; 0 else;

1ifa=0, 1ifa<b,
gmp— Y a<p—1t¥a

0 else; 0 else.

Recall that G is a complete linearly ordered lattice algebra; V | A is commutative,
associative, idempotent, monotone; 0 | 1 is its neutral element;* the residuum operator
= of A satisfies the condition of residuation:

for all a,b,c € G,aAb<c<=a<b=c (1)
Godel negation ~ satisfies the condition:
forall a € G,a = a=0; (2)
the following properties, which will be exploited later, hold:®
for all a,b,c € G,

aVbAc=(aVb)A(aVc), (distributivity of V over A) (3)
aAN(bVec)=aAbVaAc, (distributivity of A over V) (4)
a=(bVc)=a=>bVa=c, (5)
a=>bAc=(a=b)Aa=c), (6)
(aVb)=c = (a=c)A\(b=¢), (7)
aNb=>c=a=cVb=>c, (8)
a=>(b=c)=aNb=>c, (9)
((a=>b)=>b)=>b=a=b, (10)
(a=b)=>c=((a=>b)=b)A(b=>c) Ve, (11)
(a=b)=>0=((a=0)=0)A(b=0). (12)

An interpretation Z for £ is a triple (Uz, {f* | f € Funcc}, {p* |p € Pred.}) defined
as follows: Uz # () is the universum of Z; every f € Func, is interpreted as a function
f* L{}"‘(f) — Uz; every p € Pred, is interpreted as a [0, 1]-relation p” : L{}"‘(p) —
[0,1]. A variable assignment in Z is a mapping Var, — Uz. We denote the set of all
variable assignments in Z as Sz. Let e € Sz and u € Uz. A variant e[z /u] € Sz of e with

respect to z and u is defined as

clalz) = {“ o

e(z) else.

4Using the commutativity, associativity, idempotence, monotonicity, neutral element of V | A will not
explicitly be referred to.
5We assume a decreasing operator precedence: _, A, =, =, <, V.
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Let t € Term,, T be a sequence of variables of £, ¢ € OrdForm,. In T with respect
to e, we define the value ||t|Z € Uz of t by recursion on the structure of ¢, the value

|z||Z € L{lzi‘ of Z, the truth value ||¢[|Z € [0, 1] of ¢ by recursion on the structure of ¢, as
follows:

te Varg, [I7 = e(t);

t=Ffltr, o te), IEIE = FEAGIE - 17
T=x1,..xp), |2]E = e(n), ... e(z));
=0 ol =

¢ =1 Il =

o=t ol =

¢ =p(tr,.. . t:), OIF =" ([t )7, 1 D);
¢ =1, l6IZ = ledllZ;

$=d1Ada,  NOlIF = llgnllZ A llallZ;
p=¢1Vas,  olf = el VIIgall?;

=012, ol =617 = llg2llZ;
o=o1=0d2, ol = loulle = llg2II2;
o=01 <2, ol = loulle < llg2ll2;

¢ =V ¢1, pllZ = /\ [T
u€UL

¢ = Jx 1, ||¢||f = V ||¢1||g[:c/u]
u€Ur

Let ¢ be closed. Then, for all e,¢’ € Sz, ||¢[|Z = ||4]|%. Let e € Sz # 0. We denote
loll* =111z

Let £ | £ be a first-order language and Z | Z' be an interpretation for £ | £'. £’ is
an expansion of L iff Funcy O Funcy and Predyr O Pred; on the other side, we say £
is a reduct of £'. 7’ is an expansion of Z to £’ iff £’ is an expansion of L, Uz, = Uz, for
all f € Funcy, f¥ = fZ, for all p € Pred., p* = p%; on the other side, we say Z is a
reduct of Z’ to £, in symbols Z = T7'|.

A theory of L is a set of formulae of £. An order theory of L is a set of order
formulae of L. Let ¢,¢' € OrdFormp, T C OrdFormg, e € Sz. ¢ is true in Z with
respect to e, written as Z |=. &, iff ||[¢[|Z = 1. Z is a model of ¢, in symbols Z |= ¢,
iff, for all e € Sz, T = ¢. Z is a model of T, in symbols Z = T, iff, for all ¢ € T,
T E ¢. ¢ is a logically valid formula iff, for every interpretation Z for £, Z | ¢. ¢
is equivalent to ¢', in symbols ¢ = ¢', iff, for every interpretation Z for £ and e € Sz,
lol|F = ||¢'||Z. We denote tcons(¢p) = {0, 1}U(preds(¢)NC) C Tecons, and tecons(T) =
{0,1} U (preds(T)NCr) C Teonsy.
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3. Translation to clausal form

In the propositional case [25], we have proposed some translation of a formula to an
equivalent CNF containing literals of the form either a or a — b or (a — b) — b where a is
a propositional atom and b is either a propositional atom or the propositional constant 0.
An output equivalent CNF may be of exponential size with respect to the input formula;
we had laid no restrictions on use of the distributivity law (3) during translation to
conjunctive normal form. To avoid this disadvantage, we have devised translation to
CNF via interpolation using new atoms, which produces an output CNF of linear size at
the cost of being only equisatisfiable to the input formula. A similar approach exploiting
the renaming subformulae technique can be found in [26, 27, 28, 29, 30]. A CNF is further
translated to a finite set of order clauses. An order clause is a finite set of order literals
of the form e; ¢ €5 where ¢; is either a propositional atom or a propositional constant, 0,
1, and o € {=,<}.

We now describe some generalisation of the mentioned translation to the first-order
case. At first, we introduce a notion of quantified atom. Let a € Form . a is a quantified
atom of L iff a = Qxp(to,...,t,) where p(to,...,t;) € Atoms, x € vars(p(to,...,tr)),
either t; = x or « & vars(t;). QAtom, C Form, denotes the set of all quantified atoms
of L. QAtom%) C QAtom,, Q € {¥,3}, denotes the set of all quantified atoms of £
of the form Qza. Let ¢;, 1 < i < m, be either an expression or a set of expressions
or a set of sets of expressions of £, in general. By gatoms(e1,...,em) C QAtom,
we denote the set of all quantified atoms of £ occurring in e1,...,6,. We denote
qatoms@ (g1, ..., &m) = qatoms(c1,...,Em)N QAtomg, Q € {V,3}. Let Qxp(to,...,t;) €
QAtom, and p(t,...,t,) € Atom,. We denote

boundindset(Qx p(to,...,t-)) ={i|i < 7, t; =z} £ 0.

Let I = {i|i < 7,2 & vars(t;)} and ri,...,1rg, 7 < 7, k < 7, for all 1 < i < i <k,
r; < Ty, be a sequence such that {r;|1 <i <k} = I. We denote

freetermseq(Qz p(to, ..., t7)) =try s eyt
t)) =tg,. ...t

s b s bre

freetermseq(p(ty, - - -

We further introduce conjunctive normal form (CNF) in Godel logic. In contrast to
two-valued logic, we have to consider an augmented set of literals appearing in CNF
formulae. Let l,¢ € Formg. [ is a literal of £ iff either ] = a or I = b — ¢ or
l=(a—d)—dorl=a—eorl=e—a,ac Atomg — Tconsz, b € Atom, —{0, 1},
c € Atomg — {1}, d € (Atomg — Tconsz) U{0}, e € QAtom,, {b,c} € Tcons,. The
set of all literals of £ is designated as Lity; C Form,. ¢ is a conjunctive | disjunctive
normal form of £, in symbols CNF | DNF, iff either ¢ € Tconsz or ¢ = N\, ., V<o, 1% |
¢ = Vign /\jgm,; l;, l; € Lit;5 Let D=1, V---Vl, € Formg, l; € Lit;. We denote
lits(D) = {ly,...,ln} C Lite. D is a factor iff, for all 1 <i < ¢’ <mn, l; # ;.

We finally introduce order clauses in Godel logic. Let [ € OrdForm,. [ is an order
literal of L iff I = €1 0e4, &; € Atom, U QAtom,, o € {=, <}. The set of all order literals

6 Associativity of A, V is not explicitly referred to, and hence, Ni<n @5V i<p ®i € OrdForm, are
written without parentheses. N -
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of L is designated as OrdLit; C OrdForm,. An order clause of L is a finite set of order
literals of £; since = is commutative, for all e = g9 € OrdLit,, we identify €1 = €5 and
€o = g1 € OrdLit, with respect to order clauses. An order clause {ly,...,[,} is written
in the form I; V- - -V ,. The order clause } is called the empty order clause and denoted
as . An order clause {l} is called a unit order clause and denoted as [; if it does not
cause the ambiguity with the denotation of the single order literal [ in given context. We
designate the set of all order clauses of £ as OrdClz.” Let I,1y,...,l,, € OrdLit; and
C,C" € OrdCl;. We define the size of C as |C| = >, |l|. By [V C we denote {I} UC
where [ ¢ C. Analogously, by lo V --- VI, V C we denote {lp} U---U{l,} UC where, for
all i, <n,i#14,1; € C and l; # l;;. By CV C’" we denote C U C’. C is a subclause of
C’, in symbols C' C C’, iff C C C’. An order clausal theory of £ is a set of order clauses
of £. A unit order clausal theory is a set of unit order clauses.

Let ¢, ¢ € OrdForm, T,T" C OrdForm,, S,S" C OrdCl., T be an interpretation
for £, e € Sz. Note that T =, [ if and only if either | = &1 = &9, [l = &F =1
H51||I = |leal|Z; or I = g1 < g9, |le1 =< &2l = 1, |le1]|F < |le2|F. C is true in Z with
respect to e, written as Z =, C, iff there exists I* € C such that Z |=. I*. 7 is a model
of C, in symbols Z = C, iff, for all e € Sz, T = C. T is a model of S, in symbols
ZES i, foralCe S, TEC. ¢ |T'|C" |5 is alogical consequence of ¢ | T | C' |
S, in symbols ¢ |T|C|S | ¢'|T"|C"| S, iff, for every model Z of ¢ | T | C' | S for L,
ITEY|T|C|S. ¢|T|C|S is satisfiable iff there exists a model of ¢ | T | C | S
for L. Note that both 00 and [0 € S are unsatisfiable. ¢ | T' | C' | S is equisatisfiable to
¢ | T | C" | S"iff ¢ | T|C|S is satisfiable if and only if ¢’ | T/ | C' | S’ is satisfiable.
We denote tcons(S) = {0,1} U (preds(S) N Cz) C Teonsy. Let S Cr OrdCly. We
define the size of S as [S| = Y ¢ |C|. 1 is a simplified order literal of £ iff [ = &1 ¢ &2,
{e1,e2} € Tconse, {e1,e2} € QAtom,. The set of all simplified order literals of L is
designated as SimOrdLit; C OrdLit;. We denote SimOrdCl, = {C|C € OrdCl.,C C
SimOrdLite} C OrdCl,. Let fo ¢ Funcg; fo is a new function symbol. Let I =N x N; I
is an infinite countable set of indices. Let P = {f; |1 € I} such that PN Pred, = 0; P is
an infinite countable set of new predicate symbols.

3.1. A computational point of view

From a computational point of view, the worst case time and space complexity will
be estimated using the logarithmic cost measurement. Let ny € N and E, E be either
a term or an order formula or an order clause or a finite order theory or a finite order
clausal theory. E can be represented by a tree-like data structure D(E) having nodes data
records. A data record of D(FE) represents either a subexpression or a suitable subset of
E, depending on the form of E. In Table 1, we introduce all possible forms of data record.
Concerning Table 1, variable, function, predicate symbols occurring in E can be indexed
by indices of the form (ns,j) € I. The value of an index may be written in the binary
number representation. We shall assume that p;,4e, € Tcons if and only if index starts
with the digit 1 in the binary number representation. The number of indices occurring in
D(E) is in O(|E|) and the length of an index in O(log(1+ns)+log(1+|E]|)). Concerning
Table 1, a data record in D(E) may contain pointers which reference other data records

7If the first-order language in question is not explicitly designated, we shall write OrdCl, without
index.
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Table 1: Forms of data record

Expression

Data record

Tindez € Var

finde:c (tla . 7t7—) € Term

pindew(tl, ces ,tT) € Atom

—¢1 € OrdForm

1 N\ ¢p2 € OrdForm
1V ¢po € OrdForm
1 — b2 € OrdForm
$1 = ¢o € OrdForm
¢1 < ¢2 € OrdForm
VT indes 91 € OrdForm

x, index)

[, index, pointer, , ..., pointer, )

p, indezx, pointer, ... ,poz'ntertT)
-, pointer )

A, pointer , pointer )

V, pointer , pointer, )

—, pointer, , pointer )

=, pointer , , pointer )

vV, pointer, . ., pointer, )

I indes 1 € OrdForm

O e OrdCl

v C e OrdCl

) € OrdForm, OrdCl

{¢} UT Cx OrdForm,¢ ¢ T
{CYUS Cx OrdCl,C ¢ S

3, pointer,, . . pointer,, )
0)
|, pointer;, pointer )

0

=

, pointer ,, pointery)

(
(
(
(=
(
(
(
(=, pointer, , pointer,)
(
(
(
(
(
(
(&
(&

, pointer, pointerg)

pointer z denotes a pointer which references D(FE).

in D(E). The value of a pointer may be written in the binary number representation.
Since D(E) is a tree-like data structure, no two different pointers reference the same
data record. The number of pointers occurring in D(E) is in O(|E|) and the length of a
pointer in O(log(1 + n, - |E|)) = O(log(1 + n,) + log(1 + | E|)). For every expression E,
there exists a tree-like data structure D(E); the proof is by induction on the structure
of F using Table 1. The time and space complexity of an elementary operation on an
index | a pointer, is of the order of its length, in O(log(1+ns)+log(1+|E|)). Concerning
Table 1, a data record consists of a field of length in O(1) (of constant length with respect
to input) and of a finite number of indices, pointers. The time and space complexity of
an elementary operation on a field, is of the order of its length, in O(1). D(E) consists
of a finite number of data records. Therefore, it suffices to consider only elementary
operations on fields, indices, pointers in data records of D(E). For simplicity, we shall
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call them elementary operations on D(E). We get the time and space complexity of an
elementary operation on D(E), is in O(log(1 + ns) + log(1 + |E|)). An upper bound
on the size of D(E) can be calculated as the sum of upper bounds on the total lengths
of fields, indices, pointers in data records of D(E). The total length of fields in data
records of D(E), is in O(|E|). The total length of indices | pointers in data records
of D(E), is in O(|E| - (log(1 4+ ns) + log(1 + |E|))). We obtain the size of D(F) is in
O(|E| - (log(1 4 ns) + log(1 + |E]))).

Let ns € N and A be an algorithm with inputs Ey, £1 which usesonly £, =0,...,q,
represented by a tree-like data structure D(E;) such that E; is either a term or an order
formula or an order clause or a finite order theory or a finite order clausal theory; ¢ > 1
is a constant with respect to input; there exists a constant » > 1 with respect to input
satisfying, for all j < ¢, |E;| € O(|Eo|" + |E1|"). #O.4(Eo, E1) > 1 denotes the number
of all elementary operations executed by A;® we assume that A executes at least one
elementary operation. The number of indices | pointers | fields occurring in D(Ej;),
J=0,...,q, is in O(|Ep|" + |F1|") and the length of an index | a pointer in O(log(1 +
ns) +log(1 + |Eo| + | E1])). The time and space complexity of an elementary operation
on D(E;) executed by A, is in O(log(1 + ns) + log(1 + |Eo| + |E1])). The size of D(E}),
Jj=0,...,q, area of data records, is in O((| Eo|"+|E1|")-(log(14+ns)+log(1+|Eg|+|En]))).

A also uses several auxiliary data structures: stack, index generator, addressing unit.
stack consists of a finite number of frames. A frame is of the form (field, pointer) where
field is of length in O(1) and pointer is a copy of that occurring in D(E;) of length in
O(log(1+ns)+1log(1+ |Eg|+ |E1])). The length of a frame of stack is in O(log(1 +ns) +
log(1+|Eo|+|E1])). The time and space complexity of an elementary operation on stack
executed by A, is of the order of the length of a frame of stack, in O(log(1+ ns) +log(1l+
|Eo|+|E1])). The size of stack is in O(#O 4(Ey, E1) - (log(1+ns) +1log(1+|Eo|+ |E1])))-

index generator serves for generating new predicate symbols of the form p; € P. It may
consist of a constant number of indices, of length in O(log(1+ ns) +log(1+ |Eo|+ | E1])).
The size of index generator is in O(log(1 + ns) + log(1 + |Ep| + |E1])). The time and
space complexity of an elementary operation on index generator executed by A, is of the
order of its size, in O(log(1 + ng) +log(1 + |Eo| + |E4])).

addressing unit serves for addressing in the memory used by A. It may consist of a
constant number of address registers. The memory can be arranged as follows:

(stack idex generator addressing unit area of data records).

An address register has to be able to reference an arbitrary address in the memory. The
total size of stack, index generator, area of data records is in

O(#0Oa(Eo, Er) - (log(1 + n) +log(1 + |Eo| + |E1l])) +

log(1 + ng) +log(1 + |Eo| + |E1|) +

(|Eo|" + |E1]") - (log(1 + ns) + log(1 + | Eo| + |E1]))) =
O((#OA(Ey, ) + |Eol” + |Eal") - (lg(1 + na) +log(1 + | o] + |Ea])).

81f the algorithm in question is not explicitly designated, we shall only write #O(Eq, E1).
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The length of an address register is in

o)

(log((#0.a(Eo, Ev) + |Eo|" + | E1]") - (1 + log(1 + ns) + log(1 + [Eo| + [E1])))) =
(log(#0.4(Eo, E1) + | Eo| + | E1|) + log(1 + log(1 + n;) + log(1 + [Eo| + [Er|))) =
(log(#0O.4(Eo, E1) + |Eo| + |E1]) + loglog(2 + ns) + loglog(2 + |Eo| + [E1[)) =
(log(#0.4(Eo, E1) + |Eo| + |E1|) + loglog(2 + ns)).

S O O

The size of addressing unit is in O(log(#0O.4(Ey, E1) + |Eo| + |E1]) + loglog(2 4+ ny)).
The time and space complexity of an elementary operation on addressing unit executed
by A, is of the order of its size, in O(log(#O4(Eo, E1) + |Eo| + |E1]) + loglog(2 4 ny)).
The size of the memory is in

O((#Oa(Eo, Er) + |Eo|" + [Er[") - (log(1 4 1) + log(1 + | Eo| + | Er[)) +
log(#0.4(Eo, Ev) + [Eo| + [En|) + loglog(2 + n,)) =
O((#Oa(Eo, Er) + |Eo|" + | Er[") - (log(1 4 ns) + log(1 + | Eo| + |Exl))),

as the total size of stack, index generator, area of data records.

We may assume that 4 executes only elementary operations on stack, index generator,
addressing unit, area of data records. We get the time and space complexity of an
elementary operation executed by A, is in

O(maz(log(1 + ng) + log(1 + |Eo| + |E4)),
log(#Oa(Eo, E1) + |Eo| + |E1]) +loglog(2 + ny))) =
O(log(1 4 ny) +log(1 + |Eg| + |E1|) +
log(#0.4(Eo, E1) + |Eo| + |E1]) + loglog(2 + n,)) =
O(log(1 + ns) +log(#0.4(Eo, E1) + | Eo| + [ E1])).

We conclude that

the time complexity of A on Ey and Ey, is in O(#04(Eo, E1) - (log(1 +ng) +  (13)
log(#0a(Eo, E1) + | Eol| + [Erl)));

the space complexity of A on Ey and Ey, is in O((#O04(Ey, E1)+|Eo|"+|E1|")-  (14)
(log(1 + ns) +log(1 + | Eo| + [Exl))).

3.2. Substitutions

We assume the reader to be familiar with the standard notions and notation of sub-
stitutions. Cf. Appendix, Subsection 7.1, 41. We introduce a few definitions and de-
notations; some of them are slightly different from the standard ones, but found to
be more convenient. Let X = {z;|1 < i < n} C Varg. A substitution ¢ of L is a
mapping ¢ : X — Termg. 9 may be written in the form x1/9(x1),...,x,/0(xy).
We denote dom(9) = X Cr Varg and range(¥) = ,cx vars(¥(z)) Cr Varg. The
set of all substitutions of £ is designated as Subst;. Let Qra € QAtom,. ¥ is ap-
plicable to Qz a iff dom(¥) D freevars(Qza) and = & range(V|frecvars(Qua)). We de-
fine the application of ¥ to Qza as (Qza)? = Qx a(V|frecvars(Qza) U z/x) € QAtom .
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Let ¢ and &' be expressions. ¢’ is an instance of € of L iff there exists 9* € Subst,
such that ¢ = e¥*. ¢’ is a variant of € of £ iff there exists a variable renaming
p* € Subst, such that & = ep*. Let C € OrdCl; and S C OrdCl,. C is an in-
stance | a variant of S of £ iff there exists C* € S such that C is an instance | a variant
of C* of L. We denote Inst,(S) = {C|C is an instance of S of L} C OrdCl, and
Vit (S) = {C| C is a variant of S of L} C OrdCl,.

Let E be a set of expressions. ¥ is a unifier of £ for E iff F¥ is a singleton set. Let
0 € Subst,. 6 is a most general unifier of £ for E iff 0 is a unifier of £ for E, and for every
unifier ¥ of £ for E, there exists v* € Subst, such that U|frecvars(5) = O|frecvars(z) © 7"
By mgu,(E) C Substy we denote the set of all most general unifiers of £ for E. Let
E = Ey,...,E,, E; C A, either A; = Term, or A; = Atom, or A; = QAtom, or
A; = OrdLity. ¥ is a unifier of £ for F iff, for all i < n, ¢ is a unifier of £ for E;.
is a most general unifier of £ for E iff # is a unifier of £ for E, and for every unifier
9 of L for E, there exists v* € Subst, such that 19|freemm@) = G\fmemm@) o~*. By

mgu,(E) C Subst, we denote the set of all most general unifiers of £ for E.

Theorem 1 (Unification Theorem). Let E = Ey,...,E,, cither E; Cr Termp or

E; Cx Atomg. If there exists a unifier of L for E, then there exists 0* € mgu,(E) such
that range(0*| ... 7)) C vars(E).

PROOF. By induction on [|vars(E)|); a modification of the proof of Theorem 2.3 (Unifi-
cation Theorem) in [31], Section 2.4, pp. 5-6. O

Theorem 2 (Extended Unification Theorem). Let E = Ey, ..., E,, cither E; Cr

Termp or E; Cy Atomp or E; Cr QAtom, or E; Cr OrdLits, and boundvars(E) C
V Cr Varg. If there exists a unifier of L for E, then there exists 0* € mgu,(E) such
that range(0” |4, cepars(m) NV = 0.

PROOF. A straightforward consequence of Theorem 1. O

3.83. A formal treatment

Translation of a formula or a theory to CNF and clausal form, is based on the following
lemma:

Lemma 3. Let ng,ng €N, ¢ € Formg, T'C Form.

(I) There exist either Jy = 0 or Jy = {(ng,7)|j < ns,}, Jo € {(ng.j)|j € N}, a
CNF o € Formpyp, |jeryys S¢ CF SimOrdCleygs; 5e,y such that

(a) [[Jsl <2-|0l;

(b) either Jy =0, S ={0} or Jy =S, =0 or J, #0, O & Sy # 0;

(¢c) there exists an interpretation A for L and A = ¢ if and only if there exists an
interpretation A’ for LU{p;|j € Jp} and A’ =1, satisfying A = A'|z;

(d) there exists an interpretation A for L and A = ¢ if and only if there exists an
interpretation A" for LU{p; |j € Jo} and A’ |= Sy, satisfying A=A |z;

(e) 1] € O(|p|?); the number of all elementary operations of the translation of ¢
to 1, is in O(|p|?); the time and space complezity of the translation of ¢ to 1),

is in O(|¢]? - (log(1 + ng) + log|¢]));
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() |Se| € O(|¢]?); the number of all elementary operations of the translation of ¢
to Sy, is in O(|p|?); the time and space complezity of the translation of ¢ to
Sg, is in O(|g]* - (log(1 + ny) + log |¢]));

(g) if v & Tconsg, then p = /\ignw D;, D; is a factor, Jy # 0, for all i < ny,
0 # preds(D;) NP C {p; |5 € Jy}, for all i < i' < ny, lits(D;) # lits(Dyr);

(h) if Sy #0,{0}, then Jy # 0, for all C € Sy, O # preds(C) NP C {p; |j € Jy};

(i) for all a € qatoms(v), there exists j* € Jy and preds(a) = {p;+};

(j) forallj € Jy, there exists a sequence T of variables of L and p;(Z) € atoms (1))
satisfying, for all a € atoms(¢) and preds(a) = {p;}, a = p;(Z); if there exists
a* € gatoms(v¢) and preds(a*) = {p;}, then there exists Qx p;(Z) € gatoms(v)
satisfying, for all a € gatoms(y) and preds(a) = {p;}, a = Qz p;(T);

(k) for all a € qatoms(Sy), there exists j* € Jy and preds(a) = {pj- };

(1) forallj € Jy, there exists a sequence T of variables of L and p;(Z) € atoms(S,)
satisfying, for all a € atoms(Se) and preds(a) = {p;}, a = p;(&); if there
exists a* € qatoms(Sy) and preds(a*) = {p;}, then there exists Qu p;(z) €
qatoms(Sy) satisfying, for all a € gatoms(Sy) and preds(a) = {p;}, a =
Qup;(Z);

(m) tecons(p) = tcons(Sy) C teons(¢).
(IT) There exist Jr € {(i,7) |i > no} and S C SimOrdCleygs,|jespy such that

(a) either Jr =0, Sp={0} or Jp =S =0 or Jp #0, 0 & St # 0;

(b) there exists an interpretation A for L and A =T if and only if there exists an
interpretation A" for LU{p; |j € Jr} and A’ |= St, satisfying A=A |z;

(¢) if T Cr Formg, then Jp Cx {(i,5)|i > no}, ||Jr|l < 2-|T|, St Cr

SimOrdCle s, 1jeiry, 1Sl € O(T[?); the number of all elementary opera-
tions of the translation of T to St, is in O(|T|?); the time and space complexity
of the translation of T to S, is in O(|T|? - log(1 + ng + |T)));

(d) if S # 0,{0}, then Jp # 0, for all C € Sy, O # preds(C)NP C {pjlie€Jr};

(e) for all a € qatoms(St), there exists j* € Jr and preds(a) = {pj- };

(f) for all j € Jrp, there exists a sequence T of variables of L and p;(Z) €
atoms(St) satisfying, for all a € atoms(St) and preds(a) = {p;}, a = p;(T);
if there exists a* € qatoms(St) and preds(a*) = {p;}, then there exists
Qzp;(Z) € qatoms(St) satisfying, for all a € qatoms(Sr) and preds(a) =
{Bi}, a = Qup;(2);

(g) teons(St) C teons(T).

PROOF. Technical, using interpolation. It is straightforward to prove the following state-
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ments:
Let ng € N and 0 € Form,. There exists 8’ € Form such that
(a) ¢ =0,

(b) 16'] < 2-16]; 8" can be built up from 6 via a postorder traversal of § with
#0O(0) € O(|0]) and the time, space complexity in O(|6] - (log(1 + ng) +
log |0]));

(c) ¢ does not contain —;

(d) ¢ € Tconsc;or 1 is not a subformula of §’; for every subformula of 6 of the
form ey 069, 0 € {A,V}, e, # 0,1, {e1,e9} € Teons; for every subformula
of @ of the form €1 — g3, 61 # 0,1, 5 # 1, {e1,e2} € Tconsy; for every
subformula of 8 of the form Qz ey, Q € {V,3}, &1 & Tconsc;

(e) tecons(8') C tcons(H).

The proof is by induction on the structure of 6.

Let [ € Lit,. There exists C' € SimOrdCl, such that

(a) for every interpretation 2 for L, for all e € Sy, A . [ if and only if
A e C

(b) |C| <3-]i|, C can be built up from [ with #0O(l) € O(]i|).

(16)

In Table 2, for every form of [, C is assigned so that for every interpretation 2 for L, for

all e € Sy, A =, 1 if and only if A =, C.

Let ng € N, 0 € Formp—{0, 1}, (15¢c,d) hold for 8; Z be a sequence of variables,
vars(0) C vars(z) © Vare; i = (ng, ji) € {(no,j) |7 € N}, ps € P, ar(ps) = |2
There exist J = {(ng,j)[ji +1 <j <ns} C{(ng,j)j € N}, js <mny, i & J,
a CNF ¢° € Formﬁu{ﬁﬁ}u{ﬁj [3€T}s S° Cr SimOT‘dClﬁu{];i}U{ﬁj ljes}, S = +,—,
such that for both s,

(a) /]| <16] = 1;

(b) there exists an interpretation 20 for £ U {p;} and 2 E p;(Z) — 0 €
Form s,y if and only if there exists an interpretation 2" for £ U {p;} U

{p; 15 € J} and A" = 4T, satisfying 2 = Q[/|LU{15,»,};
z) €

(
{piyu

(c) there exists an interpretation 2 for £ U {p;} and A = 0 — p;
Form 5,y if and only if there exists an interpretation A" for £ U

{pj i€ J} and A" |= 4, satistying A = A'| 215,15
(d) for every interpretation 2 for LU {p; } U{p; | € J}, A |= ¢° if and only if
A E S*;

(e) there exists an interpretation 2 for £ U {p;} and A = p:(Z) — 0 €
Form g,y if and only if there exists an interpretation A" for £ U {p;} U
{pj|i € J} and A’ |= ST, satisfying A = A'|zuq5,};

15
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Table 2: Translation of [ to C

Case C ] |C|
1 a a=1 |al la| +2 <3|
2 a0 a=0 la] + 2 la| +2 <3l
3 ¢c—b c<bVe="b |b] +2 2.0 +4 <3|
4 a—c a<cVa=c la| + 2 2-]a]+4 <3|
5 a—b a<bVa=b  la|+b|+1 2-|a|+2-]b|+2<3- I
6 (a—=0)—=0 0<a la| + 4 la| +2 <3|
7 (a—b)—>b b<aVb=1 |a|+2-b|+2  Ja|+2- | +3<3-[]
8 a—d a<dVa=d la| +1d]|+1 2-|a|+2-|d|+2<3- ]
9 d—a d<aVd=a la| +1d|+1 2-|a|+2-|d|+2<3-]

a,b € Atomp — Tconsz, c € Cr, d € QAtom,.

(z) €
{pi}u

(f) there exists an interpretation 2 for LU {p;} and A = 0 — B
Form g,y if and only if there exists an interpretation A" for £ U

{pj|i € J}and A’ |= S, satisfying A = A'| 5,3

(8) [v°] <15-10]-(1+|z]), ¥* can be built up from ¢ and fo(Z) via a preorder
traversal of 8 with #0(6, fo(z)) € O(|0] - (1 + |Z]));

(h) |S°] <15-16]-(1+ |z]), S° can be built up from 6 and fo(Z) via a preorder
traversal of 6 with #0(6, fo(z)) € O(|0] - (1 + |Z]));

(i) ¥* = Ni<p,. D, D} # pi(2) is a factor, for all i < ny., 0 # preds(D:)NP C
{pi} U{p;|j € J}, for all i < i < nys, lits(D7) # lits(D3);

(§) for all C € S%, 0 # preds(C) NP C {pi} U{p; |3 € J}, ps(2) = 1,p:(7) <
1&5%

(k) for all a € gatoms(¢)®), there exists j* € J and preds(a) = {p;~ };

(1) for all j € {1} U J, ﬁj(’) € atoms(¢®) satisfying, for all a € atoms(yp®)
and preds(a) = {pj} a = p;j(Z); pi & preds(qatoms(¢p®)), for all j € J,
if there exists a* € gatoms(¢®) and preds(a*) = {p;}, then there exists
Qx p;(Z) € gatoms(1®) satistying, for all a € gatoms(y*) and preds(a) =

{pj} a= prj( );

(m) for all a € gatoms(S®), there exists j* € J and preds(a) = {p;~ };
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(n) for all j € {1} U J, p;(&) € atoms(S*®) satisfying, for all a € atoms(S®)
and preds(a) = {p;}, a = p;j(Z); pi & preds(qatoms(S?)), for all j € J,
if there exists a* € gatoms(S®) and preds(a*) = {p;}, then there exists
Qz p;(Z) € qatoms(S?®) satisfying, for all a € gatoms(S*®) and preds(a) =
{ps}, a = Qup;(2);

(o) tcons(v®) = tecons(S*®) = tcons(0).

The proof is by induction on the structure of 6 using the interpolation rules in Tables 3-6.

(I) By (15) for ny, ¢, there exists ¢’ € Form, such that (15a—e) hold for ng, ¢, ¢'. We
distinguish three cases for ¢'. Case 1: ¢’ € Tconsg—{1}. Weput J, =0 C {(ne,j)|j €
N}, ¢ = 0 € Formg, Sy = {0} Cx SimOrdCl;. Case 2: ¢/ = 1. We put Jy =0 C
{(ng,4)|j € N}, = 1 € Formg, Sy = 0 Cr SimOrdCly. Case 3: ¢' ¢ Tconsy. We
put T = ’UCLT’S€(](¢/), jﬁ = O» i= (nqbvjﬂ)a ar(ﬁl’l) = |i'| We get by (17) for Ny, ¢/a z, ﬁa ﬁi
that there exist J = {(ng,7) |1 < j < ns} C{(ng,j)|j € N}, ji <ny,1 ¢ J, a CNF
Yt e Formeusyugp, |jesy ST CF SimOrdCleygs oz, |jery, and (17a,b,e,g-0) hold for
¢)/7 z, pi, J, 1/)+7 S*t. We put Njy = NJ, th = {(’I’L¢,]) |.] < n-]¢>} - {(Tl¢,]) |.7 € N}’
Y = pi(2) AT € Formeus, e,y So = {0i(2) = 11U ST Cx SimOrdCleygs, e,
(IT) straightforwardly follows from (I). The lemma is proved. O

The described translation produces order clausal theories in some restrictive form,
which will be utilised in inference using our order hyperresolution calculus to get shorter
deductions in average case, cf. Section 5. Let P C P and S C OrdClzyp. S is admissible
iff

(a) for all a € gatoms(S), preds(a) C P;

(b) for all p € P, there exists a sequence Z of variables of £ and p(Z) € atoms(S)
satisfying, for all a € atoms(S) and preds(a) = {p}, a is an instance of p(z) of LU P;
if there exists a* € qatoms(S) and preds(a*) = {p}, then there exists Qzp(Z) €
gatoms(S) satistying, for all a € gatoms(S) and preds(a) = {p}, a is an instance of
Qz p(z) of LU P.

(a) and (b) imply that for all Qza,Q'z"a’ € qatoms(S), if preds(a) = preds(a’), then
Q=Q, z=2a, boundindset(Qx a) = boundindset(Q'z’ a’).

Theorem 4. Let ng € N, ¢ € Formp, T C Formy. There exist J;f C{@,4) ]t > no}

and S? - SimOrdClEU{ﬁ, o such that
J T

(i) there exists an interpretation 2 for L and A =T, A = ¢ if and only if there exists
an interpretation A’ for LU{p;|j € J?} and A" = S?, satisfying A = A'|;

(i) if T Cr Forme, then J¢ Cr {(id)|i > mo}, 11 € O(T| + 10]), S§ C»
SimOrdCly s jeILy 1S2] € O(T|? + |¢[?); the number of all elementary op-
erations of the translation of T and ¢ to S%, is in O(|T|> + |¢|?); the time and
space complexity of the translation of T and ¢ to Sgi, is in O(|T|? - log(1 + ng +
|T]) + |¢[* - (log(1 + no) +log [¢]));
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(iii) S? is admissible;
(iv) tcons(S?) C teons(¢) U tcons(T).

PROOF. Similar to that of Lemma 3(I). We get by Lemma 3(II) for ng + 1, T that there
exist Jr C {(4,7) |7 > no + 1}, St C SimOrdCloygp, ey, and Lemma 3(IT a-g) hold
for ng+1, T, Jr, St. By (15) for ng, ¢, there exists ¢’ € Form, such that (15a—e) hold
for ng, ¢, ¢’. We distinguish three cases for ¢'. Case 1: ¢’ € Tconsy — {1}. We put
Jp = Jr C{(0,4) |1 = no+1} € {(i,4) | > no} and S = S C SimOrdCly, ;. 5es2}-

Case 2: ¢' = 1. We put J2 =0 C {(i,4)|i > no} and S}é = {0} C SimOrdCl.. Case 3:
¢ & Tconsp. We put T = varseq(¢'), ji = 0, 1 = (no,ji), ar(ps) = |Z]. We get by (17)
for ng, VZ ¢', T, 1, p; that there exist J = {(no,7)|1 < j < ny} C {(no,j5)|j € N},
Ji <ng, i€ J, ST Cr SimOrdCleyisyugs; |jery> and (17fh,j,m-o) hold for ¥z ¢', 7, p;,
J, S~ We put Jg = JrU{i}UJ C {(4,§)|i >no} and Sp = Sr U {j:(z) < 1} US™ C
SimO?"dCl[:U{ﬁJi 1jesy The theorem is proved.

O

Corollary 5. Let ng € N, ¢ € Formp, T C Formy. There exist J;f C{(%,4) ]t = no}
and S7. C SimOrdCly,, (e o, such that

J T
(i) T = ¢ if and only if Sé’ﬁ is unsatisfiable;

(i) if T Cr Forme, then J% Cr {(i,)1i > no}, Il € O(T| +19)), 5% Cx

SimOrdCly 51550y 1S2] € O(|IT? + |¢|?); the number of all elementary op-
erations of the translation of T and ¢ to Sy, is in O(|T|* + |¢|?); the time and
space complexity of the translation of T and ¢ to S?, is in O(|T|? - log(1 + ng +

IT]) + |¢]* - (log(1 + no) + log |¢]))
(iii) Sgi is admissible;
(iv) tcons(S%) C teons(p) U tcons(T).
PrROOF. Let T = ¢. Then, for every interpretation 2 for £, 2 = T or A = ¢; by
Theorem 4(i), there does not exist an interpretation A’ for LU {p; |j € J3} and A’ = S;é;
Sgi is unsatisfiable.

Let Sgi is unsatisfiable. Then, for every interpretation 2’ for £ U {p;|j € J;ﬁ},
A P Sgi; by Theorem 4(i), there does not exist an interpretation 2 for £ and 2 | T,

A £ ¢; for every interpretation 2 for £, A =T or A = ¢; T |= ¢; (i) holds.
(ii-iv) are the same as Theorem 4(ii-iv); (ii-iv) hold. The corollary is proved. O

4. Hyperresolution over order clauses

In this section, we propose an order hyperresolution calculus with truth constants
operating over order clausal theories, and prove its refutational soundness, completeness.
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4.1. Order hyperresolution rules

At first, we introduce some basic notions and notation concerning chains of order
literals. A chain = of £ is a sequence Z = g ©g Vg, . . . , En On Un, &; O; U; € OrdLit,, such
that for all ¢ < n, v; = €;41. €0 is the beginning element of = and v,, the ending element
of Z. €9 =v,, denotes = together with its respective beginning and ending element. Let
2 =800 V0y---,En n Un be a chain of L. = is an equality chain of £ iff, for all i < n,
©; ==. = is an increasing chain of £ iff there exists i* < n such that ¢;» =<. Z is a
contradiction of £ iff Z is an increasing chain of £ of the form g = 0 or 1 Zv,, or g9 2.
Let S C OrdCl, be unit and Z = g ¢ vo, - . ., En On Up, be a chain | an equality chain |
an increasing chain | a contradiction of £. Z is a chain | an equality chain | an increasing
chain | a contradiction of S iff, for all i < n, g; 0; v; € S.

Let W = {u; | 1 € I} such that WN (FunceU{fo}) = 0; W is an infinite countable set
of new function symbols. Let £ contain a constant (nullary function) symbol. Let P C P
and S C OrdClyyp. We denote GOrdCly = {C|C € OrdCl, is closed} C OrdCl,
GInst,(S) = {C|C € GOrdCl. is an instance of S of L} C GOrdCl., ordtcons(S) =
{0 <1}Yu{0 <¢|éetecons(S)yNCeru{ec < 1|c€ tecons(S)NCrrU{é1 < éa|é1,é2 €
tecons(S) N Cr,c1 < ca} € GOrdClz. A basic order hyperresolution calculus is defined
as follows. The first rule is a central order hyperresolution one with obvious intuition.

(Basic order hyperresolution rule) (42)

ZO\/Co,...,ln\/CTLESH,1.
\/ Ci €S,
i=0

loy ..., 1y s a contradiction of L,_1.

We say that \/?:0 C; is a basic order hyperresolvent of I VCy, ..., 1, VC,. The second and
third rules are auxiliary ones that order derived atoms in both the cases gatoms(S) =0
and gatoms(S) # (), which is exploited in the proof of the completeness of the calculus,
Theorem 9.

(Basic order trichotomy rule) (43)

a,b € atoms(S,—1),a € Cr,b & Tconsr, gatoms(S) = ()
a<bVa=bVb=<acs, '

(Basic order trichotomy rule) (44)

a,b € atoms(Sx—1) — {0, 1},{a,b} € Tcons., qatoms(S) # 0
a<bVa=bVb=<acs, '

a<bVa=>bVb< ais a basic order trichotomy resolvent of a and b. The next two rules
order a quantified atom and its ground instances.

(Basic order Y-quantification rule) (45)

Vza € gatoms”(Se—1)
Vea <ayVVra=ayeS,’

t e GTermg, ,,v=x/t € Substs, ,,dom(y) = {z} = vars(a).
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Vza < ayVVra=ayis a basic order V-quantification resolvent of Vz a.
(Basic order 3-quantification rule) (46)

Jra € gatoms>(S._1) )
ay<3JdzaVay=3Iracs,’

te GTerme, .,y = x/t € Subst, dom() = {x} = vars(a).

k=17

ay < dxaV ay = Jxa is a basic order I-quantification resolvent of 3z a. The last two
rules introduce a witness with respect to infimum | supremum, as a ground term with a
new function symbol, between a derived quantified atom and an atom | a quantified atom.
They also ensure a total order over a derived quantified atom and atoms | quantified atoms
together with Rules (45) and (46), which is exploited in the proof of the completeness.

(Basic order V-witnessing rule) (47)

Vo a € qatoms”(S._1),b € atoms(S.—1) U qatoms(S.—1)
ay<bVb=VraVb=<Vrac S, ’

W€ W — Funce, ,,ar(w) = |freetermseq(Va a), freetermseq(b)|,
v = x/W(freetermseq(Vzx a), freetermseq(b)) € Substr, , dom(y) = {x} = vars(a).

ay <bVb=VYraVb=<Vzra is a basic order V-witnessing resolvent of Vx a and b.
(Basic order 3-witnessing rule) (48)

Jra € gatoms>(S._1),b € atoms(S,_1) U qatoms(Syx_1)
b<ayVIza=bviza<beS, ’

w €W — Funce, ,,ar(w) = |freetermseq(3x a), freetermseq(b)|,
v = x/W(freetermseq(Ix a), freetermseq(b)) € Substr, , dom(y) = {x} = vars(a).

b<ayV3dra=>0Vdxra < bis a basic order I-witnessing resolvent of 3z a and b.
The basic order hyperresolution calculus can be generalised to an order hyperresolu-
tion one. Intuition behind rules is similar to that in the basic case.

(Order hyperresolution rule) (49)

ko mo kn Moy
0o.0,0 0 n  n,mn n Vir
VvV ...\ epofvp v\ i s
j=0 j=1 §=0 j=1 _
n m; )
(Vs
i=0j=1

for alli <i' <mn,
freevars(\/f;o gh oh vk v \/;";1 )N freevars(\/?io 6? 0;-/ v? v \/;nzll l?) =0,
ko 0,0

0 70 0 kn n .n,n jn n
0 € mgug \/jzosjojvj,ll,...,lmo,...,\/jzosj L

{8.ebb - {7 ) {anb} ),
dom(6) = freevars({sé— <>§» v;» |7 < ki, i <n}, {l; [1<j<mi< n})7
a=e),b=1ora=v},b=20 ora=ce),b=0y,
there exists i* < n such that 06* =<
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n mi 73\ ko 0,0,,0 mo 50 kn  _n.n,mn
(Vi Vit lj)ﬁ is an order hyperresolvent of \/;2 &7 05 vy VVIZE 17, VL el ot v Vv
Mn n
Viz g

(Order trichotomy rule) (50)

a,b € atoms(S._1),a € Cr,b & Tconsr, gatoms(S) = ()
a<bVa=bVb=<acs, '

(Order trichotomy rule) (51)

a,b € atoms(S)",) — {0, 1},{a,b} € Tcons, qatoms(S) # 0
a<bVa=bVb<acsS, '

vars(a) Nwvars(b) = 0.
a<bVa=>bVb=<aisan order trichotomy resolvent of a and b.

(Order V-quantification rule) (52)

Vaa € gatoms”(S._1)
Vea<aVVrxa=acS,

Vza < aVVra=ais an order V-quantification resolvent of Vx a.

(Order 3-quantification rule) (53)

Jra € qatoms>(S._1)
a<3JraVa=3rxacS,

a < JxaVa=3Jxa is an order F-quantification resolvent of Iz a.

(Order V-witnessing rule) (54)

Vaa € qatoms”(S)"),b € atoms(SY"|) U qatoms(S)" ;)
ay<bVb=VraVb<VracsS, ’

freevars(Vz a) N freevars(b) = 0,

W€ W — Funce, ., ar(w) = |freetermseq(Va a), freetermseq(b)|,

v = x/w(freetermseq(Vx a), freetermseq(b)) U id|yars(a)— {2} € Substr,,,
dom(v) = {z} U (vars(a) — {z}) = vars(a).

ay <bVb=VYraVb=<Vra is an order V-witnessing resolvent of Vz a and b.

(Order 3-witnessing rule) (55)

3z a € qatoms=(SY",),b € atoms(SY",) U qatoms (S ;)
b<ayV3zxa=>bVIra<bc S ’

freevars(3z a) N freevars(b) = 0,
W€ W — Funce, ,, ar(w) = |freetermseq(3z a), freetermseq(b)|,
v = x/w(freetermseq(3x a), freetermseq(b)) U id|yars(a)—{x} € Substr,,
dom(v) = {x} U (vars(a) — {z}) = vars(a).
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b<ayV3Ira=>bVIra~<>bisan order I-witnessing resolvent of 3z a and b.

Let Lo = LU P, a reduct of LUWU P, and Sy = 0§ € GOrdClg, | OrdCly,.
Let D = C4,...,Cy, Cr € GOrdCl, 5, p | OrdCl, s p, m > 1. D is a deduction of
C,, from S by basic order hyperresolution iff, for all 1 < k < n, C; € ordtcons(S) U
GInstg, ,(S), or there exist 1 < j; < k —1, k = 1,...,m, such that C is a basic
order resolvent of Cj»,...,C;- € S;_1 using Rule (42)-(48) with respect to L,_; and
Sk—1; D is a deduction of C), from S by order hyperresolution iff, for all 1 < k < n,
C\. € ordtcons(S)U S, or there exist 1 < j; <k —1, k=1,...,m, such that Cy is an
order resolvent of C7.,...,Cj. € SYT. using Rule (49)—(55) with respect to £,_1 and
S..—1 where C’J’-; is a variant of Cj; € Six—1 of L,,_1; L, and S, are defined by recursion
on 1 < k < n as follows:

a reduct of LUW U P;

o= {Enl U {w} in case of Rule (47),(48) | (54), (55),

L1 else,
SK = S,Q_l U {CK} Q GOTdCl[;N | OTdCng,

SY" = Vintr (S.) € OrdCly, .

D is a refutation of S iff C,, = 0. We denote

cloB™(S) = {C'| there exists a deduction of C from S
by basic order hyperresolution} € GOrdCl . . ps

clo™(S) = {C| there exists a deduction of C' from S
by order hyperresolution} C OrdCl, s p-

4.2. Refutational soundness and completeness

We are in position to prove the refutational soundness and completeness of the order
hyperresolution calculus. At first, we list some auxiliary lemmata.

Lemma 6 (Lifting Lemma). Let £ contain a constant symbol. Let P C P and S C
OrdCleup. Let C € cloPM(S). There exists C* € clo™(S) such that C is an instance of
C* of CUWU P.

PROOF. Technical, analogous to the standard one. ([

Lemma 7 (Reduction Lemma). Let £ contain a constant symbol. Let P C P and
S C OrdClgup. Let {\/f:0 gl <>§ ViV Cili < n} C cloPM(8) such that for all S €
Sel({{j|j < k;}ili < n}), there exists a contradiction of {sfg(i) og(i) Ufs(i) |i < n} C

GOrdCl 5, p- There exists () # I* C {i|i < n} such that \/,.;. C; € cloP™(S).
PROOF. Technical, analogous to the one of Proposition 2, [32]. |

Lemma 8 (Unit Lemma). Let £ contain a constant symbol. Let P C P and S C

OrdCleup. Let O & cloPM(S) = {\/?‘:053- ot vh|L < v}, v < w. There exists S* €

Sel({{j|j <k} |v <~}) such that there does not exist a contradiction of {€s. ) 5. (,
Use(y |t <7} € GOrdCly 5, p-
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PRrROOF. Technical, a straightforward consequence of Konig’s Lemma and Lemma 7. O

Let {0,1} C X C [0,1]. X is admissible with respect to suprema and infima iff, for
al£Y1,Y2C Xand VY1 =AY, VY1 €Yy, AYa€Ys. Let {0,1} C Tc C Teonse.
Te is admissible with respect to suprema and infima iff {0,1} C Tc C [0, 1] is admissible
with respect to suprema and infima.

Theorem 9 (Refutational Soundness and Completeness). Let L contain a con-
stant symbol. Let P C P, S C OrdClsup, tcons(S) be admissible with respect to suprema
and infima. O € cloH(S) if and only if S is unsatisfiable.

PROOF. (=) Let 2 be a model of S for LU P and C € clo™(S) C OrdCl, s, p- Then
there exists an expansion 2 of 2 to £ U W U P such that 2’ = C. The proof is by
complete induction on the length of a deduction of C' from S by order hyperresolution.
Let O € clo™(S) and 2 be a model of S for £ U P. Hence, there exists an expansion 2’
of Ato LUWU P such that A’ = 0O, which is a contradiction; S is unsatisfiable.

(=) Let O & clo™(S). Then, by Lemma 6 for S, D O ¢ clo®™(S); we have
L, P, W are countable, P C P, S C OrdClsup, clo® (S) C GOrdCl, 5 p: P,
LUP, OrdClzup, S, LUW U P, GOrdClLuWUP, clo® (S) are countable; there ex-

ists 11 < w and O & clo®(S) = {\/* je0€5 95 vt < m}; by Lemma 8 for S, there
exists 8* € Sel({{j]j < k}.|t < ’yl}) and there does not exist a contradiction of
{e5: (1) 95() Vs |t < M} © GOrdCly g p- We put S = {5,y 950(,) Vse(,) [t <
11} € GOrdCl, ., p- Then ordtcons(S) C cloPM(S), S D ordtcons(S) is countable,
unit, (g)atoms(S) C (q)atoms(clo®™(S)); there does not exist a contradiction of S. We
have £ contains a constant symbol. Hence, there exists cn* € Funce, arc(cn*) = 0. We
put W* = funcs(S)NW C W, W* N (Func[; U{fo}) CWnN (FPunce U{fo}) =0,

Uy = GTerm g ,p, ™ € Us # 0,
B = atoms(S) U qatoms(S) C GAtom ; ., p U QAtom o e p-

We have S is countable. Then tcons(S) = atoms(ordtcons(S)) C atoms(S) C B, B =
tcons(S) U (B — tcons(S)), tcons(S) N (B — tcons(S)) = 0, atoms(S), gatoms(S), B,
tcons(S), B — tcons(S) are countable; there exist v < w and a sequence dy : v2 —>
B — tcons(S) of B — tcons(S). Let e1,60 € B. £, 2 &5 iff there exists an equality chain
€1 Z ey of S. Note that £ is a binary symmetric transitive relation on B. €; < &5 iff there
exists an increasing chain €1 Z¢5 of S. Note that < is a binary transitive relation on B5.

0%1,120,0<1,140, foralle € B,e0,1A¢e,ee. (56)

The proof is straightforward; we have that there does not exist a contradiction of S. Note
that < is also irreflexive and a partial strict order on B.

Let tcons(S) € X C B. A partial valuation V is a mapping V : X — [0, 1] such
that V(0) = 0, V(1) = 1, for all ¢ € tcons(S) N Cr, V(¢) = c. We denote dom(V) = X,
tcons(S) C dom(V) C B. We define a partial valuation V, by recursion on a < 75 as
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follows:
Vo ={(0,0),(1,1)} U{(c,c)|c € teons(S) N Cr};
Voo =Vo1U{(02(a—1),Ma-1)} (1 < a <7y is a successor ordinal),

Eo_1 = {Va_1(a)|a26(a—1),a € dom(Va_1)},
Do—1 = {Va-1(a)|a<tdz(a—1),a € dom(Vs-1)},
Upo1 = {Va-1(a) | da(a — 1) <a,a € dom(Va—_1)},
Do Upo1 .
Aa—1 = V 1 ;—/\ - Zoncfl = [Z),
VEq. 1 else;

Vs, = U Vo (72 is a limit ordinal).

a<y2

For all @ < o < 79, V, is a partial valuation, dom(V,) = tcons(S) U dz2[a],
Voz - Va“

The proof is by induction on a < ~s.
We list some auxiliary statements without proofs:

If qatoms(S) = 0, then gatoms(clo®™(S)) = 0.

teons(S) = teons(clo®™(9)).

For all a,b € atoms(clo®™(8)) U qatoms(clo®™(S)), there exist a deduction
Ci,...,Cp, n > 1, from S by basic order hyperresolution, associated L, S,
Sp € GOrdClg, , such that a,b € atoms(Sy) U gatoms(Sy,).

For all ) # A Cr atoms(clo®™(S))Uqatoms(clo®™(S9)), there exist a deduction
Ci,...,Cp, n>1, from S by basic order hyperresolution, associated L,, S,
Sp € GOrdClg, , such that A C atoms(Sy,) U qatoms(Sy,).

For all a € tecons(S) N Cr, b € B — tcons(S), either a<1b or a2 b or b<a.

Let gatoms(S) # 0. For all a,b € B—{0,1}, either a<ib or (a = b or a=b) or
b<a.

For all a < s, for all a,b € dom(V,),
if a=b, then V,(a) = Vo (b);
if a<1b, then Vy(a) < Vo (b);
if Vo (a) =0, then a = 0 or a2 0;
if Vo(a) =1, thena =1 ora=1;
for all @ < s,

Va[dom(Vy)] is admissible with respect to suprema and infima.
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The proof is by induction on o < 7, using the assumption that tcons(S) is admissible
with respect to suprema and infima.
7
We put V =V,,, dom(V) &0 tcons(S) U d[y2] = teons(S) U (B — tcons(S)) = B. We
further list some other auxiliary statements without proofs:

For all a,b € B, (65)

if a2 b, then V(a) = V(b);

if a<b, then V(a) < V(b).
For all Qx a € qatoms(clo®™(S)) and u € Us(, a(x/u) € atoms(clo®™(S)). (66)
For all a € B, (67)

if a = Vb, then V(a) = A, ¢y, V(0(2/1));
if a = 3xb, then V(a) =V gy, V(0(x/v)).

We put

flug,...,uz) if f € Func, . p
fm(ul,...,uq.) = { Y UWrOE f € Func, g, p> i € Usi;

cn else,

V(p(ui,...,ur)) if plug,...,u.) € B,
pm(ul,...7u7) = {0 olse p € Pred . 5 p> Ui € Usi;
oA = (uﬂv {f*fe Func pwup b {p*pe PT@dﬁuWuP})’
an interpretation for £ U WU P,
For all C' € S and e € Sy, C(€|frecvars(c)) € cloBH(S). (68)

It is straightforward to prove that for all @ € B and e € Sy, ||a|® = V(a). Let | =
€1 =&y € Sand e € Sy. Then e1,65 € B, €129, by (65) for €1, g9, V(1) = V(e2),
12 = ller = 22 = flealZ=|le2ll2 = V(e1)=V(e2) = 1. Let I =1 <2 € S and
e € Sg. Then g1,e5 € B, g1 < ey, by (65) for 1, €9, V(El) < V(EQ), ||l||2l = HEl < 82“21 =
ler||® < [le2]|* = V(e1)<V(e2) = 1. So, for all I € S and e € Sy, for both the cases
l=¢;1 =ex€eSandl =¢; <¢e9 € S, Hlel =1 ||l||gl =1 Let C €S C OrdCl,,p
and e € So. Then e : Vary — Us, freevars(C) Cr Vare, €|frecvars(c) € Subst p gy p
dom (e frecvars(cy) = freevars(C), range(elfrecvars(cy) = 05 €|frecvars(c) is applicable to C;
by (68) for C, e, C(e|frecvars(c)) € clo®™(S), there exists I* € C(e|frecoars(c)) and I* €S,
|1*]|* = 1; there exists I** € C € OrdClup and I** € OrdLite,p C OrdLit » i p>
Jreevars(I**) C freevars(C); €|frecvars(i=+) is applicable to I**, I"*(e| frecvars(1++)) = 1*; for
all t € Term, -up> @ € Atom, . p U QAtom ., ps | € OrdLit ; e, ps ILIZ =

t(elvarsty) = lIt(eloars)) I lalld = llalelprecvars @)l IIE = Nl frecvars@) I the
proof is by induction on ¢ and by definition; [|[I**||* = [|I** (e| frecvars =) |2 = |2 = 1;
AE.C;AES, Aup ES; S is satisfiable. The theorem is proved. O

Consider S = {0 < a}U{a < g\n > 2} C OrdClz, a € Predg — Teonsg, arc(a) = 0.

tcons(S) is not admissible with respect to suprema and infima; for {0} and {g |n > 2},
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V{0} = /\{% |[n>2}=0,0¢ {% |n > 2}. S is unsatisfiable; both the cases ||a[|® = 0
and |[a|[? > 0 lead to 2 [~ S for every interpretation A for £. However, O & clo’(S) =
SUfo<1}u{o <2 n>2bUfs <1|n>2bU{;E < T[n >ny >2bU{: <
aVi=ava<iin>2tu{i=ava<Liin>2U{t<ava=<121|n>2} using
Rules (50) and (49); clo™(S) contains the order clauses from S, from ordtcons(S), and
some superclauses of them. So, the condition on tcons(S) being admissible with respect
to suprema and infima, is necessary.
The deduction problem of a formula from a theory can be solved as follows:

Corollary 10. Let L contain a constant symbol. Let ng € N, ¢ € Formg, T C Formg,
tcons(T) be admissible with respect to suprema and infima. There exist J9 C {(i,)|i >

no} and S;i C SimOrdCly 5 | 5eg2y such that tcons(S?) is admissible with respect to
J ‘T
suprema and infima; T = ¢ if and only if O € cloH(Sgi).

Proor. By Corollary 5 for ng, ¢, T, there exist

JS C{(i,§)]i > no}, S5 C SimOrdCl 5. jesdy
and Corollary 5(i,iv) hold for ¢, T, S?i; we have tcons(T') is admissible with respect to
suprema and infima, tcons(Sgi) C teons(¢p) U tcons(T); tcons(¢) Cr Teonsg, tcons(S&é)
is admissible with respect to suprema and infima; we have T | ¢ if and only if Sgi
is unsatisfiable; by Theorem 9 for {p;|j € J%s}, S?, S? is unsatisfiable if and only if
O € clo™(S3); T k= ¢ if and only if O € clo™ (S?) The corollary is proved. O

5. Examples

In this section, we illustrate the solution to the deduction problem with several exam-
ples. We show that ¢ =V (¢1(z) — 0.3) = (3x¢1(x) — 0.5) € Form is logically valid
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using the proposed translation to clausal form and the order hyperresolution calculus.

6 = Va (q1(z) — 03) = Gz qu(x) — 05)

{po (Vz (qi(x) — 0.3) = (3w qi(z) — 0.5)) — ﬁo(x)} (29)
p1(x) p2(x)

{pox ) < 1,p2(x) < p1(x) Vpa(x) = 1 Vpo(x) =1,

P2(z) < po(z) V p2(x) = Po(w),

p1(z) = Vo (q1(z) — 0.3), Bz q1(x) —
—_— ——
p3(x) Pa(w)

= pa() } (35), (29)

AO‘
&\ Ot
\_/\_/

{poﬂc ) < 1,p2(x) < Pr(x) V pa(z) = 1V po(x) =
p2(z) < Po(x) V P2(x) = Po(z),

pr(x) <V ps(x) V pi(z) = Vo ps(r), pa(z) — (qkl(,ﬂ_ﬁlH 03),

pe(a)  P7(®)

P5(z) < pa(x) V Ps(x) = 1V p2(z) = 1,Ps5(x) < p2(x) V ps(z) = P2 (),
)

;34(96)aaxgl\(f_/,ﬁws(x)v?rm(x)} (27), (39)
ps (@)

5¢ = { polw) < 1 1]
Ba() < B1(2) V pa(w) = 1 V[ po(w) = 1] 2]
[52(2) < Bo(@) |V B () = () 3
ymx)wxps( )V i () = Va s (x) | g
[3(2) < (@) V is(w) = pr(@) |V o(w) < r(2) V o(2) = fe(z)  [5]
[ 01(@) < Po(@) V 1 (@) = o () \ ]
| 5r(x) < 03V r(x) = 03 7]
Bs(2) < Bala) V s (@) = 1 V| palw) = 1] 8
B () < pa(@) |V s (2) = pa(a) 9]
[Ba(x) < Fops(@) Vpa (@) = Fwps(a) | [10]
[55(2) < (@) V ps(2) = a1 (=) [11]
]ﬁ<ﬁ5(x)vﬁ1ﬁ5(x) \} [12]
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Rule (49) : [1][2] :

p2(x) < pr(z) V| p2(x) = 1
Rule (49) : [3][13] :

p2(z) = po(z) |V p2(z) < p1(z)
Rule (49) : [1][13][14] :

p2(z) < p1(z)

Rule (49) : [8][15] :

Pa(@) < Pa(e) V[ Po(a) = 1|
Rule (49) : [9][16] :

Ps(z) = P2(x) |V Ps(z) < Pa()
Rule (49) : [15][16][17] :

Ps(x) < pa(z)

Rule (52) : Vz ps(z) :

| Vo b (@) < pa(a) V Vo pa(x) = fa(a) |
0.3 < 0.5 € ordtcons(5?)

repeatedly Rule (49) : [4][5][7][9][12][15][19][20] :
|B6(2) < Br(@) V fo(a) = fr(@) |

Rule (55) : 3z ps(x),0.5 :

05 < fs(0.0) V| 32 s(x) < 05 v 3 fis(x) = 05
repeatedly Rule (49) : [10][12][18][22] :

0.5 < ps(w(0,0))

repeatedly Rule (49) : [6][7][11][21]; z/Wo,0) : [20][23] :

O
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We next show that ¢ = Vz (0.5 — ¢2(z)) — (0.3 = Vo qa(x)) € Form, is logically
valid.

6 = o (05 — ga(2)) — (03 - Ve ga(a))

{Ao(@) < 1, (V2 (05 > a2(x)) = (03 = Yz aa(2)) — polx) (29)
p1(z) p2(z)

{po x) < 1,pa(x) < pr(x) Vp2(x) = 1V po(x) = 1,

p2(x) < po(x) V p2(x) = po(),

pi(x) = VY (0.5 = g2(x)), (@ — YV go(x)) — ﬁz(w)} (35), (29)
P3(2) Pa(2) P5(2)

{Bo(@) < 1.52(x) < 51(2) V pale) = 1 V() = 1,
P2(2) < fo(x) V pa(x) = o),

p1(x) < Vaps(x) V pi(x) = Vo p3(x), ps3(r) — (@ = q2(x)),

Pe () "\(’-)/

Bs(w) < Ba(2) V fs(2) = 1V fa(x) = 1,5 (x) < Pa(a) V fs(2) = pa(a),

Balw) <03V <>==03qu2<>»;35<$)} (27), (37)

S¢—{ﬁ0(m)<1 1]
Pa(w) < p1(2) V pa(e) = 1 V[ po(@) = 1] 2
[p2(2) < Bo(@) |V Ba(2) = o () 3
[51(2) < V2 pa(@) Vi (x) = Vo pa(w) | [4
| a(2) < pr(@) V(@) = r(a) |V | Bo(@) < pr(@) V po(@) = pr(@) | [5]
’T<p6 \/051176()‘ (6]
[57(2) < (@) V pr(2) = qala) 7
B () < pa(@) V ps() = 1V [pala) = 1| 8]
P (@) < pa(a) |V fs(2) = paa) 9
[71(x) <03V pa() = 03] [10]
|V ps () < () V Vs () = ps(a) | [11]
2 <p8(>vq2<x>mﬁs<x>\} 12
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Rule (49) : [1][2] :

p2(z) < pr(z) V| p2(z) = 1
Rule (49) : [3][13] :

p2(x) = po(x) |V P2(z) < P1(z)
Rule (49) : [1][13][14] :

p2(z) < p1(x)

Rule (49) : [8][15] :

Ps(w) < pa(z) V m
Rule (49) : [9][16] :

P5(x) = p2(x) |V Ps(z) < pa(z)
Rule (49) : [15][16][17] :

P5(7) < pa()

Rule (52) : Va ps(z) :

’Vzﬁg(x) < p3(x) V Ve p3(x) = p3(x) ‘

Rule (54) : Vz ps(z),0.3 :

Ps(0,0) < 03 V|03 < Ve fis(x) v 0.3 = Va fis(2)

repeatedly Rule (49) : [10][11]{18][20] :

ps(W0,0)) < 0.3
Rule (54) : Vz ps(z), Vo p3(z) :

ﬁw@m<wm@wwm@<W@@vwm@Iwm@\

repeatedly Rule (49) : [4][9][11][15][22] :

’ﬁs(ﬁﬂa,n) < Va p3(z) ‘
0.3 < 0.5 € ordtcons(S?)
03<05

repeatedly Rule (49) : [5][6][7][12]; z/(0,0) : [21][24] :

P3(1W(0,0)) = P7(W(0,0)) V P3(W(0,0)) = P7(W(0,0)) ‘

repeatedly Rule (49) : [5][7][12][19]; z /1 1) : [23]

Pe(W(1,1)) < Pr(W(1,1)) V Pe(W(1,1)) = Pr((1,1)) ‘

repeatedly Rule (49) : [7][12][19]; x/Wo,0) : [21][24][25] : [6][7][12]; x /W 1) : [23][26] :

O

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

21]

22]

23]

24]

[25]

[26]

[27]



We further show that ¢ = 3z (q1(x) — 0.3) = (Vo q1(x) — 0.5) € Form is logically
valid.

¢ =3z (q1(2) - 03) > (Vo qu(a) — 05)

{Bo(@) < 1, (32 (@1(2) - 03) = (Vi () » 05)) - fo() } (29)
p1(z) p2(z)

{po x) < 1,pa(x) < pr(x) Vp2(x) = 1V po(x) = 1,

p2(x) < po(x) V p2(x) = po(),

Ale) 3¢ @) 2 T () + 05 pala)) (30). (29)
p3(x) Pa(x) psi®

{Bo(@) < 1.52(x) < 51(2) V pale) = 1 V() = 1,
P2(2) < fo(x) V pa(x) = o),

p1(z) <z ps(z) V pr(x) = Iz ps(x), Ps(z) = (1 (z) = 0.3),
—— ~~
B6(x) p7(x)

Ps(x) < pa(@) V s (@) = 1V pa(x) = 1, p5(x) < pa(x) V ps(z) = pa(2),

ﬁ4(m)%qu;(fl,ﬁ%;ﬁs(x)\/?xﬁs(x)} (27), (35)
ps (@)

57 = { Bo(w) < 1 1]
Ba() < B1(2) V pa(@) = 1 V| o(w) = 1| 2]
Pa2(z) < Po(z) |V p2(z) = Po(z) (3]
1) < Fos(@) V(@) = Fops () | 4
Ba(x) < pr(@) V Pa(w) = fr(2) V| Bo(w) < fr(2) V fo(@) = pr(a) | [5]
[ 01() < Po(@) V 1 (@) = po(a) ]
| 5r(x) < 03V r () = 03] 7]
B (@) < Pa(@) V ps(@) = 1 V[ pa(@) = 1] 8]
B (@) < pa(a) |V 5 (2) = (@) 9
[Pa(x) <V () V () = Vo () | [10]
[Bs(2) < (@) V Bs(2) = a1 (a) [11]
|05 <o) V05 = o (@) \} 12
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S

Rule (49) : [15][16][17] :

Ps(x) < pa()

Rule (52) : Vz ps(z) :

|V ps(x) < fs(@) V Ve s (x) = pis(a)
0.3 < 0.5 € ordtcons(S?)

0.3<05
Rule (55) : 3 p3(x),0.3 :

0.3 < ]33(11)(0,0)) \/’ 31’]53(55) <03V Fz ps(x) = W‘
repeatedly Rule (49) : [4][9][12][15][20][21] :

@ =< ﬁ3 (111(010))

=
@
e}
&
Q
+
@
=
<
&
=1
=
(0]

|Bs(2) < Pr(a) V pa(a) = pr(a) |
repeatedly Rule (49) : [7][23]; x/W0,0) : [22] :

O
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(49) : [5](6][7][10][11][12][18][19][20] :

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]



We finally show that ¢ = 3z (0.5 — ¢2(z)) — (0.3 — Fz q2(x)) € Form is logically
valid.

6 =32 (05 — ga(a)) — (03 — Je ga(a))

{Ao(@) < 1, (3205 > ax(2)) = (03 > 3xas(x)) — polx) } (20)

p1(z) p2(z)

{po x) < 1,pa(x) < pr(x) Vp2(x) = 1V po(x) = 1,

p2(x) < po(x) V p2(x) = po(),

Pi(@) = 32 (05 = g2(@), (@f/) ~ 3rga(a)) = Fa(a) } (39), (29)
p3 () balz P5 (@)

{Bo(@) < 1.52(x) < 51(2) V pale) = 1 V() = 1,
P2(2) < fo(x) V pa(x) = o),

p1(x) < e ps(x) V pi(x) = Jz ps3(x), P (r) — (@ = q2(x)),

Pe () "\(’-)/

Bs(w) < Ba(2) V fs(2) = 1V fa(x) = 1,5 (x) < Pa(a) V fs(2) = pa(a),

Ba(@) <03V fu(e) = 03,3z ga(o Hﬁsm} (27), (41)

W—{mm<1 g
Pa(w) < p1(2) V pa(w) = 1 V[ po(@) = 1] 2
Pa2(z) < Po(z) |V p2(z) = Po(z) (3]
[51(2) < Fepa(@) V pr () = Fepala) 4]
Ba(x) < pr(@) V Pa(w) = fr(2) V| Bo(w) < fr(2) V fo(@) = pr(a) | [5]
(05 < fio(x) v 05 = o) 6]
|57(2) < (@) V pr (@) = qala) 7
Ps(@) < Bal) V fs() = 1V [pala) = 1| 8]
B (x) < pa(a) |V ps(2) = pa(a) 9
[7u(x) <03V pa(x) = 03] [10]
|32 ps () < po(@) V 3 s (x) = ps(a) | [11]
[2(2) < Bs (@) V ga(a) = s (a) \} 12]
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Rule (49) : [1][2] :

Pa(w) < 1(2) V| pala) = 1] [13]
Rule (49) : [3][13] :

Pa(@) = po(@) |V pa(@) < i () [14]
Rule (49) : [1][13][14] :

Pa(@) < () [15]

Rule (49) : [8][15] :

[
B () < pa() V[ o () = 1 | [16]
|

Rule (49) : [9][16] :

Ps(x) = pa(x) |V Ps(x) < pa(z) (17]
Rule (49) : [15][16][17] :

Ps(x) < pa(x) (18]
Rule (53) : Jz ps(z) :

| fs(2) < Jwps(@) V ps(@) = Jups(a) | [19]
Rule (55) : 3z p3(z), Iz ps(x) :

o s (2) < Pa((0,0) V| 3o pa(w) < Jwps(w) V Iw (@) = I ps(x) | [20]
repeatedly Rule (49) : [4][9][11][15][20] :

|32 s (@) < Ps(@00) | [21]

0.3 < 0.5 € ordtcons(S?)

22
repeatedly Rule (49) : [5][6][7][10][11][12][18][19][22] :
| a(2) < pr(@) V pa() = pr(a) | [23

repeatedly Rule (49) : [7][12][19][23]; z /0,0y : [21] :

O
S
S

6. Conclusions

In the paper, we have proposed a modification of the hyperresolution calculus from
[22, 23], which is suitable for automated deduction in the first-order Gédel logic with
explicit partial truth. Godel logic is expanded by a countable set of intermediate truth
constants of the form ¢, ¢ € (0,1). We have modified translation of a formula to an
equivalent satisfiable finite order clausal theory, consisting of order clauses. An order
clause is a finite set of order literals of the form £ ©£5 where €; is an atom or a quantified
atom, and ¢ is the connective = or <. = and < are interpreted by the equality and
standard strict linear order on [0, 1], respectively. We have investigated the so-called
canonical standard completeness, where the semantics of Godel logic is given by the
standard G-algebra and truth constants are interpreted by ’themselves’. The modified
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hyperresolution calculus is refutation sound and complete for a countable order clausal
theory if the set of truth constants occurring in the theory, is admissible with respect
to suprema and infima. This condition covers the case of finite order clausal theories.
We have solved the deduction problem of a formula from a countable theory. As an
interesting consequence, we get an affirmative solution to the open problem of recursive
enumerability of unsatisfiable formulae in Godel logic with truth constants.

Corollary 11. The set of unsatisfiable formulae of L is recursively enumerable.

ProoF. Without loss of generality, we may assume that £ contains a constant symbol.
Let ¢ € Formg. Then ¢ contains a finite number of truth constants and tcons({¢}) is
admissible with respect to suprema and infima. ¢ is unsatisfiable if and only if {¢} = 0.
Hence, the problem that ¢ is unsatisfiable can be reduced to the deduction problem
{¢} = 0 after a constant number of steps. Let ng € N. By Corollary 10 for ng, 0, {¢},
there exist J{s, C {(i,4)[i > no}, S{y C SimOrdCley jey,,y and tcons(Syy,) is

admissible with respect to suprema and infima, {¢} = 0 if and only if O € cloH(Sf ¢});

if {¢} E 0, then O € cloH(S{0¢ ) and we can decide it after a finite number of steps.
This straightforwardly implies tﬁat the set of unsatisfiable formulae of £ is recursively
enumerable. The corollary is proved. ([
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Table 3: Binary interpolation rules for A and Vv

Case Laws

0 =01 N0

ﬁn(f) — 01 A O

ositive interpolation
Positive dnterp oo S B (0)) A (55 (@) — B () A (711 () — 01) A (eg (@) — 02)

(6) (18)
|Consequent| = 9 + 4 - |Z| + |ps, (Z) — 01| + |Diy (T) — 2] < 13- (1 + |Z]) + D1, (T) — 01 + |Piy (T) — 02|
ﬁn(ff) — 01 N O

{ﬁﬂ(i) =< Piy (%) V i (T) = Piy (%), pi(T) < Pig (T) V i (T) = ﬁﬁg(i%}
Piy (T) = 01, D, (T) — 02

Positive interpolation

(19)

|Consequent| = 12 + 8 - |Z| 4 |Pi; (Z) = 01| + [Diy (B) — 02| < 15 - (1 + |Z|) + [Piq (T) = 01] + |Piy (T) — 62|

61 N O — Py (i)
(Psy (B) = Pi(2) V Piy (T) — P:(T)) A (01 — Piy (7)) A (02 — Piy (7))

Negative interpolation

(8)  (20)
|Consequent| = 9 + 4 - |Z] 4 |01 — Di; (Z)| 4 |02 — Piy ()| < 13- (1 + |Z]) + (01 —= Py (T)] + 102 = i, (T)]
01 A 02 — pi(T)

{ﬁﬁl () < pi(Z) V piy () = Pi(Z) V Piy (&) < Bi(Z) V Piy (T) = ﬁﬁ(;f),} 21
01 — Piy (T), 02 — pi, (T)

Negative interpolation

|Consequent| = 12 48 - |Z| 4 |01 —= Py ()| + |02 = s, (B)| < 15 (1 +12]) + 61 = piy (B)] + 02 = Pi, (2)]

0 =01V0sy

ﬁn(’i) — (01 Vv 192)
(B:(Z) = iy (B) V P (T) = Piny (T)) A (Biy (T) = 01) A (P35, (2) — 02)

Positive interpolation

(6)  (22)
|Consequent| = 9 + 4 - [Z| + |ps; (T) — O1] + |Diy (T) — 2] < 13- (1 + |Z]) + Dy (T) — 1] + |Piy (T) — 02|
pi(Z) — (01 V 02)

{fn.(fc) < Piy (B) V 5i(Z) = iy (T) V 5 (T) < Piy (T) V 5i(T) = Piy (f),}
Diy (T) = 01, D1, (T) — 02

Positive interpolation (23)

|Consequent| = 12 + 8 - |Z| + |Pi; (Z) = O1] + [Py (Z) — 02| < 15 (1 +[Z]) + [Piy (Z) = 01] + [P35 (F) — 02|

(91 Vv 92) — ﬁn(i)

Negative interpolation ey~ 5 @) A (i (7) = 51(@) A (01 — 1y () A (B2 = Fig (2))

M @9

|Consequent| = 9+ 4 - || + 01 — By ()] + 102 = By ()] < 13- (1 + [7]) + 01 = By (3)] + 02 = By (3)]

(91 2 92) — f),‘,(f)

Negative interpolation — — — — — — —
{pal (@) < i(2) V Py (T) = 5i(T), Pip (%) < Pi(T) V Piy (T) = pa(w),}

(25)
01 = Piy (T), 02 — pi,y (7)

|Consequent| = 12 4+ 8 - |Z| + |01 — B, ()| + 102 = Pi, (B) < 15 (1 +12]) + 61 = s, (2)] + 02 = iy (2)]
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Table 4: Binary interpolation rules for —

Case Laws

0:01*>02,92750

ﬁn(i) — (01 — 92)
(:(Z) = Piy (%) V Py (T) — Py (T)) A
(01 = Piy (%)) A (Piy (7) — 02)

Positive interpolation

(9), (8) (26)
|Consequent| = 9 +4 - |Z| + 01 = Bz, (Z)] + |Piy (F) — 02| < 13- (1 + |Z]) + 01 — Bz, (B)] + |Bi, (B) — 02

ﬁn(i) — (01 — 02)
{ﬁﬁ(f) = Piy (2) V 5i(T) = Piy () V Piq (2) < Py (B) V Piyg (T) = Piy (53)7}
01 = piy (T), Piy (T) — 2

Positive interpolation

(27)

|Consequent| = 12 + 8 - |Z| + |61 — Piy (@)] + [Dig (Z) = 02| <15-(1+ |z]) + |61 — Piy (Z)] + |;z3,-,2(r2) — 05|

(91 — 92) — ﬁﬁ(i)
(B3, (T) = Piy (T)) — By (T) V B (2)) A (Biy (%) — 5:(T)) A
(P2 (B) = 01) A (02 — P, (7))

Negative interpolation

(11), 3), (1) (28)
|Consequent| = 13 + 6 - || + |Bi, () — 01 + |02 = Bip (2)] < 13- (1 + |Z]) + Bz, (T) — 01] + 02 — Biy ()]

(01 — 02) — ﬁ,‘,(:f)

)V Piy (%) = 1V pi(Z) = 1, }

Negative interpolation @
z

1 ~ — ~ — ~ — ~ —

Piy (T) < Pi(T) V Piy (T) = Pi(Z), Py (T) — 01,02 — Py (T)

(29)

|Consequent| = 15 + 8 - |Z| + |Pi; (Z) = 01] + [02 = Piy (T)] < 15 (1 + [Z]) + [P3, (T) = 01] + |02 — Ps, (T)]
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Table 5: Unary interpolation rules for —

Case Laws

9:91—)0

pi(Z) — (01 — 0)

Positive interpolation — — — 9), (8 30
(p;,(:v)—>0Vp;,1(w)—)0)/\(01 —)p,-,l(x)) (), (8) (30)
|Consequent| = 8 4+ 2 - |Z| 4 |01 — pi, (Z)| < 13- (1 +|Z|) + |01 — pi, (T)]
pi (T 6 0
Positive interpolation — p (az) _i( 1~ 0) — (31)
{p:(2) = 0V piy (Z) = 0,01 — Piy (T)}
|Consequent| =6 + 2 - |Z| + |01 — s, ()| < 15- (1 +|Z]) + |01 — Pay (T)]
o . (61 — 0) = ps(%)
Negative interpolation — — —— = — (11) (32)
((Bi1 (B) = 0) = 0V p: (%)) A (Biy (&) — 61)
|Consequent| = 8 4+ 2 - |Z| 4 |ps, (Z) — 01] < 13- (1 + |Z|) + |pz, () — 01]
01 — 0) = p:(T
Negative interpolation 6 ) = 7i(@) (33)

{0 <P, (Z) V5:i(T) = 1,P3, (T) = 01}

|Consequent| = 6 + 2 - |Z| + |ps; (&) — 01] < 15 - (1 +|Z|) + |ps, (T) — 01]
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Table 6: Unary interpolation rules for V and 3

Case

0:Va:91

ﬁn(i) — Vz 61
(P:(Z) = Yo piy (2)) A (P3y (T) — 01)

Positive interpolation

|Consequent| =6 + 2 - |Z| + ‘ﬁﬁl (Z) = 01] < 13- (1+|7|) + |ﬁ,-,1 (Z) — 01]

ﬁn(f) — Vz 0,
{p:(Z) < Vz Di; () V pi(T) = Vo piy (T), Piy (T) — 01}

Positive interpolation

|Consequent| = 10 + 4 - |Z| + |;5;,1 () = 011 <15- (14 |z|) + \13;,1 (Z) — 01]

Vo6, — Pi (f)

Negative interpolation — — —— — —
(Vo piy () — P:(2)) A (01 — 3, (2))

|Consequent| = 6 + 2 - |Z] 4 01 — Pi; ()| < 13- (1 + |Z]) + |61 — Py (T)]

Vi 0, — pi(T)
{Vz i, (T) < p:(T) VVx ps, (T) = p:(Z), 01 — Pz, (T)}

Negative interpolation
|Consequent| = 10 +4 - |Z| 4 |01 — pi, (T)| < 15 (1 + |Z|) + |01 — ps, (T)]

6 = 3Jx 0,

ﬁn(f) — dz 04
(P:(Z) = 3z psy () A (B3, (2) — 61)

Positive interpolation

|Consequent| =6 + 2 - |Z| + ‘ﬁjl (&) = 01] < 13- (1+|7|) + |13§1 (Z) — 01]

ﬁn(i) — dx 61
{p:(2) < o psy () V p:(2) = Jz Ps, (), Pz, () — 01}

Positive interpolation

|Consequent| = 10 + 4 - |Z| 4 |pi; (Z) — 01| < 15- (1 + |Z|) + [Piy () — 01

Jx 01 — pi(T)

Negative interpolation — — ——
Bz ps, (2) — 5:(2)) A (61 — Py (T))

|Consequent| =6 + 2 - || + |61 — Piy ()| <13-(1+|z]) + |61 — Piy (@)|

Az 6, — f);‘ (f)
{32 ps, (%) < pa(Z) V 3z sy (%) = Pi(F), 01 — Pay (T)}

Negative interpolation

|Consequent| = 10 + 4 - |Z| + |01 — pi; (T)| < 15 (1 + [Z]) + |01 — piy (T)]

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)
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Appendix

7.1. Substitutions 3.2
Let X = {z;]1 <i < n} C Varg. A substitution ¥ of £ is a mapping ¥ : X — Term. ¥ may be written in the form z/9(z1),..., 2, /9(z,). We denote dom(9) = X Cr Var, and
range(V) = U, x vars(¥(xz)) CF Varg. The set of all substitutions of £ is designated as Subst.. Let ©,9" € Subst,. 1 is a variable renaming of £ iff ¥ : dom () — Var,, for all z,2’ € dom(¥),
x # ', Hzx) # Ha'). We define idz : Varg — Varg, ide(x) = x. Let t € Termg. ¢ is applicable to ¢ iff dom(¥) D vars(t) = freevars(t). Let ¢ be applicable to t. We define the application
t¥ € Term, of ¥ to t by recursion on the structure of ¢:
o5 — I(t) ift € Varg,
) f, .t 0) it = f(ty, ... tr).

Let range(d) € dom(v¥'). We define the composition of ¥ and ¥’ as ¥ o9’ : dom () — Termp, ¥od'(x) = V(x)0', Vo € Substz, dom (¥ od') = dom(V), range(V 0 V') = range(V'| ange(s)). Note
that composition of substitutions is associative. ¥’ is a regular extension of 9 iff dom(9') 2 dom(9), V' |4om(9) = ¥, V| dom(9')—dom(9) is @ variable renaming such that

range(V | gom (91— dom(9)) N range(9) = 0.

Let a € Atom,. ¥ is applicable to a iff dom () D vars(a) = freevars(a). Let ¥ be applicable to a and a = p(ty,...,t,;). We define the application of ¥ to a as a¥ = p(t19,...,t.9) € Atom,.
Let Qra € QAtom,. 9 is applicable to Qz a iff dom (V) O freevars(Qra) and x & range(V|freevars(Qza))- Let ¥ be applicable to Qxa. We define the application of ¥ to Qra as (Qra)d =
Qx a(Vfreevars(Qua) U /) € QAtom . Let €1 09 € OrdLits. ¥ is applicable to &1 ¢ o iff, for both 4, ¥ is applicable to &;. Let 9 be applicable to 1 ¢ 5. Then, for both 4, 1 is applicable to
i, dom(¥) 2 freevars(e;), dom(9) 2 freevars(e1) U freevars(e2) = freevars(e; o e5). We define the application of ¢ to €1 0 &3 as (61 ¢ £2)9 = 19 0 9 € OrdLity. Let E C A; A = Termy |
A = Atom, | A= QAtom, | A = OrdLit,. ¥ is applicable to E iff, for all € € E, ¥ is applicable to e. Let 9 be applicable to E. Then, for all € € E, ¥ is applicable to e, dom(¥) D freevars(e),
dom(V9) 2 |, freevars(e) = freevars(E). We define the application of ¥ to E as EY = {ed|c € E} C A. Let ¢,¢’ € A|¢,e’ € OrdCl,. €' is an instance of ¢ of L iff there exists v* € Subst,
such that ¢’ = e*. ¢’ is a variant of € of £ iff there exists a variable renaming p* € Subst, such that &’ = ep*. Let C € OrdCl, and S C OrdCl,. C is an instance | a variant of S of £ iff there
exists C* € S such that C' is an instance | a variant of C* of £. We denote Inst,(S) = {C|C is an instance of S of L} C OrdCle and Vrnt,(S) = {C|C is a variant of S of L} C OrdCl.

9 is a unifier of £ for E iff EY is a singleton set. Note that there does not exist a unifier for (). Let 6 € Subst,. 0 is a most general unifier of £ for E iff 6 is a unifier of £ for E, and for every
unifier ¥ of £ for E, there exists v* € Subst, such that U|srecvars(5) = Olfreevars(m) © 7"+ By mgu,(E) € Subst, we denote the set of all most general unifiers of £ for E. Let E=E,,...,E,,
E; C A;, either A; = Term, or A; = Atom, or A; = QAtom, or A; = OrdLit,. ¥ is applicable to E iff, for all i < n, o is applicable to E;. Let ¥ be applicable to E. Then, for all i < n, 9 is
applicable to E;, dom (V) 2 freevars(E;), dom(9) 2 |J,-,, freevars(E;) = freevars(E). We define the application of ¥ to E as EY = Eyd, ..., E,0, E;9 C A;. o is a unifier of £ for F iff, for all
i < n, ¥ is a unifier of £ for E;. Note that if there exists i* < n and E;+ = (), then there does not exist a unifier for E. 6 is a most general unifier of £ for E iff 6 is a unifier of £ for E, and for
every unifier ¥ of £ for E, there exists v* € Subst, such that V| freevars(E) = 0| freevars(E) © V" By mgu £ (E) C Subst; we denote the set of all most general unifiers of £ for E.

Let B; =t},...,t!  ti € Termr, i <n. We define the union of E;, i < n, as

r¥mo 7y
B i <n}={ti i <n},... {th, i <n}, {t}|i <n} C Term.
Note that if m = 0, then {E; |i < n} = ¢.

7.2. Full proof of Theorem 2

PROOF. Let 9 € Subst. be a unifier for E. Then 4 is applicable to E, dom (1) 2 freevars(E); there exists a variable renaming p* € Substz, dom(p*) = freevars(E), and range(p*) N boundvars(E) =
range(p*) NV = 0; for all Qra € gatoms(E), x € boundvars(E), freevars(Qxa) C freevars(E) = dom(p*), x & range(p*) 2 range(p*|frecvars(Qza))s p* is applicable to Qx a; p* is applicable to
E; range(p*) = freevars(Ep*), freevars(Ep*) N boundvars(E) C freevars(Ep*) NV = range(p*) NV = 0; (p*)~! € Substz, dom((p*)~1) = range(p*) = freevars(Ep*), range((p*)~1) = dom(p*) =
freevars(E), is a variable renaming, p* o (p*)~! = id 2| dom(p) = idg|fmewrs(§) € Subst; for all Qua € qatoms(E), freevars(Qx a) C freevars(E), x € freevars(Qz a) = range(id ¢|freevars(Qz a) )
12| frecvars () 18 applicable t0 Q a; idcypepars(m) 18 aPPlicable to By E(ide|fpemars @) = E(p* 0 (p*)7") = (Ep*)(p*)~", (p*)~" is applicable to Ep*; dom (V) 2 freevars(E) = range((p*)~"),

(p) V00 € Substz, dom((p*)™" 0 9) = dom((p)1) = freevars(Ep")s BV peprarem) = EGAL]pusnars(m ©9) = El(p* 0 (6771 0 0) = B(p* o ((0) ™ 0 9)) = (Ep*)((p*) " 0 ), (p*) " 0 0 is

*
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applicable to Ep* and a unifier for Ep*. We denote

E;p* if either E;p* Cr Termg or E;p* Cr Atomg;

if Bip® Cr QAtom,,

U{freetermseq(a) | a € Eip*} there exist Q™ € {V,3},2" € Varg,
p* € Prede,I* Cr N, and
for alla € Eip*,a = Q"z" b, preds(b) = {p*},
boundindset(a) = I,
1] else;

if E;ip* Cr OrdLit.,

{e1|e1 0% e2 € Eip*}, there exists o* € {=, <},
{e2]e10" e2 € E;p*} foralll € E;p*,l = €1 0" e2,¢e; € Atom,
{e1|e1 0% e2 € Eip*}, there exist o™ € {=,<},Q" € {V,3},
U{freetermseq(e2) |e1 0" €2 € Eip*} x* € Varg,p* € Prede,I" Cr N,

Iy = for alll € E;p*,l = &1 0" €2,61 € Atom,

€9 € QAtom,,e0 = Qx™ b, preds(b) = {p*},
boundindset(e2) = I™,
U{freetermseq(e1) | €1 0" e2 € E;p*}, there exist o* € {=,<},Q* € {V, 3},
{e2]e10" 2 € Eip*} x* € Varg,p* € Prede, I* Cx N,
foralll € Eip*,l = €1 0" 2,61 € QAtom,,
= Q*z" b, preds(b) = {p*},
boundindset(e1) = I*,e2 € Atomg,
U{freetermseq(e1) |e1 0" €2 € E;p™}, there exist o € {=,<},Q7 € {V,3},
U{freetermseq(c2) |e1 0™ e2 € E;p*} xj € Vare,p; € Prede,I; CN,j=1,2,
for alll € Eip*,l = €1 0" €2,e5 € QAtom,
;5 = Qjj bj, preds(b;) = {pj},
boundindset(e;) = I},

] else;

F;, = f{,,f}L either fi Cx Termg or f; Cr Atomp, F = Fy, .. = Go,...,G,, either G; Cr Termp or G; Cr Atom,. Hence, for all i < n, (p*)~! o4 is a unifier for E;p* and F;,
freevars(Eip*) = vars(F;); freevars(Ep*) = vars(F), (p*)~' 0¥ is a umﬁer for F, dom((p*)~! 0 ) = freevars(Ep*) = vars(F); by Theorem 1 for F, (p*)~! o 9, there exists 6* € mgu,(F),
dom(6*) = vars(F) = freevars(Ep*), and range(6*) C vars(F) = freevars(Ep*); there exists v* € Substz, dom(y*) = range(5*), and (p*)~! o = 6* o v*; boundvars(Ep*) = boundvars(E),
range(6*) N boundvars(Ep*) = range(6*) N boundvars(E) C range(6*) NV C freevars(Ep*) NV = (; for all Qza € qatoms(Ep*), x € boundvars(Ep*), x & range(6*) 2 range(6*|frecvars(Qu a))s
6* is applicable to Qxa; §* is applicable to Ep* for all i« < n, 6* is a unifier for F; and E;p*; 0* is a unifier for Ep*; range(p*) = freevars(Ep ) = dom(é*) p* o0 d* € Substry, dom(p* o d*) =
dom(p*) = freevars(E); (Ep*)d* = E(p* 0 6*), p* 0 §* is applicable to E and a unifier for F; VW frecvars(®) = 0Ll preevars @) © Y = (P70 (p7)~ Do =p o((p*)tod) =p o(6* o) = (p*0d*)or*;

p* 08" € mgu,(E). We put 0* = p* 0 6* € mgu,(E), dom(6*) = freevars(E). Then range( 7)) NV = range(6*) NV = 0. The theorem is proved.

O .

6* | freevars(E
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8. Full proof of Lemma 3

PROOF. It is straightforward to prove the following statements:

Let ng € N and 0 € Form,. There exists 6/ € Form such that (69)
(a) 0" = 0;
(b) 16'] <2-16]; ¢ can be built up from 6 via a postorder traversal of § with #0(0) € O(]0]) and the time, space complexity in O(|0] - (log(1 + ng) + log |6]));

)
(¢c) ¢ does not contain —;
)

(d) 0 € Teonsg; or 1 is not a subformula of §; for every subformula of ' of the form e; 0 eq, ¢ € {A\,V}, &; # 0,1, {e1,e2} € Tcons; for every subformula of 8’ of the form €1 — eo,
e1#0,1,e0# 1,{e1,62} € Tcons; for every subformula of 6 of the form Qz ey, Q € {V,3}, &1 & Tcons;

(e) tcons(0') C tcons(0).

The proof is by induction on the structure of 6 using (2) and the obvious simplification identities on G with respect to 0, 1, ¢1,¢2 € [0,1], V, A, = (e.g. 0Va=a,1Va=1,0Aa=0,1Aa = q,

0=>a=1,1=a=a,c1Ves =c1 iff ¢ > co, ciAca =c1 iff ¢; < o, c1=>co = 1iff ¢ < ¢o, c1=>ca = ¢o iff ¢4 > co, etc.); the postorder traversal of 6 uses the input € and the output

0,10 < 2-10] € O(8]), #0(8) € O(|8]); by (13) for ng, 6, 0, ', g = 2, r = 1, the time complexity of the postorder traversal of 6, is in O(#O(0) - (log(1 + ng) + log(#O(8) + 16]))) C
(69b)

O(10] - (log(1+mng) +1og |6])); by (14) for ng, 6, 0, 6', ¢ = 2, » = 1, the space complexity of the postorder traversal of 8, is in O((#O(0) + 10|) - (log(1 +ng) +1og |8])) € O(|0] - (log(1 + ny) +log |6])).
So, (69) holds.

Let I € Lit,. There exists C € SimOrdCl, such that (70)
(a) for every interpretation 2 for £, for all e € Sy, A =, [ if and only if A =, C;

(b) |C] <3-]l], C can be built up from [ with #0(1) € O(]i]).

In Table 2, for every form of literal, an order clause is assigned. We have a,b € Atomz — Tconsz, é € Cr, d € QAtom . Then, concerning Table 2, for every form of I, C € SimOrdCl,. For every
interpretation A for £, for all e € Sy, concerning Table 2, for every form of I, A =, [ if and only if 2 =, C; (a) holds. Concerning Table 2, for every form of [, |C| < 3-|I| and C can be built up
from [ with #0(1) € O(|l]); (b) holds. So, (70) holds.

Let ng € N, € Formp — {0,1}, (69¢,d) hold for 6; Z be a sequence of variables, vars(f) C vars(z) € Varg; i = (ng,ji) € {(n9,j)|j € N}, p3 € P, ar(p;) = |Z|. There exist (71)
J={(ng,j) si +1 <7 <ns} C{(n,5)|j €N}, jis <ny, i € J, a CNFY® € Formpougp s |jety, S° CrF SimOrdCleygsyus; |jety» § = +, —, such that for both s,

(a) Il <161 = 1;

(b) there exists an interpretation 2 for £U {p;} and 2 |= p3(Z) — 6 € Form gz, if and only if there exists an interpretation 2’ for £U {p;} U {p;|j € J} and A’ |= T, satisfying
A= mllﬁu{ﬁﬁ};

(c) there exists an interpretation A for LU {p;} and 2 |= 0 — pi(%) € Formygp,y if and only if there exists an interpretation A’ for LU {p;} U {p; |j € J} and 2’ |= ¢, satisfying
A=W eugpy

(d) for every interpretation 2 for LU {p;} U {p; |j € J}, A = 9° if and only if A = 5%;

(e) there exists an interpretation 2 for £U {p;} and 2 |= p3(Z) — 6 € Form s,y if and only if there exists an interpretation 2’ for LU {p;} U {p;|j € J} and A" |= ST, satisfying
A=A u(p)

(f) there exists an interpretation A for LU {p;} and A |= 0 — p;(Z) € Formygp,y if and only if there exists an interpretation 2" for LU {p;} U {p;|j € J} and A’ |= S~, satisfying
A=W eugy
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(2) [¢®] <15-10]- (1 +Z|), ¥* can be built up from 6 and fo(Z) via a preorder traversal of § with #O(0, fo(z)) € O(|6] - (1 + |z|));
(h) |S%| <15-16]- (1 +]z|), S* can be built up from # and fo(Z) via a preorder traversal of 8 with #O(6, fo(z)) € O(|0] - (1 + |z]));
(i) ¢¥° = /\iS%S D$, D$ # pi(%) is a factor, for all i < nys, 0 # preds(D3) NP C {p:} U {p; | € J}, for all i <4’ < nys, lits(DS) # lits(D3);

(j) for all C' € S*, 0 # preds(C) NP C {piyu{pjlied}, pi(@) = 1,p:(T) < 1 & S%
(k) for all a € gatoms(¢°), there exists j* € J and preds(a) = {p;+ };

(1) for all j € {1} U J, p;j(Z) € atoms(¢®) satisfying, for all a € atoms(y®) and preds(a) = {p;}, a = p;j(Z); pi & preds(qatoms(vp®)), for all j € J, if there exists a* € gatoms(vp*) and
preds(a*) = {p; }, then there exists Qz p;(z) € gatoms(®) satisfying, for all a € gatoms(v)°) and preds(a) = {p;}, a = Qz p;(Z);

(m) for all a € gatoms(S®), there exists j* € J and preds(a) = {p;~ };

(n) for all j € {1} U J, p;(Z) € atoms(S®) satisfying, for all a € atoms(S*®) and preds(a) = {p;}, a = p;(Z); ps & preds(gatoms(S?®)), for all j € J, if there exists a* € gatoms(S®) and
preds(a*) = {p;}, then there exists Qz p;(Z) € gatoms(S®) satistying, for all a € gatoms(S®) and preds(a) = {p;}, a = Qz p;(Z);

(0) tcons(¢®) = tcons(S*) = tcons(6).

We proceed by induction on the structure of 6.

Case 1 (the base case): § € Atom,. We put ny = j; and J =0 C {(ng,7)|j € N}. Then j; < ny and i & J. We put " = p;(Z) — 6 € Formpygp,y and ¢~ =60 — p;
have 6 € Form;—{0,1}. Hence, 6 € Atom, —{0, 1}, ps(T) € Atom pyyp,y — Tcons, for both s, ¢® € Lit o5,y is a CNF. We put ST = {p;(Z) < 0V pi(T) = 0} and S~ = {6
Then, for both s, for all C' € 5%, C' C SimOrdLitcyp5,y; S* CF SimOrdCleyp,y-

||JH =0< 10| —1; (a) holds.

We have, for both s, ¥° € Litzygps,. Then, for both s, for every interpretation 2 for LU {p;}, by (70a) for ¥°, S°, 2, for all e € Sy, ™A |=. ° if and only if A =, 5°; A |= +* if and only if
A = 5% (d) holds.

Hence there exists an interpretation 2 for LU {p;} and 2 = p;(Z) — # = 1 if and only if there exists an interpretation 2 for LU {p;} and A = o | A’ = ST, satisfying A = A" = A’ | 25,3
(b) and (e) hold.

Hence, there exists an interpretation 2 for LU {p;} and 2 |= 0 — p;(Z) =+~ if and only if there exists an interpretation 2 for LU {p;} and 2’ = ¢~ | A" |= S7, satisfying 2 = A" = A'| 205,35
(¢) and (f) hold.

For both s, || =24 |Z| + 10| < 15-10] - (1 4+ |Z|) and ¥*® can be built up from 6 and fo(g’c) via a trivial preorder traversal of § with #0O(6, fo(af)) € 0(|0] + |1z|) CO(|0] - (1 +|Z])); (g) holds.

For both s, |S¥| =4+4+2-|Z|+2-|0] < 15-10]- (14 |Z|) and S® can be built up from 0 and fo(Z) via a trivial preorder traversal of  with #(9(9, fo(z)) € O(0] +|z|) € O(10]- (1 + \x|)) (h) holds.

We put nys =0 and D = 9*, s = 4, —. We have § € Form, — {0, 1}, for both s, ¢° € Litzyz,3. Then, for both s, D§ # pi(Z) is a factor, () # preds(D§) NP = (preds(0) U{pi}) NP = {pi},
trivially, for all i < i’ < nys, lits(D3) # lits(D;); (i) holds.

We have 6 € Form, — {0, 1}. For both s, for all C' € 5%, () # preds(C) NP = (preds(0) U {p:}) NP = {pi}, p1(ZT) = 1,p:(Z) < 1 & S*; (j) holds.

For both s, qatoms(1*) = 0; (k) holds trivially.

We have 6 € Atom. For both s, p;(Z) € atoms(¢*®), for all a € atoms(v®) = {0, p:(Z)} and preds(a) = {pi}, a = p:(Z); qatoms(¢¥*) =0, py € O = preds(qatoms(¢*)), trivially, for all j € ) = J
if there exists a* € qatoms()®) and preds( *) = {p;}, then there exists Qz p;(Z) € qatoms(y)°) satisfying, for all a € qatoms(1)°) and preds(a) = {p;}, a = Qz p;(Z); (1) holds.

For both s, qatoms(S®) = (; (m) holds trivially.

We have 6 € Atom . For both s, p;(Z) € atoms(S*), for all a € atoms(S®) = {6, p:(Z)} and preds(a) = {pi }, a = pi(T); qatoms(S*) =0, py € O = preds(qatoms(S®)), trivially, for all j € ) = J
if there exists a* € qatoms(S*®) and preds( *) = {p;}, then there exists Qx p;(Z) € gatoms(S*) satisfying, for all a € gatoms(S®) and preds(a) = {p; }, a = Qz p;(Z); (n) holds.

We have p;(z) € Atomygs,y — Tconsc. Then, for both s, tcons(y®) = tcons(S®) = tcons(0) U tcons(p;(Z)) = tcons(0) U {0, 1} = tcons(f); (o) holds.

Case 2 (the induction case): 6 € Form, — Atomg. We have (69¢,d) hold for #. We distinguish two cases for 6.

Case 2.1 (the binary interpolation case): 0 = 01 ¢ 6y, o € {A,V,—}, 0; € Form, — {0,1}. We have (69¢,d) hold for 8, vars(8) C vars(z) C Varg. Then, for both 4, (69¢,d) hold for 6;,
vars(0;) C vars(f) C vars(z) C Vary. We put j;, = j; + 1 and 1; = (ng, js,) € {(ne,7)|j € N}. p;, € P. We put ar(p;,) = |Z|. We get by the induction hypothesis for ng, 61, 7, i1, p3, that
there exist J1 = {(ng,J) |Ji, +1 < j <njy} C{(ng,j5)|j € N}, ji, <ny, i1 € Ji, a CNF 5 € Form i, yoip; 1jenys S1 CF SimOrdCleyip, yoip; |jey, S = +,—, and for both s, (a—0) hold
for 01, z, pi,, J1, ¥5, S§. We put ji, = ny, + 1 and 12 = (ng,Ji,) € {(ng,5)|j € N}. ps, € P. We put ar(pi,) = |Z|. We get by the induction hypothesis for ng, 02, T, 12, p;, that there exist
Jo ={(ng,5) [ Ji, + 1 < j <mnp} C{(ne,5)|j € N}, ji, <y, 2 & Jo, a ONF b3 € Formpeus,, yoip; |jesa}s S5 CF SimOrdCleygs, yoip; |jen)» 8 = +, —, and for both s, (a-o) hold for 0s, Z, ps,,

pi (T

) € Formgygs,. We
< pi(7) VO = p; ()}
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Ja, V5, S5. Weput ny =ny, and J ={(ne,j) |5i + 1 <j<ny} C{(no,j)|j € N}. Then j; < ji, <ny < ji, <ny, 1 &J,
J =A{(n0,33,)} U{(n0,5) | Ji, +1 <j <nyp U{(no, i)} U{(no, ) [in +1 <5 <mpp} = {1} UJL U {i2} U, (72)
{1}, {11}, J1, {12}, Jo are pairwise disjoint. (73)
In Tables 3 and 4, for every form of 8, positive and negative binary interpolation rules of the respective forms

pi(T) > 0 € Form pugp:y

+ st sT ) S;_ e{+ -}
Prefiz™ Nyt Ayp?® € Formeoipoip:, yulss, )

0 — p; (%) € Formeygp

— o o ) Sz— € {+7 _}a
Prefiz™ ANyt Av® € Formeu(p s, 1u{pi, )

Prefiz® € Formou(s,yu(p, 1oip:, }-

. {ﬁﬁi(m) — 0; if s =+,

i = s c Formpuis v,
BTN (@) ifs=—, £ULp )

are assigned. We put

V* = Prefiz® Ay Aiby? € Form (72)

LU{5: }ULR; | i€ i JuUliz}ud, &2 7y =+

Then, concerning Tables 3 and 4, for every form of 6, for both s, Prefiz® # 0, 1, Prefiz® is a CNF, for every s and i, by the induction hypothesis (i) for 6;, ’(/}:f = 0, 1; we have, for every s and 1,

3 "is a ONF : for both s, ¥® is a CNF. In Tables 3 and 4, for every form of 6, positive and negative binary interpolation rules of the respective forms

pi(T) > 0 € Form pugp:y

+ _
+ st st ’ Si € {+’ }7
ClPrefir™ U{y;* }U{%*} Cr OrdForm cu5,30{p:, yulp, }
0 — pi(x) € Form gz,
— ps(,) LU{p: } , SZ_ c {_|_, _}’
ClPrefiz™ U{vy' } U{v* } Cx OrdFormeysy0(, uis, )
ClPrefiz® Cr SimOTdClLu{ﬁﬁ}u{ﬁ;,l}u{ﬁﬁ2}a
are assigned. We put )
S* = ClPrefiz® U S7* U Sy> Cr SimOrdCl ., S=+,—

LU{p: }U{p; | je{i1}UJ1U{i2}UJ> = J}
Concerning Tables 3 and 4, for every form of 6, for both s, for all C € C’_lPreﬁxs, Di € preds(C); we have, for every s and 4, by the induction hypothesis (j) for 6;, for all C' € Sf f,
0 # preds(C)NP C {ps, }U{p; | 5 € Ji}; for both s, for all Cy € ClPrefiz®, Cy € St and Cy € S52, 3 € preds(Cy), p; € P, for both i, p; ¢ {ps, YU{pj i € i}, bs & preds(C;)NP C {ps, }U{D; |3 € Ji},
(73)

i & preds(C;), preds(Cy) # preds(C;), Co # Cy; (preds(Cl)ﬂIf”)ﬂ(preds(Cg) m@) C{pi, yU{pilie ) N{pi, Y U{D; |3 € J2}) ) (0, for both i, ) # preds(C’i)ﬂI@, preds(Cl)ﬂI@ + preds(Cg)ﬁIP’,
preds(Ch) # preds(Cs), Cy # Co;

for both s, ClPrefiz?, Sfi,Ssg are pairwise disjoint. (74)
|6] = 1+ |61| + |02], for both i, by the induction hypothesis (a) for 6;, ||J]| % H{iH + |2 + a2 + |2l = 24+ |a]] + || 2]l £ 24 |61] — 14 |62] — 1 = |8] — 1; (a) holds.

45



Concerning Tables 3 and 4, for every form of 8, for both s,

Prefiz® = /\ \/ lJ i J i € Litﬁu{ﬁﬁ}u{ﬁﬁl}u{ﬁ52}7 (75)
i<ns j<m?
ClPrefiz® = { \/ C3ili< n} (76)
j<ms

so that for all i <n® and j < mj, by (70) for I3, C5; 6 SimOrdClCU{p Yulfs, Julps, ) satisfying, for every interpretation 2 for £ U {Pi} UADi, } U {pi,}, for all e € Sy, ™A e 15
A Cr s A = VjSm ; if and only if A =, \/J<m A \/J<m 2, if and only if A = \/J<m s

for every form of 6, for both s, for every interpretation A for LU {p;} U {ps, } U {Ps, }, A = Prefiz® if and only if A = ClPrefiz®. (77)

if and only if

Let 2 be an interpretation for £ U {f;}. We define an expansion 2% of 2 to LU {f;} U {p;, } U {pi, } as follows:

10; |2 if there exists e € So such that ||Z]|* = uq,...,uz,

0 else,

o #
pf[ (U, uz) = {

. ~ _ # ~(# _ # ~(F# #
Then, for both i, for all e € S, [|ps, (Z)I27 =31 (I1ZII27) = 5" (1Z12) = 16:[[2 = [16: 12",

T o A # o # #
I I 112 = 11, @12 = 10027 1100127 = N5, (@) 12 = (162127 = 16,127 = 1;
for every s and i, A* = 43,

Let s = +, 2[|:pn( ) =0 |s=—, A0 pi(z). Then A¥ |= 5:(7) — 0 | AF =0 — pi(Z), for all e € Sy,

15 (z) = OI*" =1 ] |6 = B (2)I*” =1,

15 (@) = (10 0)[I27 = 1| [[(61 0 62) — (@)|2” =1,

15: @) = (10|27 o 162127) = 1| (16|27 o162 27) = [17:(2) |2 =1,

17 (@) 12 = (17, @) 12 0 15, @127 = 1| (s, @12 o 17, (@) IX7) = [17: (@) |27 = 1,

concerning Tables 3 and 4, for every form of 8, by the corresponding laws in the column Laws, ||Preﬁxs||m# = 1; A# = Prefiz®, by (77) for 0, s, A#, A# = ClPrefiz’®; we have, for every s and
i, A# = ~¢; for both 4, Q[#|L‘U{ﬁ;,i} = ~;", by the induction hypothesis (b) | (c) | (e) | (£) for 6;, 9[#|.cu{p }, there exists an interpretation A5 for £ U {p, }U {pj |7 € Ji} and A = o)

’L 7

Aileutp,y = Qﬁ‘ﬂﬁu{mi}. By (73), {ps}, {ps, }, {Pj |3 € J1}, {Ps,}, {Pj|J € J2} are pairwise disjoint. We define an expansion A* of A to LU {p; } U{p; |j € J 72 (11} UJy U {ia} U Jo} as follows:
s AT L _
p; =p;', Je{lifuldi,i=12.

We get

Q‘S\Lu{m}u{ml}u{ﬁﬁz} =A* E Prefiz®, ClPrefiz®,
for both i, % cugp, ot 15e sy = A U

We put 2’ = 2A°, an interpretation for LU {p;} U {p; |j € J}. Then A" =¢° | 8% A gy = A
Let s = + | s = — and " be an interpretation for LU {p;} U {p; |j € J @) {i1} U J1 U {iz} U Jo} such that A" = ¢° | S°. We denote 2A# = A £ULp:yU L, YULpe, }- Then A# = Prefiz® |
A7 = ClPrefiz®, by (77) for 0, s, A#, A# = Prefir®; A* = Prefiz®, for both i, A cugp, yulss lieny F 77/18: , by the induction hypothesis (b) | (c) | (e) | (f) for 6;, A 2oz, SUITALAL

s s # 2 . . 2 # ~ _ # # ~ _ # # . X
Wleogp,y Evit AT = for all e € S, [|Prefiz |27 =1, [l 27 = 1; if 57 =+, then 1 = [|;" 27 = [l HQ‘ = 155, @I = 110,27, 55, (@) 127 < 10,275 if 55 = =, then 1 = [}
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H’yf”?‘# = ||92||§l# = Hf)ﬁl(_)”ﬂ# 116; Hm# < ||ps, (_)||Ql#; concerning Tables 3 and 4, for every form of 6, for both s, by the corresponding laws in the column Laws, ||p;(Z) — (61 <>92)||Zl# =1
101 00) = @I =1, [5:(2) = 02 =11 0 > @I = 1 4% = (1) = 0| 0= (@), Xy = ¥ cogny = 5r(2) = 0| 0 fi(2). We put % = 2,5, an interpretation for
LU (s} Then A 5u(7) 0| 8- (@), % = 2| cugay: (). (<), (©). (1) hold

Let s =+ | s = — and 2 be an interpretation for £ U {pn} U{pjlje g2 {111} UJ; U {is} U Jo} such that A = *. We denote 2# = Q[|£U{pn}u{pn1}u{p,.2} Then Ql# E Prefiz®, by (77) for 6,
s, A# A# = ClPrefiz®, for both 1, Al o, yuiss lied) F Y7, by the 1nduct10n hypothesis (d) for 0:, Al cugp. Y0l 1ie sy HMeos, 1ol ey F S’ A b= ClPrefiz®, S;'; 2 = S°.

Let s = + | s = — and 2 be an interpretation for £ U {pn} u{p;lje g2 {111} UJy U {is} U Jy} such that 2 = S°. We denote 2% = Ql|£u{pn}u{pnl}u{pn2} Then A7 |= ClPrefiz®, by (77) for

0, s, A#, A# = Prefiz®, for both i, Q[‘gu{pn Yol lies} F S7%, by the induction hypothesis (d) for 6;, 91|£U{p,, YU{B; |§€T:}» 9[|£u{p,,1}u{pj ljes} F 7, A = Prefiz® wl ; A = 4°; (d) holds.
Concerning Tables 3 and 4, for every form of 0, for both s, |P7’eﬁa: | <13-(1+|%|), Prefiz® can be built up from fo(Z) with #O(fo(Z)) € O(|Prefiz®|) = O(1 + |Z|); we have, for every s and 1,
by the induction hypothesis (g) for 6;, |1/) | <15-10;]- (14 1z|), ¥ f‘ can be built up from 6; and fo(Z) via a preorder traversal of 8; with #O(0;, fo(z)) € O(|6:| - (1 +|Z|)); 0] = 1+ |61| + |62], for
both s, [1h°| = 2+ | Prefiz®| + [ | + 157 | < 2413+ (14 |2]) + 15 [61] - (1+ |2]) + 15 |02] - (1+ |Z]) < 15+ (1 + [61] + |62]) - (1 +|z]) = 15-|6] - (1 + |]), ¥* can be built up from 0 and fo(z) via a
preorder traversal of § with #0(6, fo( )) € O(L+ |z + |01 - (1 + [Z]) + |02] - (L + |Z])) = O((1 + |01 + [62]) - (1 + |2])) = O(|0] - (1 + |7[)); (g) holds.
Concerning Tables 3 and 4, for every form of 0, for both s, |ClPrefiz®| < 15- (1 +(Z[), ClPrefiz® can be built up from fo(z) with #0(fo(z)) € O(|ClPrefiz®|) = O(1 +|Z|); we have, for every s

and i, by the 1nduct10n hypothesis (h) for 6;, | S} <1500 - (1+ 7)), 51 can be built up from 6; and fo(Z) via a preorder traversal of 6; with #0O(6;, fo(z)) € O(|6;]- (1 +z|)); |0] = 1+ 61|+ |62],

for both s, |SS\ |ClPreﬁx |+ |SS‘| + |S§2| <15-(1+|Z) 4+ 15-161] - (14 |Z]) + 15 |6] - (1 + |Z]) = 15- (1 + |01] + |62]) - (1 +|Z]) = 15- 0] - (1 +|Z|), S* can be built up from 8 and fo(z) via a
preorder traversal of 6 with #0(8, fo(Z)) € O(1 + |Z| + |61] - (1 + |Z]) + [62] - (1 + |F])) = O((1 + |61] + |62]) - (1 + |Z])) = O(|8] - (1 + |7])); (h) holds.

Concerning Tables 3 and 4, for every form of 6, for both s, Prefiz® ) /\igns VjSm? 0545 155 € Lit cugpyufps, yuip, ) for all i <n?, \/jgnﬁ I5; # pi(Z) is a factor,

Dy € preds( \/ 1),

j<ms

0 # preds( \/ 15:) NP {myU{p, UL} C{mu{plic iU Ufid Ul =

j<ms

(72) J},

for all 1 < &' < n®, lz't&’(\/jgmf I5;) # lits(\/jgmf, I51); for every s and 4, by the induction hypothesis (i) for 6;, w:f = Ni<n . Diy» for all k < st Dy ; € Formeogp, yo(p; [jen} 1s a
vy i
factor, () # preds(Dy, ;) NP C {p,} U {Bilie Ji} C{pitU{pili € {li} UJi U{ia} U Jy ) J}, forall k < k' < nwsg, lits(Dy, ;) # lits(Di;); b & {Pi,} U{D; |3 € Ji}, for all k < et
(73) g

pi & preds(Dy ;) C Predcogp, yo(p; |jetiy» Pi € preds(pi(2)), preds(Dy ;) # preds(pi(2)), Dy ; # pi(Z). We put nys = n® + Mot T s; +2and
2

1

ngms ljs',z' if i <nf,
D = Piegnn  nHl<isnidn g+, s=+,—
D;_ (n*tn 5+2)2an +ns<+2<z<ns+nwfe+ns + 2,

¥y

(75)

Then, for both s, ¥* = A, (V<pms 5 A Ni<n o Dia A Ni<n . Dio = /\KMS D;, for all i < nys, Df # p:(Z) is a factor, O # preds(D3) NP C {3} U {p; | € J}; we have, for all i < n®,
> xmy s > wsl ) > wSZ ) >

1 2 5
Pi € preds(Vj<p,: 15 ;), for both i, for all k < Myt pi & preds(D; ), 0 # preds(D; ;) NP C {p;, } U{p; |5 € Ji}; for all kg < n®, ky < et and ky < T Di € preds(\/j<mi l5 1,)» for both
= i ’ ’ 1 2 ="ko D
y = S S y S S m S ™ ~ = 7 = = 1 (73) y
i, i & preds(Dy, ), preds(V gy ry) # preds(Dy, ), lits(V <y G,) 7 lits(Dy, )5 (preds(Dy, 1) NF) N (preds(Dy, o) NP) © ({Bs, } U ABs 13 € Ji}) N ({Bin} U {53 € J2}) = 0, for both 4,
0 # preds(D;, ;) NP, preds(Dj, ;) NP # preds(Dy, ,) NP, preds(D;Zhl) # preds(D3, ), lits(D§, 1) # lits(Dj, ,); for all i < i’ < ny., lits(D3) # lits(D3); (i) holds.
Concerning Tables 3 and 4, for every form of §, for both s, for all C' € ClPrefiz®, ) # preds(C)NP C {p; }U{ps, JU{ps, } € {5 YU{p; | € {31 }US1U{i2}UJs @ Jhpi(Z) = 1,p:(T) < 1 & ClPrefiz®;

for every s and i, by the induction hypothesis (j) for 6;, for all C € 5’5?’7 0 # preds(C)NP C {pi, } U {p; i€ Ji} C{pU{p;liec {ii}UJiuU{ia} Uy @) J}; ba € {5, }U{p;li € Ji}, b € P,
(73
for all C € ng, P & preds(C) NP C {pi,} U{p; |5 € Ji}, Bi & preds(C), for both o € {=, <}, ps € preds(ps(z) o 1), preds(C) # preds(p;(z) o 1), C # pi(Z) o 1; pi (% ) =1,p:(Z) <1 & S ; for all

C € 5% 0 # preds(C) NP C{f} U{ps |1 € T}, pu(®) = 1,p:(7) < 1 & S%; (j) holds,
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Concerning Tables 3 and 4, for every form of 6, for both s, trivially, for all a € 0 = gatoms(Prefiz®), there exists j* € J and preds(a) = {pj- }; for every s and 1, by the induction hypothesis
(k) for 6;, for all a € qatoms(wff), there exists j* € J; 7% J and preds(a) = {pj- }; for both s, for all a € gatoms()*) = gatoms(Prefiz®) U qatoms(w1 ) U qatoms(l/}2 ), there exists j* € J and
preds(a) = {p;~ }; (k) holds. .

Concerning Tables 3 and 4, for every form of 6, for both s, for all j € {i} U {11} U {12}, pj(Z) € atoms(Prefiz®) satisfying, for all a € atoms(Prefiz®) and preds(a) = {p;}, a = p;(z )
qatoms(Prefiz®) = 0, p; & O = preds(gatoms(Prefiz®)); we have, for every s and ¢, by the induction hypothesis (1) for 0;, for all j € {1;} U J;, p;(Z) € atoms(1; S) satisfying, for all a € atoms(¢; )
and preds(a) = {p;}, a = p;(Z); ps, & preds(gatoms(i; S)) for all j € J;, if there exists a* € qatoms(v; ?) and preds(a*) = {p;}, then there exists Qzp;(z) € qatoms(w ?) satisfying, for all
a € qatoms(¢; ) and preds(a) = {p;}, a = Qz p;(Z); we have, for every s and 4, ¥ € Form pup, yuip; |je,y; for every s and 4, p; € (B, YU {p; |5 € Ji}, Bi & preds(; ) C Predcugp yo(p; e}

s (73
we have, for both s, Prefiz® € Formpy(syu(p, uip,); for every s and i, {p;|j € Ji} N ({m} U {pi, } U {pi, }) ) 0, {p; 15 € Ji} N preds(Prefiz®) C {p; |3 € Ji} N Predcogpyoip, yuip,) = 0,
s3 ot s5 ~ = ~ - . ~ -~ . 73 s s
(preds(") N B) N (preds(y*) NP) C (Predcugp, yuip 1 5en) NP) N (Pred ey, yuiss (jesnt NB) = (i} U{B; 15 € i) 0 ({Fi,} U {ps |5 € J2}) Z0; (q)atoms(4*) = (q)atoms(Prefir®) U
(q)atoms (Vi) U (q)atoms(3°); s & preds(qatoms(¢;*)) C preds(i;"),

Di € preds(qatoms(Prefiz®)) U preds(qatoms(z/}fi)) u preds(qatoms(wgg)) =
preds(qatoms(Prefiz®) U qatoms(z/}f;) U qatoms(wgg)) = preds(qatoms(y®)).

Let je {1} UJ @ {1} U{i1} U Jy U{iz} U Jo. We distinguish three cases for j.

Case 2.1. 1 i = 1. Then, for both s, p;(Z) € atoms(Prefiz®) C atoms(¢*); we have, for every s and i, p; & preds(¢;’ ) for both s, for all a € atoms(y®) and preds(a) = {p;}, for both i,
a & atoms(1;’ ) a € atoms(Prefix®), a = p;(Z); (1) holds.

Case 2.1.2: j = i;, i = 1,2. Then, for both s, p;, (Z) € atoms(Prefiz®), atoms(¢)." ) C atoms (%), pi, € preds(y;’ ) Di, € P, Pi, € preds(; )ﬂIP’ Di, & preds( )ﬂ]P’ Di, & preds( >1); for all
a € atoms(y®) and preds(a) = {pi, }, a & atoms( ;g’zi), a € atoms(Prefiz®) U atoms(z/zil), for both the cases a € atoms(Prefiz®) and a € atoms(d)is), = pﬁi(‘); a = p;,(Z); we have, for every s
and i, py, & preds(qatoms(¢) )) for both s, for all a € qatoms(x)®) and preds(a) = {ps, }, a € O = qatoms(Prefiz®), a & qatoms(wsf), a & qatoms( ;;7)’ a & qatoms(¢*®); trivially, if there exists
a* € qatoms(¢*®) and preds(a*) = {ps, }, there exists Qx pi, (T) € gatoms(1)®) satisfying, for all a € qatoms(y®) and preds( )={pi,}, a = Qup;, (T ) (1) holds.

Case 2.1.3: j € J;, i = 1,2. Then, for both s, p; & preds(Prefiz®), p;(Z) € atoms(v;’ ) C atoms(¢*), pj € preds(¢y; ) Dj € P, Pj € preds(; )ﬂP Dj & preds(z/{3 ) NP, Dj & preds( ?gg’-i);
for all a € atoms(v®) and preds(a) = {p;}, a & atoms(Prefiz®), a & atoms( 3ii’), a€ atoms(wzi), a = p;j(Z); if there exists a* € gatoms(v®) and preds(a*) = {p;}, a* ¢ 0 = qatoms(Preﬁa: ),
a* & qatoms( ;3’_’1), a* € qatoms(wff), there exists Qup;(Z) € qatoms(wff) C qatoms(¢*), for all a € qatoms(¢*) and preds(a) = {p;}, a & O = qatoms(Prefiz®), a & qatoms(¥5’5'),
ac qatoms(i/)ff), a = Qzp;(Z); (1) holds.

So, in all Cases 2.1.1-2.1.3, (1) holds; (1) holds.

Concerning Tables 3 and 4, for every form of 6, for both s, trivially, for all a € §) = gatoms(ClPrefiz®), there exists j* € J and preds(a) = {p;~ }; for every s and ¢, by the induction hypothesis

(m) for 6, for all a € gatoms(S;’ ) there exists j* € J; C J and preds(a) = {p;- }; for both s, for all a € gatoms(S*) = gatoms(ClPrefiz®) U qatoms(S;’ ) U qatoms(52 ), there exists j* € J and
preds(a) = {p;~ }; (m) holds.

Concerning Tables 3 and 4, for every form of 0, for both s, for all j € {1} U {11} U {i2}, p;(Z) € atoms(ClPrefiz®) satisfying, for all a € atoms(ClPrefiz®) and preds(a) = {p;}, a = p;(z);
qatoms(ClPrefiz®) = 0, p; ¢ 0 = preds(qatoms(ClPrefiz®)); we have, for every s and ¢, by the induction hypothesis (n) for 6;, for all j € {1;,} U J;, p;(z) € atoms(Sff) satisfying, for all
a € atoms(sz) and preds(a) = {pj} a = p;(Z); pi, ¢ preds(qatoms(Sff)), for all j € J;, if there exists a* € qatoms(Sff) and preds(a*) = {p;}, then there exists Qz p;(Z) € qatoms(Sff)
satisfying, for all a € gqatoms(S; ’) and preds(a) = {p;}, a = Qzp;(Z); we have, for every s and ¢, Sff C SimOrdCleys, yuip |jeriy; for every s and 4, pi ¢ P Y ULpi|i € I}, b &

preds(Sff) C Predcugp, yo(p; |jes;): we have, for both s, ClPrefiz® C SimOrdCl ey y0ip, ulp, }i for every s and 4, {pilie itn{pmtu{pntu{n}) = ) 0, {pJJ |J] € J;} N preds(ClPrefiz®) C
)

~ . s9 ~ s5 ~ ~ nd ~ 73
{Bi13 € Ji} 0 Predcogpyogs, yoip,) = 0, (preds(S) NB) 0 (preds(Sy*) N ) © (Predcogp, yuss 1ieny NF) N (Predcugp, yugs ey NF) = (5} UG 13 € JiH) 0 ({Bia} U B |3 € J2}) 2y,
(q)atoms(S*®) = (q)atoms(ClPrefiz®) U (q)atoms(S;") U (q)atoms(S5> ) Pi & preds(qatoms(S;*)) C preds(S;*),

Pi & preds(qatoms(ClPrefiz®)) U preds(qatoms(S )) U preds(qat0m5(52 )) =

preds(qatoms( ClPrefiz®) U qatoms(S;* ) U gatoms(Ss S)) = preds(qatoms(S®)).
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Let je {i}uJ = @ {1} U{i1} U Jy U{iz} U Jo. We distinguish three cases for j.

Case 2.1.4: j = 1. Then, for both s, p:(Z) € atoms(ClPrefiz®) C atoms(S®); we have, for every s and i, p; & preds(S:f); for both s, for all a € atoms(S®) and preds(a) = {p1}, for both i,
a ¢ atoms(S;"), a € atoms(ClPrefiz®), a = p;(Z); (n) holds.

Case 2.1.5: j = i;, i = 1,2. Then, for both s, p,(z) € atoms(ClPrefiz®), atoms(S;' ) C atoms(SS) Pi, € preds(S; ) Pi, € P, fi, € preds(S; )ﬂIF’ Py, & preds(S3®) NP, ps, & preds(S5°5);
for all a € atoms(S®) and preds(a) = {ﬁn }, a & atoms(S5°5'), a € atoms(ClPrefiz®) U (Ju‘,oms(Sil)7 for both the cases a € atoms(ClPrefiz®) and a € atoms(Sff), a = py,(T); a = pi,(T); we have,
for every s and 4, pi, € preds(qatoms(S; )) for both s, for all a € gatoms(S®) and preds(a) = {p, }, a € 0 = qatoms(ClPrefiz®), a & qatoms(Sf) a ¢ qatoms(S5>"), a ¢ qatoms(S®); trivially, if
there exists a* € qatoms(S?®) and preds(a*) = {p3, }, there exists Qx ps, (%) € gatoms(S®) satlsfymg, for all a € qatoms(SS) and preds(a) = {ps, }, a= Qz pi, (T); (n) holds

Case 2.1.6: j € J;, i = 1,2. Then, for both s, p; & preds(ClPrefiz®), p;(z) € atoms(S;' ) - atoms(Ss) P; € preds(S) ) Dj € P, pi € preds(S; )OIP’, Dj & preds(S33 ) NP, Dj & preds(S33 3
for all a € atoms(S®) and preds(a) = {p;}, a & atoms(ClPrefiz®), a ¢ atoms(Sf’_{), a€ atoms(Si" ), a = p;(Z); if there exists a* € qatoms(S®) and preds(a*) = {p; }, a* & 0 = qatoms(ClPrefiz®),
a* & qatoms(Sgi’ii), a* € qatoms(Sff), there exists Qz p;(z) € qatoms(Sff) C qatoms(S®), for all a € gatoms(S*®) and preds(a) = {p;}, a & O = gatoms(ClPrefiz®), a ¢ qatoms(Sgi’ii),
a € qatoms(Sff), a = Qzp;(Z); (n) holds.

So, in all Cases 2.1.4-2.1.6, (n) holds; (n) holds.

Di(Z), P, (T), Pi, (T) € Atom oy (53045, yulps,} — Lconsc, concerning Tables 3 and 4, for every form of 6, for both s, tcons(Prefiz®) = tcons(ClPrefiz®) = {0, 1}; we have, for every s and
i, by the induction hypothesis (o) for 6;, tcons(wsf) = tcons(S’sf) = teons(;); for both s, tecons(v*) = tcons(Prefiz®) U tcons(wfi) U teons( ;2) = {0, 1} U teons(01) U tecons(02) = tcons(0),
tecons(S*) = tcons( ClPrefiz®) U tcons(Sy') U tcons (S, ) ={0,1} U tcons(01) U tcons(02) = tcons(0); (o) holds.

Case 2.2 (the unary interpolation case): Either 9 =60, — 0,0, € Formg —{0,1}, or 8 = Qu0y, 61 € Formg — Tconsy C Form, — {0, 1}. We have (69c¢,d) hold for 0, vars(f) C vars(z) C
Varc. Then, for both the cases § = 0; — 0 and 0 = Qz 0y, 01 € Formg —{0,1}, (69¢,d) hold for 6;; 6, € Form, — {0,1}, (69c,d) hold for 61, vars(6h) C vars(f) C wvars(z) C Varg,
x € vars(0) C vars(Z) C Vare. We put ji, = ji + 1 and 11 = (ng, Ji,) € {(ne,7)|J € N}. pi, € P. We put ar(p;,) = |Z]. We get by the induction hypothesis for ng, 61, Z, 11, 3, that there exist
Ji={(ng, ) |ji, + 1 <j<ny} C{(ne,j)|j €N} js, <ny, 11 €J1,a CNF 5 € Formeogp, yoips 1jeny S1 CF SimOrdClegp, yuip |jeaiys 8 =+, —, and for both s, (a—o) hold for 64, Z, pi,,
Ji, Y35, S5. Weput ny =ny, and J = {(ne,j) |5 +1<j7<n;} C{(ng,j)|j € N}. Then j; < ji, <ny, 1 &J,

J = {(n97ji1)} U {(n97.7) |ji1 +1< ] < nJ1} = {]11} U J17 (78)
{1},{i1}, J1 are pairwise disjoint. (79)
In Tables 5 and 6, for every form of 6, positive and negative unary interpolation rules of the respective forms

Pi(T) — 0 € Formgys,y

s Sf € {+; _}a
Prefiz™ /\’yl1 € Formu(py0(p, }

0 — p3(7) € Formougpy

y SI S {"‘, _}7
Prefix™ A ’yll € Formcugpyu(p:, }

Prefiz® € Formgu{ﬁﬁ}u{ﬁﬁl b

. {ﬁﬂl(x) — 0, if s =+,

= 5 € Form ugs. 1,
ERUEY AOE TR et

are assigned. We put

Y = Prefix® /\wfi € Form @, $= +,—.

LULp: }ULp; [je{in}U =

Then, concerning Tables 5 and 6, for every form of 6, for both s, Prefiz® # 0, 1, Prefiz® is a CNF, for both s, by the induction hypothesis (i) for 61, w;i # 0, 1; we have, for both s, 7,[1? is a CNF;
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for both s, 1® is a CNF. In Tables 5 and 6, for every form of 6, positive and negative unary interpolation rules of the respective forms

Pi(T) — 0 € Formeys,y

+ ’ 8-1’_ € {+7 _}7
ClPrefixt U{y]'} Cr OrdForm i p,30(5:, }
0 — p3(T) € Form gz
1:’( ) Lol ’ S; € {+, _}7
ClPrefiz= U{y;' } Cr OrdForm us.30 5,
ClPrefiz® Cx SimOrdCleyp,y0(p:, }
are assigned. We put
S® = ClPrefiz® U Sfl Cr SimOrdCl (78) s=+,—

LU{p: Yu{p; | jefiudi =T}

Concerning Tables 5 and 6, for every form of 6, for both s, for all C € ClPrefiz®, p; € preds(C); we have, for both s, by the induction hypothesis (j) for 6y, for all C' € Sfi, preds(C) N P C
{pi,} U {p;|i € Ji}; for both s, for all Cy € ClPrefiz® and Cy € Sy, Py € preds(Co), ps € P, pi & (P, } U{B;li € Ji}, B & preds(Ci) NP C {5, } U {p; [ € L1}, B & preds(Ch),
(79)

preds(Cy) # preds(Ch), Cy # Ch;

for both s, ClPrefiz® N Sfi =0. (80)
For both the cases § = 0; — 0 and 6 = Qx 01, |0] =2+ 1041]; |0] = 2+ |01], by the induction hypothesis (a) for 6y, ||.J|| % il + |l =14l <1+10:1]—1=|0]—2 < |0] — 1; (a) holds.
Concerning Tables 5 and 6, for every form of 6, for both s,
Prefiz® = \/ lj’,0> l;‘,O € Litcu{ﬁj}u{ﬁﬁl}’ (81)
J<mg
ClPrefiz® = \/ C3, (82)
J<mg

so that for all j < mg, by (70) for i2,, C5, € SimOrdCleugp,yu(p, } satisfying, for every interpretation 2 for £ U {Pi} U{ps, }, for all e € S, A = 13 if and only if 2 =, CF; 2 |=¢ Vjémé I if
and only if A =, V Cloi A Vjcms 1o if and only if 2 =V Cso;

Js<mg g<m, Jjs<mg

for every form of 6, for both s, for every interpretation 2 for £ U {p;} U {ps, }, A = Prefiz® if and only if 2 = ClPrefiz®. (83)

Let 2 be an interpretation for £ U {f;}. We define an expansion 2% of 2 to £ U {p;} U {51, } as follows:

)

|61 [|2 if there exists e € Sa such that ||Z||* = uq, ..., uz
Py (urs. . upz)) = ) )

0 else.
A e o - #
Then, for all e € Sy, |7, (@) 27 =3 (|Z[127) =55 (|2]2) = [|6:]12 = 621127,
# o e # # e # #
12T 12 = 1Be, @2 = 162127 1102127 = 15, @127 = 162127 = 162127 = 1;

for both s, A% = 3.
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Let s =+, AE=pi(z) = 0 | s=—, A =60 — p;(2). Then A# = 5;(z) — 0 | A* =0 — p;(2), for all e € Sy,

# #
I15: (z) = 0lI¢" =1 ] 10 = m(@)]8 =1,

15:(2) = (61 — O)IX" =11 |5(&) —» Quoy|*” =1|
161 = 0) = BH@)F =11 Qb — mH@) =1,

~ [ # # ~ s #
I7: (@) = (10112 =0) = 1| [|pa(@)II? =>ue§ 1041127/ = 1 |

# ~ /_ # ~ /— #
(10227 = 0) = |ps (@)l =1 | ue%{( 162122 /g = B3 (@)127 =1,
AH

~ /— # ~ _ # ~ # ~ _ #
15:(@) 12" =5 @12 =0) =1 B@IF" = X |5 @)1 =1 |
uEUy 4

~ _ # ~ /_ # ~ #
(I7s, (@[ = 0) = |p:(@)[I2" =1| ue§#llpi1( = 15: @) 12 =1,
A

ot At g gt
175 (@) 127 =155, (@) 127 =0) = 1| |15:(2) 127 = |Qupi, (@)|27 =1 |
PN # # e
(150, (B2 = 0) = 3@ =11 [Qep, @Y = 5@ =1. Xe { AV}
concerning Tables 5 and 6, for every form of 8, by the corresponding laws in the column Laws, || Prefiz®||2” = 1; A# k= Prefiz®, by (83) for 6, s, A#, A# = ClPrefiz®; we have, for both s, A# =~
9‘#|£u{m1} = 41", by the induction hypothesis (b) | (c) | (e) | (f) for 6y, 2(#|£U{ﬁﬁ1}, there exists an interpretation A5 for £U {p;, } U {p; |j € J1} and A |= o7 | ST, A cup,y = Ql#‘[,u{ﬁﬁl}.
By (79), {ps}, {Ps. }» {Pj |J € J1} are pairwise disjoint. We define an expansion A® of A to LU {p;} U{p; |j € J @) {11} U J1} as follows:
B =5, jef{u}ul.
We get A°| 25 30(5,) = A# = Prefiz®, ClPrefiz® and A% L0, YUB; [seh) = Ql‘{ E wsf | Ssi We put " = °, an interpretation for LU {p;} U {p;|j € J}. Then A’ |=¢* ’ 8%, A oy = A
Let s =4 | s = — and A’ be an interpretation for £ U {p;} U {p; |j € J = {111} U J1} such that ' = ¢* | S%. We denote A# = 2’ |cu{p Ui, }- Then A# = Prefiz® | Ql# = C’lPreﬁa: by

(83) for 0, s, A, A# |= Prefiz®; A* |= Prefiz®, A’ ‘ﬁu{pnl}u{m g€} = wl | S , by the induction hypothesis (b) | (c) | (e) | (f) for 61, A |£U{pn1}U{pJ, i€} A |LU{pn1} = 'Y1 , A = 711, for all
# # # ~ o o # # #

¢ € Soy, || Prefiz” 27 =1, [l 27 =15 i 53 =+, then 1= 7 27 = [n{ 127 = [1Fs, (@) 27 = (162127, 155, ()27 < 161]275 if 55 = —, then 1 = |73 || =l 127 = [l6+ 112 = [Ips, (@ 2|,

6127 < ||13]11(£)HZl ; concerning Tables 5 and 6, for every form of 6, for both s, by the corresponding laws in the column Laws, ||pn( ) = (01 = O =11 |ps(z) = Q01> =1 |

[0 = 0) = B(@IZ" = 1] [Quor = ;@)X =1, [7(7) = 012" =110 = m@2" =1 W | (@) = 0|0 = 5(7), Wleogpy = W¥loogpy F H@E) = 0 [0 = pil7). We pus
2 = A'| zugpy, an interpretation for £ U {p;}. Then 2A |— Pi(T) = 0|60 — pi(T ) Ql A zugpys (b), (c), (e), (f) hold.

Let s = 4+ | s = — and 2 be an 1nterpretat10n for LU{p:} U{p;lj € g {111} U Ji} such that 2 = ¢°. We denote 21# Al cugpyulp:, - Then A# |= Prefiz®, by (83) for 6, s, A#,
A# = ClPrefiz®, Q[|z:u{p,,1}u{pj, ljeny F wl , by the induction hypothesis (d) for 61, 2| cu(s,, yuip: |jen}s Moo, uis [ien) B Sl , A = ClPrefiz® ,Sli; AE S,

Let s =+ | s = — and 2 be an mterpretatlon for CU{pi} U{p;|j e J @ {11} U J1} such that A E S*. We denote Ql# m|ﬁu{pn}u{pnl}. Then 2# = ClPrefiz®, by (83) for 0, s, A*,
A# = Prefiz®, Al Lugp, Yulps ey F S1 , by the induction hypothesis (d) for 81, 2| cugs,, yuip: |ien}s Moo, 1uis [ien) B wl , A = Prefiz® '; A = 4% (d) holds.

Concerning Tables 5 and 6, for every form of 6, for both s, |Preﬁa: | <13-(1+Z|), Prefiz® can be built up from fo(Z) with #O(fo(Z)) € O(\Preﬁms|) = O(1 + |z|); we have, for both s, by
the induction hypothesis (g) for 91, |¢fl| < 15-164] - (1 + |Z]), wl can be built up from 6; and fo(z) via a preorder traversal of 6, with #O (61, fo(z)) € O(|61] - (1 + |z])); |6] = 2 + |61], for
both s, [¢°| = 1 4 | Prefiz®| + |¢f1| <1413- (14 Z))+15-|01] - (1 +|Z)) <15- (24 161]) - (1 4 |Z]) = 15 16| - (1 + |Z]), ¥* can be built up from 0 and fo(Z) via a preorder traversal of 6 with
#0O(0, fo(z)) € O(1 + |7 + [01] - (1 + [2])) = O((2 + |61]) - (1 +[z])) = O(|0] - (1 + |z])); (g) holds. _ i

Concerning Tables 5 and 6, for every form of 6, for both s, \ClP'reﬁx | <15- (14 |z]), ClPrefiz® can be built up from fo(Z) with #O(fo(Z)) € O(]ClPrefiz®|) = O(1 + |Z|); we have, for both
s, by the mductlon hypothesis (h) for 6, |Ssl| <15-|61]- (1 + |Z|), S Si can be built up from #; and fy(Z) via a preorder traversal of 8; with #O (61, fo(Z)) € O(|61] - (1 + |Z])); |0] = 2 + |64],
for both s, |SS| |ClP7"eﬁa: | + |Ssl| <15- ( +1Z) 4+ 15161 - 1+ |Z]) < 15- (24 |61]) - (1 4 |Z]) = 15- 10| - (1 + |Z|), S* can be built up from # and fo(Z) via a preorder traversal of 8 with
#0(0, fo(2)) € O(L+ | +162] - (1 + [2[)) = O((2+ |6a]) - (1 + |z])) = O(l6] - (1 + |z])); (b) h01d55~1



Concerning Tables 5 and 6, for every form of 8, for both s, Prefiz® &) j<mg os 150 € Liteopyois, }s \/jgmg l50 # Pi(Z) is a factor, p; € preds(\/jgmé 120), 0 # preds(\/ﬁmfJ l50) N P =

i} U{ps, } S{pi}U{p;|j e {11} UL @) J}, trivially, for all i <" <0, lits(\/ j<,,: 15;) # lits(V <5 15 ); for both s, by the induction hypothesis (i) for 61, 1/in = MNp<n . Diq, forallk < LR
>m; ) >my, ) = s§ ) N

1

. s PN . _ o (78) L PN _ .
D3, is a factor, D} | € Form i, yo(p; | jeqi} 0 # preds(Dk’l)ﬂP C{o, JU{pilie i} C{pitU{p;|j e {i1}UJs = J}, forall k <k < nwf;, lzts(Dkyl) # lzts(Dk,fl); Di (791) {ps, JU{p; | € J1},
9
for all k£ < Mo Pi & preds(Dj 1) C Predcigp, yuip; |jeanys Pi € preds(pi(T)), preds(Dy, ;) # preds(pi(7)), Dj y # pi(T). We put ny: = ot +1 and
{vj<m8 15 ifi=0,

Diy,  ifl<i<nggtl,

1

(2

s =4, —.

81

Then, for both s, ¢h° = (\/j<ms 550) A Nik<n . Dj, = /\z‘gn,,,s , for all i < nys, D # pi (%) is a factor, O # preds(D3) NP C {f;} U{p; | € J}; we have p; € preds(\/]<m 20), forall k < Mo

P 1

pi & preds(Dy, ,); for all k < Mot preds(\/j<7;8 I50) # preds(Dy, ), lz'ts(\/j<mS I50) # lits(Dy 1); for all i <4 < nys, lits(D]) # lits(D;,); (i) holds.
: < <

Concerning Tables 5 and 6, for every form of 6, for both s, for all C' € ClPrefiz®, § # preds(C)NP = {p:} U {ps,} C {m} U {p;li € {1} Uy = @ J}, pi(Z) = 1,5:(T) < 1 & ClPrefix®; for

both s, by the induction hypothesis (j) for 61, for all C € Slsi7 0 # preds(C)NP C {pi, yU{p;lic i} C{m}U{p;lie {i}ud = @) J}; i € (P, YU {p;j|i € h}, ps € P, for all C € S’

Dy & preds(C) ﬂNI@ C {pi, }U{p;|i € Ji}, ps &€ preds(C), for both o € {=, <}, p; € preds(p;(T) o 1), preds(C) # preds(p;(Z) o 1), C # pi (T )<> 1 pi(Z) = 1,p:(%) < 1 & Sl ; for all C' € S,
0 # preds(C)NP C {p:} U{p; |5 € I}, pi(Z) = 1,p:(Z) < 1 ¢ S*; (j) holds.
Concerning Tables 5 and 6, for every form of 6, for both s, for all a € gatoms(Prefiz®), 11 (E) J, preds(a) = {ps, }; for both s, by the induction hypothesis (k) for 6, for all a € gatoms(¢;"),

there exists j* € J;1 C J and preds(a) = {p;~}; for both s, for all a € gatoms(y*) = gatoms(Prefiz®) U qatoms(z/Jfl)7 there exists j* € J and preds(a) = {p;- }; (k) holds.
(78)
Concerning Tables 5 and 6, for every form of 0, for both s, for all j € {i} U {11}, p;(Z) € atoms(Prefiz®) satisfying, for all a € atoms(Prefiz®) and preds(a) = {p;}, a = p;(Z); P &

preds(qatoms(Preﬁm )), either § = 6; — 0, qatoms(Preﬁm ) =0, or 8 = Qz 61, qatoms(Prefiz®) = {prnl( )}; we have, for both s, by the induction hypothesis (1) for 6y, for all j € {11} U Jy,
pj(Z) € atoms(w1 ) satlsfylng, foralla € atoms(w1 ) and preds( ) =4{pj}, a=p;(Z); Pi, & preds(qatoms(z/;l ), forall j € Jl, if there exists a* € qato7ms(1,/;1 ) and preds(a*) = {p;}, then there exists

Q*z*p;(z) € qatoms(1/11 ) satisfying, for all a € qatoms(z/J1 ) and preds(a) = {p;}, a = Q*z* pj(Z); we have, for both s, 1/11 € Formcugp; yoip; |ien}; Di € {Ps, yU{pj |j € J1}, for both s, p; &

preds(wf;) C Predcugp; yoip; |jes}; We have, for both s, Prefiz® € Form pu (3015, 1 {pi 15 € Iipn({ps }u{ps, }) 9 0, for both s, {p; | j € Jl}ﬂpreds(Preﬁx ) C{plie Jl}ﬁPredEU{m}U{ﬁh} = ()
(q)atoms(¢®) = (q)atoms(Prefiz®) U (q)atoms(wfi); Py € preds(qatoms( fi)) - preds(wfi), pi € preds(qatoms(Prefiz®)) UpTeds(qatoms(z/in)) = preds(qatoms(Prefiz®) U qatoms(z/}fi)) =
preds(qatoms(¢®)). Let j € {1} U J @) {1} U{i1} U J1. We distinguish three cases for j.

Case 2.2.1: j = 1. Then, for both s, p;(Z) € atoms(Prefiz®) C atoms(¢*); we have, for both s, p; & preds(wf;); for both s, for all a € atoms(¢*) and preds(a) = {pi}, a & atoms(wfi),
a € atoms(Prefiz®), a = p;(Z); (1) holds.

Case 2.2.2: j = 1;. Then, for both s, Pu, (Z) € atoms(Prefiz®), atoms(z/st) C atoms(yp®), for all a € atoms(¢®) and preds(a) = {ps, }, a € atoms(Prefiz®) U atoms(wfi), for both the cases
a € atoms(Prefiz®) and a € atoms(z/;l ), a = Py, (Z); a = ps, (T); we have, for both s ,Di, & preds(qatoms(¢1 ), either 0 = 0; — 0, gatoms(Prefiz®) = (), or 6 = Qx 01, qatoms(Prefiz®) = {Qx pi, (T)};
for both s, if there exists a* € gatoms(y*) and preds(a*) = {p;, }, a* & qatoms (] ), a* € qatoms(Prefix®), Qx py, (T) € gatoms(Prefix®) C gatoms(y)®), for all a € qatoms(y®) and preds(a) = {ps, },
a ¢ qatoms(@/}fi), a € qatoms(Prefiz®) = {Qx p, (T)}, a = Qz Py, (T); (1) holds.

Case 2.2.3: j € Ji. Then, for both s, p; & preds(Prefiz®), p;(z) € atoms(z/;l ) - atoms(z/; ), for all a € atoms(¢®) and preds( ) = {pj}, a & atoms(Prefiz®), a € atoms(wii), a = p;(x); if
there exists a* € gatoms(¢*) and preds( *) ={p;}, a* & qatoms(Prefiz®), a* € qatoms(d)l ), there exists Q*z* p;(z) € qatoms(1/11 ) C gatoms(¢®), for all a € gatoms(¢®) and preds(a) = {p;},

a & qgatoms(Prefiz®), a € qatoms(z/)f ), a = Q*z* p;(Z); (1) holds.
So, in all Cases 2.2.1-2.2.3, (1) holds; (1) holds.

Concerning Tables 5 and 6, for every form of 8, for both s, for all a € gatoms(ClPrefiz®), 1, (e) J, preds(a) = {p;, }; for both s, by the induction hypothesis (m) for 61, for all a € gatoms(S;*),
78

there exists j* € J; C J and preds(a) = {p;~}; for both s, for all a € gatoms(S*) = qatoms(ClPrefiz®) U gatoms(S;* ) there exists j* € J and preds(a) = {p;-}; (m) holds.
(78)
Concerning Tables 5 and 6, for every form of 6, for both s, for all j € {1} U {i1}, p;(Z) € atoms(ClPrefiz®) satisfying, for all a € atoms(ClPrefiz®) and preds(a) = {p;}, a = p;(2);
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Py & preds(qatoms(ClPrefix®)), either 8 = 01 — 0, qatoms(ClPrefiz®) = 0, or § = Qz 61, gatoms(ClPrefiz®) = {Qx p;,(Z)}; we have, for both s, by the induction hypothesis (n) for 6y, for
all j € {i1} U J1, p;(Z) € atoms(S7') satisfying, for all a € atoms(Sy') and preds(a) = {p;}, a = p;(%); pi, & preds(gatoms(S;')), for all j € Jy, if there exists a* € gatoms(S;') and
57

preds(a*) = {p;}, then there exists Q*z* p;(Z) € qatoms(Sfi) satisfying, for all a € gatoms(S;*) and preds(a) = {p;}, a = Q*z* p;(Z); we have, for both s, Sfi C SimOrdCley s, youip; |je )
b & {ps,} U{p;lj € J1}, for both s, p; ¢ preds(Sfi) C Predcugp, yuip; |jen); We have, for both s, ClPrefiz® C StmOrdCleu(p,y0ip:, 1 {pili € Al n{pa} U {ps, }) 9 (0, for both s,
(79)

B 15 € JiyNpreds(ClPrefiz®) C {p; | ] € J1} N Predcogpiyogp,y = 05 (q)atoms(S°) = (q)atoms(C’lPreﬁa:s)U(q)atoms(Sff); Di & preds(qatoms(Sfi)) - preds(Sfi), i € preds(qatoms(ClPrefiz®))U

preds(qatoms(Sfi)) = preds(qatoms(ClPrefiz®) U qatoms(S‘fi)) = preds(qatoms(S®)). Let j € {1} U J @) {1} U{i1} U J1. We distinguish three cases for j.

Case 2.2.4: j = 1. Then, for both s, pi(Z) € atoms(ClPrefix®) C atoms(S*®); we have, for both s, p; ¢ preds(Sfi); for all a € atoms(S®) and preds(a) = {p:}, a ¢ atoms(Sfi),
a € atoms(ClPrefiz®), a = p3(Z); (n) holds.

Case 2.2.5: j = iy. Then, for both s, p;, (Z) € atoms(ClPreﬁxs),atoms(Sf;) C atoms(S?®), for all a € atoms(S®) and preds(a) = {pi, }, a € atoms(ClPrefix®) U atoms(Sfi), for both
the cases a € atoms(ClPrefiz®) and a € atoms(Sfi), a = pi,(Z); a = Py, (Z); we have, for both s, p;, ¢ preds(qatoms(Sfi)), either § = 0; — 0, gatoms(ClPrefiz®) = 0, or § = Qux 01,
qatoms(ClPrefiz®) = {Qx py, (T)}; for both s, if there exists a* € qatoms(S*®) and preds(a*) = {pi, }, a* & qatoms(Sfi), a* € gatoms(ClPrefiz®), Qx py, (T) € gatoms(ClPrefiz®) C gatoms(S?®), for
all a € qatoms(S*®) and preds(a) = {ps, }, a & qatoms(Sfi), a € gatoms(ClPrefiz®) = {Qx py, (Z)}, a = Qz ps, (Z); (n) holds.

Case 2.2.6: j € Ji. Then, for both s, p; & preds(ClPrefiz®), p;(z) € atoms(Sfi) C atoms(S®), for all a € atoms(S*®) and preds(a) = {p;}, a & atoms(ClPrefiz®), a € atoms(Sff), a = p;(z); if
there exists a* € gatoms(S*®) and preds(a*) = {p;}, a* & qatoms(ClPrefiz®), a* € qatoms(Sfi), there exists Q*z* p;(Z) € qatoms(S’fi) C gatoms(S*), for all a € gatoms(S®) and preds(a) = {p; },
a & qatoms(ClPrefiz®), a € qatoms(Sfi), a = Q2" p;(Z); (n) holds.

So, in all Cases 2.2.4-2.2.6, (n) holds; (n) holds.

P:(Z), P, (T) € Atom cupy0(p:, 3 — Tconsc, concerning Tables 5 and 6, for every form of ¢, for both s, tcons(Prefiz®) = tcons(ClPrefiz®) = {0, 1}; we have, for both s, by the induction

hypothesis (o) for 8y, tcons(¢;') = tcons(Sfi) = tcons(f); for both s, tcons(¢*) = tcons(Prefiz®) U tcons( fl) = {0, 1} Utcons(6y) = teons(d), tcons(S*) = tcons(ClPrefiz®) U tcons(Sf;) =
{0, 1} U tcons(61) = tcons(); (o) holds.

So, in all Cases 1, 2.1, 2.2, (a—0) hold; (a—0) hold. The induction is completed. Thus, (71) holds.

(I) By (69) for ng, ¢, there exists ¢’ € Form, such that (69a—e) hold for ng, ¢, ¢’. We distinguish three cases for ¢'.

Case 1: ¢/ € Tconsy —{1}. We put J, =0 C {(ng,5)|j € N}, ¥ =0 € Formg, Sy = {0} Cx SimOrdCl,.

7]l = 0 < 2-|]; (a) holds.

We have J, =0, Sy = {O}; (b) holds.

69
For every interpretation 2 for £, A [~ ¢ (:a) ¢; trivially, there exists an interpretation 2 for £ and 2 |= ¢ if and only if there exists an interpretation 2’ for £ and A’ = 1 | Sy, satisfying

A =Az; (c) and (d) hold.

|| =1 € O(|¢|?); the translation of ¢ to 1 uses the input ¢, the output ¢, an auxiliary ¢’; we have, by (69b), ¢’ can be built up from ¢ via a postorder traversal of ¢ with #0(¢) € O(|¢|);
the test ¢’ € Tconsp — {1} is with #O(¢') € O(1); ¥ can be built up with #0 € O(1); the number of all elementary operations of the translation of ¢ to v #0(¢) € O(|¢]) C O(|¢]?); by (13)
for ng, ¢, 0, ¢', 1, ¢ = 3, r = 2, the time complexity of the translation of ¢ to 1, is in O(#O(¢) - (log(1 + ny) + log(#O(¢) + [¢]))) € O(|¢|? - (log(1 + ny) + log|¢|)); by (14) for ny, ¢, 0, ¢/, ¥,
q =3, r =2, the space complexity of the translation of ¢ to 1, is in O((#O(¢) + |6|?) - (log(1 + ng) +log|4])) € O(]¢|* - (log(1 + ny) + log|¢|)); (e) holds.

IS4 = 0 € O(|¢|?); the translation of ¢ to Sy uses the input ¢, the output Ss, an auxiliary ¢'; we have ¢’ can be built up from ¢ via a postorder traversal of ¢ with #0(¢) € O(|¢|); the test
@' € Tconsy — {1} is with #0O(¢') € O(1); S, can be built up with #0 € O(1); the number of all elementary operations of the translation of ¢ to Sy #0(¢) € O(|¢|) C O(|#|*); by (13) for ng,
¢, 0, ¢, Sy, ¢ =3, r =2, the time complexity of the translation of ¢ to S, is in O(#O() - (log(1 + ng) +log(#0(¢) +|9|))) C O(|¢|? - (log(1 + ny) + log|¢|)); by (14) for ng, ¢, 0, ¢', Ss, ¢ = 3,
r = 2, the space complexity of the translation of ¢ to Sy, is in O((#O(¢) + |8|?) - (log(1 + ng) +log|p|)) € O(|#|* - (log(1 + ny) + log|¢|)); (f) holds.

We have ¢ = 0; (g) holds trivially.

We have Sy = {0O0}; (h) holds trivially.

qatoms(v) = 0; (i) holds trivially.

We have J; = 0; (j) holds trivially.
gatoms(Sy) = 0; (k) holds trivially.
We have J, = 0; (1) holds trivially.

tcons(¢) = tcons(Sy) = {0, 1} C tcons(4); (m) holds.

Case 2: ¢/ = 1. Weput J, =0 C {(ng,j)|j €N}, v =1 € Formg, Sy =0 Cx SimOrdCl,.
gl = 0<2- |6} (a) holds.

We have J, = Sy = 0; (b) holds.
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For every interpretation 2 for £, 2 = gb’ gb, the class of interpretations for £ is not empty; there exists an interpretation 2 for £ and 2 |= ¢ if and only if there exists an interpretation 2
for £ and A" =1 | S, satisfying A = A" = A'|z; (c) and (d) hold.

[Y| = 1 € O(]¢|?); the translation of ¢ to 9 uses the input ¢, the output ¢, an auxiliary ¢’; we have ¢’ can be built up from ¢ via a postorder traversal of ¢ with #O(¢) € O(|¢|); the test
¢ = 1 is with #0(¢') € O(1); ¢ can be built up with #0O € O(1); the number of all elementary operations of the translation of ¢ to ¥ #0(¢) € O(|8]) € O(|¢|?); by (13) for ng, ¢, 0, ¢, ¥,
q =3, r = 2, the time complexity of the translation of ¢ to v, is in O(#0(¢) - (log(1 + ny) + log(#0(¢) + |9]))) € O(|¢|* - (log(1 + ny) + log |¢|)); by (14) for ng, ¢, 0, ¢', ¥, ¢ = 3, r = 2, the
space complexity of the translation of ¢ to v, is in O((#0(¢) + |¢|?) - (log(1 + ny) + log |¢])) C O(|¢|* - (log(1 + ny) + log |¢])); (e) holds.

|Ss| =0 € O(|¢]?); the translation of ¢ to Sy uses the input ¢, the output Sy, an auxiliary ¢'; we have ¢’ can be built up from ¢ via a postorder traversal of ¢ with #0(¢) € O(|¢|); the test
¢ = 1 is with #0(¢') € O(1); Sy can be built up with #0O € O(1); the number of all elementary operations of the translation of ¢ to Sy #0(¢) € O(|8]) C O(|¢|?); by (13) for ng, ¢, 0, ¢, S,
g =3, r =2, the time complexity of the translation of ¢ to Sy, is in O(#O(¢) - (log(1 + ng) + log(#0(¢) +|9]))) € O(|¢|? - (log(1 + ng) + log |4])); by (14) for ng, ¢, 0, ¢', S, ¢ = 3, r = 2, the
space complexity of the translation of ¢ to Sy, is in O((#O(¢) + |¢|?) - (log(1 + ng) + log|¢|)) C O(|¢|? - (log(1 + ng) + log|¢|)); (f) holds.

We have ¢ = 1; (g) holds trivially.

We have Sy = (D (h) holds trivially.
qatoms(v) = 0; (i) holds trivially.

We have J; = 0; (j) holds trivially.
qatoms(Sy) = 0; (k) holds trivially.
We have J, = 0; (1) holds trivially.

teons(¢) = tecons(Sy) = {0, 1} C tcons(¢); (m) holds.

Case 3: ¢' & Tconsg. We have ¢’ € Formg, (69c,d) hold for ¢'. We put = varseq(¢’). Then ¢' € Formp — Tconsg C Formp — {0, 1}, vars(z) = vars(¢') C Varg, |z| < [¢']. We put
ji =0and 1 = (ng,Ji) € {(ng,J)|j € N}. p3 € P. We put ar(p;) = |z|. We get by (71) for ng, ¢', Z, 1, p; that there exist J = {(ng,j) |1 < j <ns} C{(ng j)|j €N}, ji <nyj i¢J, a CNF
vt e Formeypyugp, |jesys ST CF SimOrdCley s,y s, jesy» and (71a,b,e,g-o) hold for ¢/, &, ps, J, T, ST. We put ny, =n; and Jg = {(ng,j) |j <ny,} € {(ng,7)|j € N}. Then

Jp ={(ng, 1)} U{(ng,5) |1 < j<ms} ={i} U, (84)

{i}nJ =0. (85)

We put o = p; (2) At € FOTmLu{ﬁj o,y Then p;(Z) is a literal, by (71i), ™ # 0, 1; we have ¢ is a CNF; ¢ is a CNF. We put Sy = {p;(Z) = 1}UST Cx SimOTdCl[lU{ﬁj eurE )
(@) = 1} nst T, (86)

sl 214 7 < 1418 —1 < 2-]é]; (a) holds.
(85) (71a) (69b)

Jy#0, 8, #0,0¢ {ps(z) = 1}, for all C € S, by (71j), preds(0) = 0 # preds(C) NP C preds(C), C # 0; O ¢ S+; 0 ¢ Sy; (b) holds.
Let 21 be an interpretation for £ such that 2 = ¢. Then 2 | ¢ (G%a) #'. We define an expansion 2% of 2 to LU {p;} as follows:

By (g, gz 0 else

- {||¢>'||§‘ if there exists e € So such that ||Z]|* = w1, ..., uz,

Then, for all e € Sy, [IB(@)IX" = 2 (12177) = 527 (I22) = [¢II* = #1177 =1, [Ii(@) = 1| = [p@)2 =1 = 1=1 =1, [5(@) > &2 = [B@* = ¢1* =121 =1
A* = pi(7), A = pi(2) = 1, A% = pi(z) — ¢, by (71b) | (71e) for A#, there exists an interpretation 2’ for LU{p; |j € {i}UJ e Jotand A =T | ST, W oy = A7, U cugpy = A7 = 5i(2),
Wleugpy =@ Epi() = LA = | Sy, We =

Let 2’ be an interpretation for £ U {p;|j € J¢ {11} U J} such that A" |= 4 | Sg. Then A |= p;(Z), " | A | p3(T) = 1,ST, by (71b) | (7le) for ', A'| sy E 5:(Z) — ¢, for all
_ ’ _ _ ’ _ ’ ’ -, ’ ’ ’ ’ (69a)
e €S, [B@)2 =111= 5@ = 12 = 5@ =1=E@F; 1@ =1,1= 5@ - JI = mE@1F =112 =1 11 = |¢/12; % £ ¢ = ¢. We put A =%, an
interpretation for £. Then 2 = ¢, A = A'|z; (¢) and (d) hold.

We have [Z] < [¢/|. || =24 [Z[+ [T < 24+[2[+15-|¢'[- (L+[7]) <2+[¢'[+15-[¢'|- (1+]¢']) <33-[¢']° < 132-]4|* € O(|¢]*); the translation of ¢ to ) uses the input ¢, the output
(7T1g) (69Db)

1), auxiliary ¢/, fo(j), (), ¥T; we have ¢’ can be built up from ¢ via a postorder traversal of ¢ with #0(¢) € O(|¢]); the test ¢’ & Tcons is with #0(¢') € O(1); fo(’) can be built up from
¢’ via the left-right preorder traversal of ¢’ with #O(¢') € O(|<[)’|) C O(|¢|) i(Z) can be built up from fo(Z) with #O0(fo(z)) € O(|p:(Z)]) = O(1 +|z|) C O(|q§’|) C O(|q§|) by (71g), ¥+ can
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be built up from ¢’ and fo(Z) via a preorder traversal of ¢ with #0O(¢', fo(Z)) € O(|¢'| - (1 + |Z])) € O(|¢'| - (1 + |¢'])) = O(|#'[>) S O(|¢[?); % can be built up from p;(Z) and ¢+ by copying
(69b

and concatenating with #O(p;(z),% ") € O(|¥|) € O(|¢|?); the number of all elementary operations of the translation of ¢ to v #(’)( ) € O(|¢]?); by (13) for ng, ¢, 0, &', fo(Z), pi(T), YT, V¥,

fo
q = 6, r = 2, the time complexity of the translation of ¢ to 1, is in O(#0(e) - (log(1 + ng) + log(#O(d) + |¢]))) C O(|#|* - (log(1 + ng) + log|4])); by (14) for ny, ¢, 0, ¢/, fo(@), pa(), ¥, 1,
q =6, r = 2, the space complexity of the translation of ¢ to 1, is in O((#O(¢) + |#|?) - (log(1 + ng) +log|d])) C O(J¢|* - (log(1 + ny) + log|¢|)); (e) holds.

We have |z| < |¢']. | Sy G5y |Z|+ ST < 3+|z|+15-]¢|- (1+|Z]) <3+ |+15-|¢|- (1+]¢]) < 34-]|¢/|*> < 136-]¢]* € O(|¢|?); the translation of ¢ to S, uses the input ¢, the output
(71h) (69b)

Sy, auxiliary ¢/, fo(i‘), {pi(x) = 1}, ST; we have ¢’ can be built up from ¢ via a postorder traversal of ¢ with #(’)(5]5) € O(|9)); theNtest ¢' & Tconsp is with #0(¢') € O(1); we have fo(a?) can be
built up from ¢’ via the left-right preorder traversal of ¢’ with #O(¢’) € O(|¢|); {pi(Z) = 1} can be built up from fo(z) with #0(fo(Z)) € O([{p:i(z) = 1}|) = 01 +|z|) C O(|¢’']) < O(|¢|); by
(69b)

(71h), S* can be built up from ¢’ and fo(Z) via a preorder traversal of ¢/ with #O(¢', fo(%)) € O(|¢'| - (1 +|Z])) C O(|¢'| - (1 +|¢'])) = O(|¢']?) € O(|¢|*); Sy can be built up from {5;(F) = 1}
(69b)

and S": by copying and concatenating with #O({p;(z) = 1},57) € O(|Sy|) € O(]¢]?); the number of all elementary operations of the translation of ¢ to Sy #0(¢) € O(|¢|?); by (13) for ng, ¢,
0, ¢, fo(z), {pi(z) = 1}, S*, 84, ¢ =6, 7 =2, the time complexity of the translation of ¢ to Sy, is in O(#O(¢) - (log(1 + ny) + log(#0(¢) + |¢]))) C O(|¢|? - (log(1 + ng) + log|¢|)); by (14) for
ng, ¢, 0, ¢, fo(z), {pi(z) = 1}, ST, Sy, ¢ = 6, r = 2, the space complexity of the translation of ¢ to Sy, is in O((#O(¢) + |6|?) - (log(1 +ny) +1og|¢|)) € O(|p|* - (log(1 + ng) —Hog |¢\)) (f) holds.

Pi(Z) is a factor, 0 # preds(p: (2))NP = {p:} € {p; | € {n}UJ = J¢} by (71i), v = A<, - Djf, D # pi(Z) is a factor, for alli < ny+, 0 # preds(D;7)NP C {5 }U{p; |j € J} = {pj, |7 € Jp}t,
for all i < i’ < nye+, lits(D;") # lits(D;}). We put ny = ny+ + 1 and
H __{ﬁﬂi)ﬁfiz(h

Df | if1<i<mny++1.
Then Jy, # 0, ¢ (T Di(Z) A /\iﬁnw D} = Ni<n, Di, for all i < ny, D; is a factor, 0 # preds(D;) NP C {p; |5 € Jy}; for all i < nye, lits(ps(2)) = {ps(z)} # lits(D;); for all i < i’ < ny,
lits(D;) # lits(Dy); (g) holds.

Jy # 0,0 # preds(p;(7) = 1)NP = {pi} C {p; |j € {i}UJ ®9) Ju}, by (71j), for all O € S*, 0 # preds(C)NP C {pi}U{p; |j € J} e {p; |5 € Jg}; forall C € Sy, 0 # preds(C)NP C {p; |j € Jy};
(h) holds.
Trivially, for all a € ) = gatoms(pi (%)), there exists j* € Jy and preds(a) = {p;~}; by (71k), for all a € gatoms(¢pT), there exists j* € J C Jy and preds(a) = {p;~}; for all a € gatoms(¢) =
(84)

qatoms(p; (Z)) U qatoms(¢p), there exists j* € J, and preds(a) = {p;- }; (i) holds.

pi(T) € atoms(ps(Z)) satislying, for all a € atoms(pi(Z)) and preds(a) = {pi}, a = pi(T); qatoms(p:(z)) = 0, ps € O = preds(qatoms(pn( ))); we have, by (711), for all j € {i} U J,
pi (%) € atoms(ypT) satistying, for all a € atoms(¢") and preds(a) = {p;}, a = p;(Z); ps & preds(qatoms(yp1)), for all j € J, if there exists a* € gatoms(¢p*) and preds(a*) = {p;}, then there exists
Qz p;j(z) € gatoms(y™) satisfying, for all a € gatoms(y)*) and preds( ) ={p;}, a = Qup;(Z); (q)atoms(y) = (q)atoms(ps(z)) U (q)atoms(yT); ps & preds(qatoms(p;(z))) U preds(qatoms(ypT)) =

preds(qatoms(pi (Z)) U gatoms(v ™)) = preds(qatoms(v))). Let j € J¢ = {11} U J. We distinguish two cases for j.

Case 3.1: j = i. Then p;(Z) € atoms(pi(Z)), atoms(¢™) C atoms(v)), for all a € atoms(v)) and preds(a) = {pi}, a € atoms(pi(Z)) U atoms(¢p), for both the cases a € atoms(p;(Z)) and
a € atoms(¢+), a = p;(7); a = p;(T); (j) holds.

Case 3.2: j € J. Then p; € {p:} = preds(p:(z)), pj(z) € atoms(ypt) C atoms(vp), for all a € atoms(¢) and preds(a) = {p;}, a & atoms(p;(z)), a € atoms(y™), a = p;(z); if there

(85)

exists a* € gatoms(¢) and preds(a*) = {p;}, a* & 0 = qatoms(pi(Z)), a* € qatoms(yp™), there exists Qzp;(Z) € gatoms(ypt) C gatoms(vp), for all a € gatoms(y)) and preds(a) = {p;},
a & 0 = gatoms(p:(z)), a € gatoms(+), a = Qz p;(z); (j) holds.

So, in both Cases 3.1 and 3.2, (j) holds; (j) holds.

Trivially, for all a € 0 = gatoms({p:(z) = 1}), there exists j* € Jy and preds(a) = {p;j~}; by (71m), for all a € gatoms(S™T), there exists j* € J (Q) Jp and preds(a) = {p;-}; for all
84
a € qatoms(Sy) = qatoms({pi(Z) = 1}) U gatoms(S™), there exists j* € J, and preds(a) = {p;~ }; (k) holds.

0i(T) € atoms({p:(Z) = 1}) satisfying, for all a € atoms({P:(Z) = 1}) = {1,5:(Z)} and preds(a) = {P:}, a = p:(Z); qatoms({P:(T) = 1}) =0, s € 0 = preds(qatoms({ﬁn(_) = 1})); w
have, by (71n), for all j € {1} U J, p;(Z) € atoms(ST) satisfying, for all a € atoms(ST) and preds(a) = {p;}, a = p;(Z); P & preds(qatoms(S*)), all J € J, if there exists a* € qatoms(S*)
and preds(a*) = {p;}, then there exists Qz p;(Z) € gatoms(S™) satisfying, for all a € gatoms(S™) and preds(a) = {p;}, a = Qup;(Z); (¢)atoms(Sy) = (q)atoms({p:(T) = 1}) U (¢q)atoms(ST);

Pi & preds(qatoms({p;(Z) = 1})) U preds(qatoms(S™)) = preds(qatoms({p:(Z) = 1}) U qatoms(S™)) = preds(qatoms(Sy)). Let j € J, e {1} U J. We distinguish two cases for j.
Case 3.3: j = 1. Then p;(z) € atoms({pi(z) = 1}), atoms(ST) C atoms(Sy), for all a € atoms(Sy) and preds(a) = {pi}, a € atoms({pi(Z) = 1}) U atoms(ST), for both the cases
a € atoms({p;(z) = 1}) and a € atoms(S™), a = pi(7); a = p;(7); (1) holds.
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Case 34: j € J. Then p; & {1,p:} = preds({p:(z) = 1}),
(85)

pi(7

a = p;j(&); if there exists a* € gatoms(Sy) and preds(a*) = {p;}, a ¢ 0=

preds(a) = {p;j}, a ¢ 0 = qatoms({p:(Z) = 1}), a € gatoms(S™), a = Qz p;
So, in both Cases 3.3 and 3.4, (1) holds; (1) holds.

tcons(1v) = tcons(p;(T)) U tcons(yp™) = {0, 1} U tcons(yp™) (Tlo) tecons(¢') C  teons(¢), tecons(Sy) = tecons({ps(x) = 1}) U tcons(ST) = {0,1} U tcons(S*) 10) (¢') C tcons(¢); (m)
(69¢) (69e)
holds.

So, in all Cases 1-3, (a-m) hold; (a—m) hold. Thus, (I) holds.

(IT) We have L is a countable ﬁrst order language; I, P are countable. Then Form, is countable; T C Form, is countable; I' = {J|J Cx I} is countable; £ U P is a countable first-order
language; SimOrdCl . s is countable; A = {S|S Cr SimOrdCl, 3} is countable; I x A is countable; there exists a well order < C (I' x A)?. Let § £ K C ' x A. By least(K) € K we denote the
least element of K with respect to <. Let 8 € Formg, ng € N, (J,S) € T' x A. (J, S) is a clausal translation of 6 with respect to ng iff either J =0 or J = {(ng,7)|j <ns}, J C {(ng,5)|j € N},
S Cr SimOrdCle g, 5esy, (Ia,b,d,fhk-m) hold for ng, 6, J, S. We put Kzg ={(J,59)|(J,S) is a clausal translation of 6 with respect to ng} CT'x A. We have T is countable. Hence, there exist

v <w and a sequence § : v — T of T. We put n, = no + a, @ <. Then, for all o < v, §(«) € T C Formg, ny > ng, by (I) for ng, d(a), Ki(f) # 0. We put (Ju, Sa) = least(K 5(a)) el x A,
a < 7. Then, for all v <, either J, = 0 or Jo = {(na,7) |j < ns.}, Ja € {(na,4) |j € N}, So Cr SimOrdCleygp; jet.y, (Ia,b,dfhk-m) hold for ny, §(), Ju, Sa; for all a < o’ <75, no < nas;

) € atoms(ST) C atoms(Sy), for all a € atoms(S,) and preds(a) = {p;}, a & atoms({p:(Z) = 1}), a € atoms(ST),

qatoms({pi(z) = 1}), a* € gatoms(S™), there exists Qz p;(z) € qatoms(St) C qatoms(S,), for all a € gatoms(Sy) and
(z); (1) holds.

for all @ < o/ <, Jo NJar C{(na,4)]j € N} N {(nar,7) |5 € N} = 0. (87)
We put
J 0 if there exists a* < v such that S, = {0},
T Uacy Ja else;

{O0} if there exists a* < v such that Sy- = {0},
St =
Ua<, Sa else.

We distinguish two cases.

Case 1: There exists a* < 7 such that S, = {O}. Then Jr =0 C {(¢,5) | i > no} and Sr = {0} C SimOrdCl.

We have Jr =0, St = {O}; (a) holds.

By (I b) for Ju«, Sax, Jar =0, Sox C StmOrdCl.; for every interpretation A for £, 2 & {00} = Sux, by (I d) for §(a*), Jax, Sax, A, A= 6(a*) € T, A = T, A = Sr; trivially, there exists an
interpretation 2l for £ and 2[ = T if and only if there exists an interpretation 2’ for £ and 2’ &= St, satisfying 2 = 2'|.; (b) holds.

Jr Cr {(Z,j) ‘Z > ’I’L()}, ||JT|| =0<2- |T|7 St Cx SimOrdCl,, |ST| =0¢ O(|T|2)

We have S7 = {O}; (d) holds trivially.

qatoms(St) = 0; (e) holds trivially.

We have Jp = 0; (f) holds trivially.

tcons(St) = {0, 1} C tcons(T); (g) holds.

Case 2: For all @ <7, So # {}. We have, for all a < v, nq > ng. Then Jr = U, Ja € Uy {(na,5)[j € N} C {(i,5) i > no} and St = U, Sa € Uy, SimOrdCleus, jer.y ©
SimO’FdClﬁu{ﬁj |j€IT}-

Hence, for all a < v, either S, =0, €0 =S,, 0or S, 0, by (Ib),0& S,; O & Sa; O & Sy. We distinguish two cases.

Case 2.1: There exists a* < v such that S+ # 0. Then S, # {D} by (I b) for Ju«, Sar, 0 # Jor C Jp, 0 # Sa+ C St; (a) holds.

Case 2.2: For all @ <, S, = 0. Then, for all « < v, by (I b), Jo, = 0; Jp = Sy = 0; (a) holds.

So, in both Cases 2.1 and 2.2, (a) holds; (a) holds.

Let 2 be an interpretation for £ such that 2 = T. Then, for all o <, A |=6(«) € T, by (I d) for 2, there exists an interpretation 2, for LU {p; |j € Jo} and Ay = Sa, Aalz = A. For all

a<d <y, {pjli€da}N{pjli€ Ja }(7)(2). We define an expansion 2 of A to LU {p; |j € Jr} as follows:

=, € Jaa <.
We get, for all o <y, A'|zugp; 1jesnt = Pa F Sa; A | S, A=A
Let 2" be an interpretation for LU {p; |j € Jr} such that 2’ = S7. Then, for all a <, A'[zugp, |jesny F Sas by (Id) for | zugs;15e0.3, Xe F 0(a). We put A = |, an interpretation for
L. We get, for all a <y, A = d(a); A ET, A=2A|z; (b) holds.
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Let o < o’ < . We distinguish two cases for Sy, Sa -
Case 2.3: Sy =0 or Sy = 0. Then S, NSy = 0. 3
Case 2.4: S,,So # 0. We have, for all @ < v, So # {O}. Then, by (I h), for all C € S,, 0 # preds(C) NP C {p;|j € Jo}, Sor # {0}, by (I h) for Jo, Sy, for all C € S,

0 # preds(CYNP C {p; |§ € Jo }; for all C € S, and C" € S, (preds(C)NP)N (preds(C")NP) C {p; |5 € Ja} N {p; |5 € Jor} &0 0, 0 # preds(C)NP, O # preds(C") NP, preds(C)NP # preds(C') NP,
preds(C) # preds(C'), C # C'; So N Sy = 0.
So, in both Cases 2.3 and 2.4, S, N Sy = 0;
for all o < & < 7,8, N S = 0. (88)
o 7
Let T Cr Formg. Theny <w, Jr = Uyeryey Ja SF {(4,5) |1 = no}; we have, for all @ <, by (L a), || Ja| < 2-16(a); (|7 67 Yacry<w ol €2 qercn 2010(@) =232 o, |6(a)| = 2-[T';

. (88)
ST = Ua<ry<w Sot g]: S/LmOTdCll:U{ﬁj |j€JT}; we have, for all a < s by (I f)’ |Sa| € O(‘(S(Oé)|2)7 |ST| - Za<’y<w |SOé| € O(Za<'y<w |(S(Oé)|2> = O((Za<'y<w |6(C¥)D2) = O(|T|2>

Let St # (). We have, for all a <, S, # {{0}. Then there exists a* <y and Sq- # 0, {0}, by (Ib) for Ju«, Sa+, 0 # Jo- C Jr; for all C € S, there exists a* <y and C' € Sq-, So- # 0, {00},
by (ILh) for Jo=, Sax, 0 # preds(C) NP C {p;|j € Jar} C {pj|J € Jr}; (d) holds.

For all a € gatoms(St) = U, ., gatoms(Sa), there exists a* <y and a € gatoms(Sa~); by (L k) for Jo«, Sq+, there exists j* € Jo C Jr and preds(a) = {p;- }; (e) holds.

For all j € Jr, there exists a® < v and j € Jo=; by (I']) for Jo-, Sa-, there exist a sequence T of variables of £ and p;(z) € atoms(Sa-) C U, atoms(Sa) = atoms(St) satistying,
for all a € atoms(Sa~) and preds(a) = {p;}, a = p;(2); if there exists a* € gatoms(Sa-) and preds(a*) = {p;}, then there exists Qup;() € gatoms(Sa~) C U, ., qatoms(Sa) = gatoms(Sr)

satisfying, for all a € gatoms(Sy-) and preds(a) = {p;}, a = Qup;(Z); for all o < v and o # o, Jo N Jo- €D 0,5 ¢ Ja, b5 & {013 € Ja}, Dj & preds(Sa) € Predpygp, jes.y; for all
a € atoms(St) = U, atoms(Sa) and preds(a) = {p;}, for all @ < v and a # o*, a & atoms(Sa), a € atoms(Sa-), a = p;(7); if there exists a* € gatoms(St) = U, gatoms(S,) and
preds(a*) = {p;}, for all & < v and o # a*, a* & gqatoms(S,), a* € gatoms(Sq~), there exists Qz p;(Z) € gatoms(St), for all a € gatoms(St) = U, .., gatoms(Ss) and preds(a) = {p;}, for all
a<~vyand a# o, a ¢ qatoms(Sy), a € gatoms(Sa+), a = Qz p;(Z); (f) holds.

teons(St) = U, ., tcons(Sa) (IQ : Un<, teons(d(a)) = tcons(T); (g) holds.

a<y

Let T' Cr Form,. Then v < w; we have, in both Cases 1 and 2, Jr Cr {(i,7) i > no}, |Jr|| < 2-|T|, St Cr SimOrdClus, jeury, |57 € O(T|?); the translation of T to S uses the input T’
and the output Sz; we have, for all @ < v < w, by (I f), the time and space complexity of the translation of §() to Sy, is in O(|§(a)|? - (log(1 +nga) +log|d()])); for all a < v < w, v = ||T|| < |T],
Na <mng+75 < ng+ [T, [6(a)] <320, 10(a)] = [T]; the translation of 7' to St uses a constant number of auxiliary data structures of constant size with respect to input and data structures,
including indez generator, values of which are of the form (nq,j) €I, j <ny, = |Ja| +1 (Ie) O(]6(c)]); the time and space complexity of an elementary operation on an auxiliary data structure

a

is of the order of its size, O(1) for data structures of constant size with respect to input, including the test if S, = {00}, O(log(1 + n,) + log |6(a)|) for data structures of the form (n,,j) € I,
J € O(]6(c)]); the translation of T' to St executes a constant number of elementary operations on auxiliary data structures; the time and space complexity is in O(log(1 + n,) + log |6(a)|); the
translation of T' to St also executes updating the partial output Uﬁ@é Sg, Sp # {1}, by Sa, including appending S, to Uz, Sp, Sg # {LJ}, which uses the input S, and the output S, (a copy),

with #0(Sa) € O(|Sal) € O(|6()[?); by (13) for na, Sa, 0, Sa, ¢ = 2, 7 = 1, the time complexity is in O(#O(Sa) - (log(1 +n4) +10g(#0O(Sa) + [5al))) € O(|6()[? - (log(1 + nqa) +log [6(c)]));
(I'f)

by (14) for na, Sa, 0, Sa, ¢ =2, 7 = 1, the space complexity is in O((#O(S,) + [Sal) - (log(1 + n4) +log(1 + [Sal))) € O(|6(a)|? - (log(1 + ny) + log |§(x)])); the total time and space complexity
of the translation of T to St at the a-th stage, is in O(|6(a)|? - (log(1 + ny) + log |6(c)])); the time and space complexity of the translation of T to St, is in

O( > 18(a)* - (log(1 + nq) + log [5(a)])) €

a<ly<w

O(( Y [6(a)])* - (log(1 +no + |T|) +log(1 +|T1))) =

a<vy<w
O(IT|? - log(1 + ng + [T1));

(¢) holds.
So, in both Cases 1 and 2, (a—g) hold; (a—g) hold. Thus, (II) holds. The lemma is proved. O
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9. Full proof of Theorem 4

Proor. We get by Lemma 3(IT) for ng + 1, T' that there exist Jr C {(4,5) i > no + 1}, St C SimOrdCl,y, | jetry, and Lemma 3(I1 a-g) hold for ng + 1, T, Jr, Sz. By (15) for ng, ¢, there
exists ¢’ € Form, such that (15a—e) hold for ng, ¢, ¢'. We distinguish three cases for ¢'.

Case 1: ¢/ € Teonsy —{1}. We put Jg = Jr C{(i,5) |i > no+ 1} C{(i,5) |i > no} and S = St C SimOrdCl,, ;. 5es2}-

For every interpretation 2 for £, 2 = ¢’ OE%) ¢; by Lemma 3(II b), there exists an interpretation 2 for £ and 2 |= T', 2 }~ ¢ if and only if there exists an interpretation " for LU {p; |j € J?}
and A’ |= S, satisfying 2A = 2’| ; (i) holds.

Let T Cr Formg. Then, by Lemma 3(I1 ¢), J7 Cx {(i,5) i = no}, |J7]l < 2-|T| € O(T| +1¢]), S Cx SimOrdCl, P 1S2] € O(IT|?) € O(IT|? + |¢|?); the translation of T' and
¢ to 5’? uses the input 7', ¢, the output S’?, an auxiliary ¢; we have, by (15b), ¢’ can be built up from ¢ via a postorder traversal of ¢ with #O(¢) € O(|¢|) and the time, space complexity
in O(|¢] - (log(1 + ng) + log |¢])); the test ¢' € Teonsy — {1} is with #O(¢’) € O(1) and the time, space complexity in O(1); by Lemma 3(II c), the number of all elementary operations of the
translation of T to S5, is in O(|T[?); the time and space complexity of the translation of T' to S5, is in O(|T|? - log(1 4 no + |T1)); the number of all elementary operations of the translation of T
and ¢ to S?, is in O(|T)? 4 |¢|?); the time and space complexity of the translation of T and ¢ to S, is in O(|T|? - log(1 + ng + |T]) + |¢[2 - (log(1 4 no) + log |¢])); (ii) holds.

By Lemma 3(II e), for all a € qatoms(Séﬁ), there exists j* € J;: and preds(a) = {p;+}; by Lemma 3(II f), for all j € J?, there exist a sequence Z of variables of £ and p;(Z) € atoms(S&é)
satisfying, for all a € atoms(S;{) and preds(a) = {p;}, a = p;(Z); if there exists a* € qatoms(S‘fl) and preds(a*) = {p;}, then there exists Qz p;(z) € qatoms(S?) satisfying, for all a € gatoms(S5)
and preds(a) = {p;}, a = Qx p;(z); (iii) holds.

tcons(S{ﬁ) C tcons(p) U tcons(T); (iv) holds.

(Lemma 3(II g))
Case 2: ¢ = 1. We put J% =0 C {(i,4)]i > no} and 8% = {0} C SimOrdCly.

15
For every interpretation 2 for £, A = ¢’ (:a) ¢; trivially, there exists an interpretation 2 for £ and 2% =T, 2 |~ ¢ if and only if there exists an interpretation 2’ for £ and 2’ = S;i, satisfying

A=A =A|z; (i) holds.

Let T Cx Formg. Then J;f Cr{G,5)]i>no}, | T2 =0 € O(T|+1¢)), Sé,‘i Cr SimOrdCl,, \S?\ =0 € O(|T]? + |#|%); the translation of T' and ¢ to Sgi uses the input T, ¢, the output 5’?,
an auxiliary ¢’; we have ¢’ can be built up from ¢ via a postorder traversal of ¢ with #0O(¢) € O(|¢|) and the time, space complexity in O(|¢| - (log(1 4+ ng) + log|#|)); the test ¢’ = 1 is with
#0O(¢') € O(1) and the time, space complexity in O(1); S? can be built up with #0O € O(1) and the time, space complexity in O(1); the number of all elementary operations of the translation
of T and ¢ to S, is in O(|T|? + |4]?); the time and space complexity of the translation of T and ¢ to S%, is in O(|T|? - log(1 + no + |T1) + |¢|? - (log(1 + no) + log|4])); (i) holds.

qatoms(S$) = 0; we have J9 = 0; (iii) holds trivially.

tcons(S2) = {0, 1} C tcons(¢) U teons(T); (iv) holds.

Case 3: ¢’ € Tconsz. We have ¢’ € Formy, (15¢c,d) hold for ¢'. We put & = varseq(¢'). Then ¢' € Form, — Tcons, C Formg — {0, 1}, vars(z) = vars(¢') C Vare, VT ¢' € Forme —{0,1},
(15¢,d) hold for Vz ¢/, vars(VZ ¢') = vars(z) U vars(¢') = vars(z) C Varg, |Z| < |¢'|, |VZ ¢'|. We put j; = 0 and 1 = (no,ji) € {(no,4)|j € N}. p3 € P. We put ar(p:) = |Z|. We get by (17)
for ng, Vz ¢', T, 1, p; that there exist J = {(no,7) |1 < j < ny} € {(no,j)j € N}, ji <ny, 1 & J, S7 Cr SimOrdCloyugp s, jesy> and (17fh,j,m-o) hold for Vz ¢', Z, p;, J, S~. We put
J$ = Jp Ui} UJ C{(3,4)|i > no}. Then Jpn ({1} UJ) C {(i,5) i > no + 1} N {(no,4)|j € N} =0,

Jr, {1}, J are pairwise disjoint. (89)

We put S?@ =SrU{p(z) < 1}US™ C SimOrdCl . lieagy Then, by (17j), for all C' € S, preds(0) = 0 # preds(C) NP C preds(C), C # 0; O ¢ S—, by (17)), {p(Z) < 1} NS~ = 0. We
distinguish three cases for St.

Case 3.1: Sp = 0. Then St N ({p:(z) < 1} US™) = 0.

Case 3.2: Sp = {00}. We have O ¢ S~. Then O ¢ {p;i(z) < 1}, Sp N ({pi(z) < 1}US”) =10. )

Case 3.3: Sp # 0,{0}. Then, by Lemma 3(II d), for all C' € Sy, 0 # preds(C) NP C {p;|j € Jr}, by (17j), for all C € S—, 0 # preds(C) NP C {p;} U {p; | € J}; for all C; € Sp
and Cy € {ps(T) < 1} US™, 0 # preds(Ch) NP C {p; |7 € Jr}, either Cy = pi(%) < 1, O # {pi} = preds(Co) NP C {3} U {p; |5 € J} or Oy € =, 0 # preds(Co) NP C {p:} U {p;|i € J};
0 # preds(Co) NP C {5 YU{p; |3 € J}, (preds(C1)NP)N(preds(C2)NP) C {p; |5 € Jr}n({p: }U{p; |5 € J}) €9 0, for both i, () # preds(C;) NP, preds(Cy)NP # preds(Cy) NP, preds(Cy) # preds(Cs),
Cy# Cy; Srn({pe(z) < 1} US™) =0.

So, in all Cases 3.1-3.3, ST N ({f:(Z) < 1}UST) =0; Sr N ({pi(Z) < 1} US™) = B

S, {p:(Z) < 1}, S~ are pairwise disjoint. (90)
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Let 2 be an interpretation for £ such that A = T, 2 = ¢. Then, by Lemma 3(II b) for 2, there exists an interpretation Az for LU {p; |j € Jr} and Ar = S, Ar|s, = A; we have
15
vars(Z) = vars(¢'); VT ¢’ is closed, A = ¢ e ¢, A EVT Y, |VZ ¢ |* < 1. We define an expansion 2% of 2 to LU {;} as follows:

o _
P (u1,...,uz) = vz ¢'||*.

Then, for all ¢ € Sus, [F(DIZ" = 5" (121127) = V2 1" = V2 1" <1, [5:(@) < 127 = |B@I27 <1 =1, V2 d’ - m@)2" = ¥/ I* = 15@) 27 = V2| = vz e/ |* = 1;
A# = pi(z) < 1, A% =z ¢’ — pi(Z), by (17f) for A#, there exists an interpretation 2, for LU {p;} U{p;|j € J} and Ay = S™, Ao|cogpy = A7 {Bili€ Jryn({Bir U {p;li€ J}) = 9. we
define an expansion 2’ of 2 to LU {p; |j € Jo} as follows:
B ifi € Jr,
pJJQL = {~m¢
ifje{ifud.

We get | zugz, 1jesry = A1 | St Weugsy = 2AF Epe(z) < 1, |£U{pn}U{pJ, jen =As ESTA = SP, W[ =2

Let 2’ be an interpretation for £ U {p;|j € Jo} such that 2’ = S2. Then 2’ lcugs; 1iery E ST, Aoy B 5i(T) < 1, W cugsyuis (jesy F S™, by Lemma 3(I1 b) for | zus, 005
W = T, by (17F) for A'|copiogs 1iesr Vleoy E V2@ = pi(@); for all e € Sw, 1= [I7(@) < 12 = [|5:(@)|2 <1, IB@)F < 1L, 1= |Vag¢' = m@)|2 = [vad/|* = |7 @)|2,
IVZ ¢ |2 < ||3: (@)% < 1; Wz e VEd, W) b ¢ o ¢. We put 2 = 2|z, an interpretation for £. Then A = T and 2 = ¢, A = A'|; (i) holds.

Let T Cx Formg. Then, by Lemma 3(II ¢), Jr Cr {(i,7)]% > no + 1} C {(3,4) |i > no}, |Jrl < 2-|T|, Sp Cr SimOrdCleugs, 15e01, 1ST| € O(T?); we have i € {(no,j)|j € N}
[ < [¢'l; J CF {(no,5) | € N}, [l (1%) VZ¢'| -1 < Vx| = 2 |2[ + |¢'| < 3-[¢| S 6 - [¢f; we have S Cx SimOrdCleypyus sesy; 1971 VT |- (1 + |Z]) (1%1) 15 vz o'l - (1 +

(89)

Z)) < 15-3-¢| -2+ [¢'] = 90 |¢'|? S 360 - 6> € O(I9); Jf Cr {(i,5)]i = no}, HJd’H 17z + I{EH + ) < 2 T] + 1+ 6-|¢| € O(T| + |¢]), S Sz SimOrdCl

LU{p; |5€TL}

(90)

|S§‘i| [St|+ [{p:(Z) < 1} +|S7| = |ST| +|Z+34+ ST < |Sp|+4- 9|+ |S™ | < |ST| +8-|p| +1S7| € O(|T|? + |#|?); the translation of T' and ¢ to S?i uses the input T, ¢, the output

S?i, auxiliary Sp, ¢, fo(Z), VZ &', {p:(Z) < 1}, S~; we have ¢’ can be built up from QS via a postorder traversal of ¢ with #O1(¢) € O(|¢|); the test ¢’ & Tcons, is with #02(¢') € O(1); b

Lemma 3(II ¢), the number of all elementary operations of the translation of T' to St, is in O(|T'|?); the time and space complexity of the translation of T to S, is in O(|T?-log(1+no+|T)); fo (a:)
can be built up from ¢’ via the left-right preorder traversal of ¢’ with #03(¢") € O(|¢'|) € O(|¢]); VI ¢’ can be built up from ¢" and fo(Z) with #04(¢’, fo(Z)) € O(|VZ ¢']) C O(|¢|); {p:(T) < 1}
(15b)

can be built up from fo(z) with #05(fo(z)) € O(|{f:(z) < 1}]) = O(1 + |7|) C O(|¢’|) C O(|¢|); by (17h), S~ can be built up from ¥z ¢/ and fo(Z) via a preorder traversal of VZ ¢ with

#Os(VT @', fo(z)) € O(VZ ¢'|- (1+]Z|)) C O(|¢>| ); S5 can be built up from {5;(z) < 1} and S by copying and appending to Sy with #0;({:(Z) < 1},57) € O(|{p:(z) < 1}|+]S7]) € O(|8|*);
Zzzl #0; € O(|¢|?), by (13) for ng, ¢, 0, ¢, fo(z), V2 ¢, {p:(Z) < 1}, S~, {p:(Z) < 1} (a copy), S~ (a copy), ¢ = 8, r = 2, the total time complexity of elementary operations at the stages

T isin O((S L, #0,)-(og(1-+ no) +og((, #0:) +101))) € O(f-(log(1-+ o)+ log [6]): by (14) for no, 6. 0. &, fo(x). ¥a /. (7s() < 1}, 5. (7s(z) < 1} (a copy). S~ (a copy). g = &
r = 2, the total space complexity of elementary operations at the stages 1,...,7, is in O(((Z;1 #0;) +|6]?) - (log(1 +no) +log |¢])) € O(|¢]* - (log(1 +n0) +1log |¢])); the number of all elementary
operations of the translation of T" and ¢ to S?, is in O(|T|? + |¢|?); the time and space complexity of the translation of 7' and ¢ to S?, is in O(|T|? -log(1 +mno + |T|) + |¢|? - (log(1 +no) +log |4]));
(ii) holds.

By Lemma 3(II ¢), for all a € gatoms(St), there exists j* € Jp C J% and preds(a) = {p;- }; trivially, for all a € § = gatoms({j;(z) < 1}), there exists j* € J& and preds(a) = {p; }; by (17m),
for all a € gatoms(S™), there exists j* € J C J% and preds(a) = {p;+}; for all a € qatoms(5¢) = gatoms(St) U gatoms({pPi(Z) < 1}) U gatoms(S™), there exists j* € J¢ and preds(a) = {p;~ }; (a)
holds.

We have, by Lemma 3(II f), for all j € Jr, there exist a sequence z* of variables of £ and p;(z*) € atoms(Sr) satisfying, for all a € atoms(St) and preds(a) = {p;}, a = p;(z*); if there
exists a* € gatoms(St) and preds(a*) = {p;}, then there exists Q*z* p;(z*) € qatoms(St) satisfying, for all a € gatoms(St) and preds(a) = {p;}, a = Q*z* p;(z*); St C SimOrdCleus;|jetr)-
Then ps ¢ {p;li € Jr}, P € preds(St) € Predpugp; jerry> P & preds(qatoms(St)) C preds(St); pi(T) € atoms({pi(¥) < 1}) satisfying, for all a € atoms({p:(z) < 1}) = {1,p:(¥)} and

(89)
preds(a) = {pi}, a = pi(Z); qatoms({ps(xT) < 1}) =0, py € 0 = preds(qatoms({pn( ) < 1})); we have, by (17n), for all j € {1} U J, p;(Z) € atoms(S™) satisfying, for all a € atoms(S~) and
preds(a) = {p;}, a = p;(Z); P & preds(qatoms(S™)), for all j € J, if there exists a* € gatoms(S™) and preds(a*) = {p;}, then there exists Qz p;(Z) € qatoms(S™) satisfying, for all a € gatoms(S™)
_ . (89) I o _ .
and preds(a) = {p;}, a = Qrp;(@); {p;|J € Jr ’ Jyn{p} =0, {p;|j € Jr ’ J} N opreds({p:(z) < 1}) C {p;|j € Jr | J} N Predpygpy = 0; we have S= C SimOrdClyygp (s |jeys

(preds(St) N B) (1 (preds(S™) N B) € (Predcogs, serry N B) 0 (Pred oo, 1ien NB) = {515 € Jr}n ({5 {13 € 71 & 0; (@)atoms(S%) = (q)atoms(Sr) U (a)atoms({7:(x) ~
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1}) U (q)atoms(S™); ps ¢ preds(qatoms(St)) U preds(gatoms({p;(Z) < 1})) U preds(qatoms(S™)) = preds(qatoms(St) U qatoms({p;(Z) < 1}) U qatoms(S™)) = preds(qatoms(S5)). Let
jeJd=JrU{i} UJ. We distinguish three cases for j.

Case 3.4: j € Jp. Then p; & preds({p;(z) < 1}), p;(Z*) € atoms(St) C atoms(S?), p; € preds(St), p; € P, p; € preds(St) NP, p; & preds(S™) NP, p; & preds(S~); for all a € atoms(S%) and
preds(a) = {p;}, a & atoms({p:(Z) < 1}), a € atoms(S™), a € atoms(St), a = p;(T*); if there exists a* € qatoms(S?) and preds(a*) = {p;}, a* € 0 = qatoms({p:(z) < 1}), a* & qatoms(S™),
a* € qatoms(St), there exists Q*z* ;(7*) € qatoms(St) C qatoms(Sy), for all a € qatoms(S?) and preds(a) = {p;}, a € 0 = qatoms({p;(Z) < 1}), a & qatoms(S™), a € gatoms(St),
a=Q*z*p;(z*); (b) holds.

Case 3.5: j = 1. Then p;(Z) € atoms({p:(Z) < 1}), atoms(S™) C atoms(Sgi); we have p; & preds(St); for all a € atoms(Séﬁ) and preds(a) = {pi}, a &€ atoms(St), a € atoms({p:(T) <
1}) U atoms(S™), for both the cases a € atoms({p:(Z) < 1}) and a € atoms(S™), a = pi(Z); a = p(Z); (b) holds.

Case 3.6: j € J. Then p; & preds({p; (Z) < 1}), p;(Z) € atoms(S™) C atoms(S?), p; € preds(S7), p; € P, p; € preds(S™) NP, p; & preds(St) NP, p; & preds(St); for all a € atoms(S?) and
preds(a) = {p;}, a & atoms({ps(z) < 1}), a & atoms(St), a € atoms(S~), a = p;(z); if there exists a* € qatoms(Sé,é) and preds(a*) = {p;}, a* & 0 = qatoms({pi(z) < 1}), a* & qatoms(Sr),

a* € gatoms(S™), there exists Qz p;(Z) € gatoms(S™) C qatoms(S?), for all a € qatoms(S?) and preds(a) = {p;}, a € 0 = qatoms({p:(z) < 1}), a & gatoms(St), a € gatoms(S~), a = Qu p;(Z);
(b) holds.
So, in all Cases 3.4-3.6, (b) holds; (b) holds; (iii) holds.
(Lemma 3(II g))
tcons(S?) = tcons(St) U tcons({p:(Z) < 1}) U tcons(S™) = tcons(St) U {0, 1} U tcons(S™) C tcons(T) U tcons(VZ ¢') = tcons(T) U tcons(¢') C  tcons(T) U tcons(¢); (iv) holds.
(170) (15€)
Thus, in all Cases 1-3, (i-iv) hold; (i-iv) hold. The theorem is proved. O
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10. Full proof of Lemma 6

PROOF. Let C' € cloP™(S). Then there exist a deduction D = CB,...,CB, CB ¢ GOrdCl, s,p» C = CB, n> 1, of C from S by basic order hyperresolution, associated £, S5, xk =0,...,n.
At first, we prove the following statement:

For all 1 < o < n, there exist a deduction D, = C,...,Cs, C, € OrdCl, g, p, of C; from S by order hyperresolution, associated L, Sk, & = 0,...,0, such that £,, = LB for all  (91)
1 < k < o, there exists ¥, € Subst,,., dom (V) = freevars(Cy), and Cf =C.0,.

We proceed by induction on 1 < o < n.

Case 1 (the base case): 0 =1. LE = LUP, S§ =0 C GOrdCl;s, (q) atoms(SF) = (), Rules (42)—(48) are not applicable to S¥, CB € ordtcons(S)U Glnst 5 (S); there exist Cy € ordtcons(S)US,
Y € Substﬁg, dom (V1) = freevars(Cy), and CP = C191; L8 = LE = LUP. Weput Lo = L1 = LUP, Sy =0 C OrdClg,, Dy = Cy, Cy € ordtcons(S)U S C OrdClyup C OrdCl . w5, p
Sy ={C1} € OrdClzup = OrdCl.,; Dy is a deduction of C; from S by order hyperresolution. Then £y = £ = L5 = £B, 9, € Substﬁos = Substz,; (91) holds.

Case 2 (the induction case): 1 < ¢ < n. By induction hypothesis for ¢ — 1, there exist a deduction D,_; = Ci,...,Co_1, C, € OrdCl, g p, of Co—y from S by order hyperresolution,
associated L., Se, K =0,...,0 — 1, such that £, = L5, C, € S, C S,_1; forall 1 < k < o — 1, there exists J,, € Subst.,_, dom(d,) = freevars(C,), and CB = C,9,,. We distinguish eight cases
for CB.

Case 2.1: CB € ordtcons(S) U GInstl:B_l(S). Then £B = £B_,, there exist C, € ordtcons(S)U S, 9, € Substps ., dom(J,) = freevars(Cy), range(d,) = freevars(CB) = (), and CB = C,9,,
LUP=LyCL, 1. Weput L, =L;_1, Dy, =D,_1,C,, Cy, € ordtcons(S) US C OrdCleup C OrdCl, s ps So = So—1 U{Cs} € OrdCl,, U OrdClpoup = OrdCly, , = OrdClz ; Dy is a
deduction of C, from S by order hyperresolution. Hence, £, = L, = L8 | = LB 9, € Substps = Substr,; (91) holds.

Case 2.2: There exist 1 < j < o —1, k =0,...,m, such that C® € S5 is a basic order resolvent of CjBf,...,Cﬁ € S8 | using Rule (42) with respect to £5_,, S8 . Then LB = £B |,
for all £ < m, Cf: = €jr Ojr Ujx \/Cij;;, Ejz Ojr Vjr & Cijz, Ejz Oji Ujay. .-, E4x ©jx Uy is a contradiction of LB gjg = 1 or vjx = 0 or gj; = vj», there exists k* < m and ¢j- =<;

= Vi, q, there exists ;- € Subst,cjz C Substr,_,, dom(V;r) = freevars(Cj:), range(J;x) = freevars(C’f:) = (), and ¥; is applicable to Cjx, C’f: = Cj:V, Cjr € S,—1; there exist
variable renamings p;x € Substc, ,, dom(p;x) = freevars(Cjz), range(pj;) = freevars(Cjzpjz), k = 0,...,m, and pjr is applicable to Cj:, for all k < k' < m, range(p;;) N range(p;:,) =
freevars(Cj: pjz) N freevars(Cj-, pje,) = 0, Cjzpjz € €SV pj* € Subst,,_, is a variable renaming, dom( ;1) = range(pjx) = freevars(Cjxpjx ), mnge(pjfél) = dom(pjx) = freevars(Cjx) = dom(9;x);

pjz © ,0]-21 = id£071|dom(pj*) = idﬁa,l\freeuars(cj*) € Subste,_,; for all Qra € qatoms(C ), freevars(Qza) C freevars(Cj;), x & freevars(Qu a) = range(ide,_ |frecvars(Qza))s e, 1|freevars(c
k k k

x

e

is applicable to Qz a; id£671|fmewrs(cjz) is applicable to Cjx; Cj,:(@d£6,1|freemrs(cjz)) = Cj: (pjz o Pjs h = (Cjxpjx )pj* , pJ* is applicable to Cjxpj~; for all k < k' <m, dom( ) N dom(p] ) =
range(p;; ) N range(p;-,) = 0. We put n = U, pj_;l odj: € Substr, ., dom(n) = Ui—, clom(pj—*1 o) = Ui Odom(pj b = Uk o freevars(Cjxpj» ), range(n) = U= Omnge(pj* o) =
Ui, range(V;x) = ngmfreevars(cjl%) = (. Hence, for all k < m, ((Cj;pj;)p;kl)ﬁ‘* = (Cj:(idg,_ 1|jreevm"s C;» )))19 ;= Cj:vye, pj* o ¥+ is applicable to Cjxp;=; n is applicable to Cjrpj=;

(Cizpip)n = (Cizpip) 05 0 052) = (Cippsp)ps: Vs = Cjetj = OFF, Cirpse = Vikoeh o v vV Vi Iy, (Vb 055 op vg) N (Vo 1) = 0, (\/Z" 04 %% vg)n = €z o5z vjr, (Vo lg)n = Cz; 1 is
applicable to and a unifier for

7:(\/52 2 2, ...,SO,.. \/em o U {od, et {og et {a b})

a=¢e),b=1ora=vl, b=0ora=¢eY b=y, dom(n) = ngnfreevars(cjv;pj;) freevars({sq P vF g <7,k <m}, {lk [1<qg<sp, k< m}) = freevars(E), of = ©j», ==; by Theorem 2

for E, 7, there exists 6* € mgu,__ (E), dom(0*) = freevars(E) = dom(n), and 6* is applicable to E, for all k < m, to Cj: p;x; there exists v* € Substr,_,, dom(y*) = range(6*), and n = * o v*;

for all k& < m, (Cj:pj=)n = (Cjzpje )(0F 07*) = ((Cjzpjx)07 )", 7" is applicable to (Cjxpjx)07; " is applicable to (\/Z’;1 l’q“)é)* C (Cjrpj;)0"; using Rule (49) with respect to Ly—1, Sp—1, We

derive (VLo Voty 1:)0* € OrdClz, . We put Lo = Lo—1, Co = (1, V. — LI € OrdCl, Dy, =Dy_1,Co, Cy € OrdClg,_, C OrdCl, w ps So = So—1 U{Cs} € OrdCl,,_, = OrdCl.,,

19 = 7V |frecvars(c,) € Subste, , = Substr,, dom(¥s) = freevars(Co); Dy is a deduction of C, from S by order hyperresolution. Hence, £, = L, = L5 | = £B, 9, is applicable to C,,
= ((Vilo Vol 1)) = Vo (Vo 1)(07 0 v*) = VLo (Vi 1g)n = Vo Cjp = CF, range(d5) = frecvars(Cy) = 0; (91) holds.

Case 2.3: There exist a,b € atoms(SZ_;) C Atomps , a € Cpr, b ¢ Teonsg, qatoms( ) = 0, such that CB =a <bVa=>bVb<ac S8 isa basic order trichotomy resolvent of a and b
using Rule (43) with respect to £5_,, S8 ;. Then £8 = £B | there exist 1 < j},j5 <o —1and a € atoms(C 1), b€ atoms(C’B) C’B C’B € SB_,; there exists Vj: € Substr, - Subst,
k = 1,2, dom(V;:) = freevars(Cjx), range(J;x) = freevars(CB) = (), and ¥;: is applicable to Cj, C’B Cj» ﬂj*, Cjr € Sp—1; we have acCr;ac atoms(Cjx) C atoms(S ) C Atomg
there exists b’ € atoms(Cj;) C atoms(Sy—1) C Atomp

= = o—1"

a<btVa=bVvbd <ae€ OrdCly, ,. Weput L, =L,-1,Co=a<bVa=bVl <ac€ OrdCl,

o—1)

oc—17

vars(b') C freevars(Cjz) = dom(ﬁ ) “ ¢ Tcons[;, and b = V'V;;; using Rule (50) with respect to L,_1, Sy—1, we derive
D =Dy-1,Cs, Cy € OrdCl.,_, € OrdCl, g ps So = Se—1U{Cs} C OrdCl,,_, = OrdCl.,,

o—1?
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Vo =D}z |varsrr) € Substr,_, = Substz,, dom(9s) = vars(t') = freevars(Cy), range(9s) = 0; Dy is a deduction of Cy, from S by order hyperresolution. Hence, L, = Lo—1 = L5 | = L5, a¥, = a,
Ve =05 =b, Cy ﬁc,faﬁ < b0y Vad, = b9, VI, <ad, =a<bVa=bVb=<a=CS; (91) holds.

Case 24 There exist a,b € atoms(S5_,) — {0,1} C atoms(SB_,) C Atomps_, {a,b} € Tconsc, qatoms(S) # (), such that C8 = a < bVa = bVb < a € S8 is a basic order
trichotomy resolvent of a and b using Rule (44) with respect to £8 ,, S8 . Then £B = £B_|, there exist 1 < j},j5 < o0 —1and a € atoms(C’B) {0,1}, b € atoms(C’B) {0, 1},
C’B C’B € SB_; there exists Vjr € Substy, : C Subste, ,, k=1,2, dom(9;;) = freevars(Cj:), range(d;:) = freevars(CB) =0, and ¥+ is applicable to Cjz, CB = Cj:jz, Cjr € Sy—1; there exist
a 6 atoms( =) —{0,1} C atoms(S 1) — {0 1} C atoms(Sy—1) C Atomﬁwl, vars(a’) C freevars(C’jl) = dom(V;: ), b' € atoms(C; ) {0,1} C atoms(Sy— ) {0,1} C Atom;gi , vars(b') C
freevars(Cjy) = dom(93), {a’,0'} € Tconsc, and a = a’d;x, b = V' ; there exist variable renamings p;-, pjz € Substﬁn_l, dom(p] ) = wvars(a’), range(p;:) = vars(a’pjx), dom(pjs) = vars(t'),
range(pj; ) = vars(b/ pb) and range(p;x) N range(pj;) = vars(a'pjr) Nwars(V pjz) = 0, d pjz,b'pjz € atoms(Sy" ) —{0,1} C Atom, {a’pjz,V'pjs} Z Teons; for both k, p;il € Subst,
variable renaming, dom(pj}l) = range(p;j:) = vars(a'p;:), mnge(pjfl*l) = dom(p;:) = vars(a’) C dom(V;:), dom(p] N = range(p;;) = vars(b'p;s ), mnge(pjgl) = dom(p;;) = vars(b') C dom(¥;s),

17 ., 1sa

dom(p; )ﬁ dom(pj b = range(p;=) N range(pj;) = 0; using Rule (51) with respect to Lo_1, So_1, we derive a’pjx < V' pjz V da'pjr = V' pjz VVpjr < a'pj € OrdCle, . We put Lo = L1,
C,=d pj1 =< bpj2 \Y, a'pjf = b’pj* Vv b’pj < a'pJ € OrdClg, ,, Dy = Dy_1,C,, Cy € OrdCl, C OrdCl, ywi,p> So = Se—1U{Cs} C OrdCl;,_, = OrdCl._, ¥, = pjll odjx U pjgl ol €
Subste, , = Substr,, dom(d,) = dom(p;. )Udom(pJ ) = vars(a’pjr)Uvars(b' pjs ) = freevars(Cy), range(d,) = mnge(p;i(IOﬁjl*)Umnge(pjgl0193»2*) = range(V;:|

o—1

range(p )Umnge(ﬁj; 7'ange(p;51)> =
0; D, is a deduction of C, from S by order hyperresolution. Hence, L, = Lo—1 = L5_| = LE, (d/p;r)0, = (a’pjf)(pj}l od;x) = a(psx o pj}l oljx) = a (Zdl:g_1|'ua7‘s(a’) 0oV;:) = ¥ = a,
(V'pjz)0s = (b’pjg)(pjgl otjs) =V (pj; Opjgloﬁj;) =0'(idc,_, lvars@pry0Vj3) = V055 = b, Cy 19 = (a'pj:)0s < (V' pjz )0V (' pj: )06 = (b pjs)0sV (V' pjz )06 < (a'pjz)¥s =a < bVa=bVb =< a=CF;
(91) holds.

Case 2.5: There exist Vra € qatoms”(SZ_;) C QAtom\ZB ST E vars(a), t € GTermps = GTerme, ., v = x/t € Substys , dom(y) = {z} = vars(a), such that CB = Vza <

ayVVza = ay € S8 is a basic order V-quantification resolvent of Vx a using Rule (45) with respect to £5_;, S8 ;. Then £8 = £B | there exist 1 < j* < 0 — 1 and Yz a € gatoms (CB)
C'jB; € SB_|; there exists 9. € Substc,. C Subste, ., dom(J;<) = freevars(Cj), range(d;+) = freevars(C’ﬁ) = @, and ¥,- is applicable to Cj«, C]* = Cj«¥j~, Cj= € S,_1; there exists
Vrxa' € qatoms¥(Cj«) C qatoms”(S,_1) C QAtom\ngl, a' € Atomg, |, © € vars(a’), vars(a’) — {z} = freevars(Vxa’) C freevars(Cj+) = dom(V;~), and v;« is applicable to Yz a', Vza =
(Vz )V, mnge(ﬁj*\wrs(a/)_{w}) =0,a=d; (a)—{z} U z/x); using Rule (52) with respect to L,_1, S,_1, we derive Vxa' < o’ VVra' = o € OrdClg, ,. We put L, = L,_1,
Co =Vxad <d VVrd =da € OrdClz, |, Dy = Dy_1,Cq, Co € OrdCl,_, € OrdCl, g,p> So = Se—1 U{Cs} C OrdCly,_, = OrdCle,, V6 = V) |vars(ar)— (2} Ux/t € Substy, |, = Substga,
dom(0,) = vars(a’) = freevars(Cy), range(V,) = range(;- (a')—{z})Urange(z/t) = DUwvars(t) = 0; Dy is a deduction of C, from S by order hyperresolution. Hence, £, = L5_1 = ﬁ =[5,
¥, is applicable to Co, (Vxa')ds, = Vo a'(Vsfrecvars(vaay U /) = VT a' (9j+|vars(ar)—{z} U T/2) = VT a, a'Vs = a’ (¥~ Negzy Uz /t) = a' (V) |vars(a)— {2} U x/’y(x)) = a'((v;~ ’)7{93} U
x/x) o) = (a' (9~ Nefzy Ua/x))y = ay, Coly = (Yo d' )9, < a/V, V (Vo a' )0, = d'Vy =Vra < ayVVra =ay=CZ; (91) holds.

Case 2.6: There exist 3xa € qatoms>(SZ_;) C QAtomiB o€ vars(a), t € GTermps = GTerme, ., v = x/t € Substys , dom(y) = {z} = vars(a), such that CB = ay <

JraVay = Jza € SB is a basic order I-quantification resolvent of 3z a using Rule (46) with respect to £5 ;, SB . Then £8 = £B_,, there exist 1 < j* < o —1 and Jra € qatomsa(CjB*),
C’ﬁ € SB_|; there exists ¥;- € Substr,. C Substc, ., dom(V;«) = freevars(Cj-), range(d;) = freevars(Cﬁ) = (), and 9,- is applicable to Cj«, C'jB* = Cj«¥j~, Cj= € S,_1; there exists
Jza € gatoms™(Cj<) C gatoms™(Sy—1) C QAtomigfl, a' € Atomg, ., © € vars(a’), vars(a’) — {z} = freevars(Ix a’) C freevars(Cj+) = dom(V;«), and vJ;« is applicable to Ixa’, Jxa =
(Elxa')ﬂj*, mnge(ﬁj*\w,.s(a,)_{w}) =0, a = a9+ |vars(a)—{z} U /x); using Rule (53) with respect to L, 1, S,—1, we derive o’ < Jza’ Va' = Jza’ € OrdCle, ,. We put L, = L1,
Co=d <3xd Vad =3xd € OrdClz,_ |, Do = Dy_1,Cq, Cs € OrdCl,_, € OrdCl, . p> So = So—1 U{Cs} C OrdCly,_, = OrdCl,,, V6 = V) |pars(a)—{o} U x/t € Substy,_, = Subst,_,
dom(¥,) = vars(a’) = freevars(Cy), range(Vs) = range(V ;- vars(ar)— {z})Umnge(ac/t) PUwars(t) = (); Dy is a deduction of C, from S by order hyperresolution. Hence, £, = L, 1 = L5 | = L5,
¥, is applicable to Co, (3za’)Vs = I a' (Vs |frecvars@zary U /) = I 0/ (9j+|pars(ar)—{z} U z/2) = T2 0, d'Vs = a' (¥~ Negzy U a/t) = a (V) |vars(a)— {2} U /7(2)) = o' (9= Ne{a} U
x/x) o) = (a' (9 N—fzy Ua/x))y = av, Coly = a0y < Bwad ), Va'Ve = (Fra)dy =ay < JzaVay =Iza = CZ; (91) holds.

Case 2.7: There exist Voza € gatoms”(SE_;) C QAtom}s A vars(a), freevars(Vza) = 0, b € atoms(S5_,) U qatoms(SE_;) C Atomps U QAtomys , freevars(b) = 0, @ €

W — Funcps . ar(w) = |freetermseq(Vz a), freetermseq(b)|, v = /W (freetermseq(Vz a), freetermseq(b)) € Substcs, dom(vy) = {z} = vars(a), range(y) = vars(freetermseq(Vz a), frectermseq(b)) =
freevars(Vx a) U freevars(b) = 0, such that C8 = ay < bV b = Vra Vb < Vra € SP is a basic order V-witnessing resolvent of Vra and b using Rule (47) with respect to L5

SB . Then LB = £B | U {w}, there exist 1 < j},j5 < 0 — 1 and Vra € qatomsv(Cl-s) b € atoms(C’B) U qatoms(C’JB) CB CB* € SB ,; there exists ¥;» € Substc, » S Subst[;a 1
k = 1,2, dom(9;;) = freevars(Cj:), range(V;;) = freevars(C’f;) = 0, and ¥, = is applicable to Cjx, CB* = Cj:0jx, Cjr € Sg_l, there exists Ve a' € qatoms” (Cjr) C qatoms (Sy—1) C
QAtom\Zafl, a € Atomg,_,, v € wvars(a'), vars(a’) — {z} = freevars(Vxa’) Q freevars(Cj:) = dom(ﬁjl), and 9;x is applicable to Voa', Vea = (Yra')d;:, range(V;: (@)—{z}) = 0,
a = a' (0 U x/x); there exists b’ € atoms(Cjy) U qatoms(Cj;) C atoms(S,—1) U qatoms(Sy—1) C Atomp, , U QAtom, freevars(b’) C freevars(Cjy) = dom(ﬁj*), and ¥ is
applicable to b, b = b'v;;; there exist variable renamings p;:,p;; € Substc,_,, dom(p;:) = freevars(Vra') = vars(a ) — {z}, dom(pj :) = freevars(b'), and = & range(p;:), range(p;;) N
(boundvars(b') U range(p;r)) = 0; pjr is applicable to Vaa', (Vra')pj: = Vad (pj: Ux/x), © € wvars(a'(pj: U x/x)), range(p;:) = freevars((Vma’)pjl*) = wars(a’(pjr U z/x)) — {x}; pjs
is applicable to b', range(pjz) = freevars(V p;z); (Vwa')pj: € qatoms”(SY")), Vpj; € atoms(Sy",) U qatoms(Sy",); for both k, pj_il € Substr,_, is a variable renaming, dom(pj_fl) =
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range(p;z) = freevars((Vxa')pjr), mnge(pj}l) = dom(p;z) = freevars(Vxa') C dom(V;:), dom(pj?) = range(pj;) = freevars(b'pjs), mnge(p;;l) = dom(pj;) = freevars(t') C dom(V;s),
dom(pj_fl) N dom(pj_;l) = range(pj{‘) N Tange(pjé‘) = w; Pjy © pj_fl = id£0—1|d0m(pji«) = Z.dﬁaf1|freevars(V$ a’) € SUbStﬁafw T ¢ freevars(Va: a/) = ra'nge(idﬁafl|freevars(Va:a’))7 idﬁafl|freevars(Vw a’)
is applicable to Vxa'; (Vza')ide,_, |frecvars(vaary = (Yxa’)(ps: o pj_fl) = ((an/)le*)Pj_l*17 pj_l*1 is applicable to (Yxa')pj:; pjy o Pj_;l = idﬁafl‘dom(pjé« = idc,_ |frecvars(vry € Substr, .,
boundvars(b') N range(idc, _, |frecvars(vpy) = boundvars(b') N freevars(b') = 0, idr, | frecvars(y) is applicable to b's b'idr, , |freevarsvy = V' (pjz © ,0]7;1) = (b’pjz*)pj}l7 pjgl is applicable to b'pjs;
ar(w) = |freetermseq(Vx a), freetermseq(b)| = |freetermseq((Vx a’)¥d;:), freetermseq(b'd;; )| = |freetermseq(Va a’), freetermseq(b')| = |freetermseq((¥Yx a’)p;»), freetermseq(b'p;s)|. We put L, =
LoU{w} =LE_u{w} =L, + = x/w(freetermseq((Vx a)p;; ), freetermseq(b' pjz)) Uidz, lvars(a’ (pje Uz /2))~{z} € Substz,, dom(v') = {x}U(vars(a’(p;; Uz/x)) —{x}) = vars(a'(pj; Uz/z)) =
1
{x} U range(p;:) = range(pj: U x/x), range(y') = vars(frectermseq((¥Yx a’)p;), freetermseq(b'p;z)) U (vars(a’(pjz U w/x)) — {x}) = freevars((Yxa’)p;j:) U freevars(b'pj;). Using Rule (54) with
respect to Lo_1, So_1, we derive (a’(pjx U x/x))y" < b'pjs V' pjs = (Vra)pj: Vb'pj; < (Vea)ps: € OrdCle,. We put Cp = (a'(pj: Uz/x))y < Vpjz VUpj; = (Yoa)ps: Vbpj; <
(Vxa')pj» € OrdCle,, Dy = Dy-1,Co, Cy € OrdCle, C OrdCl, 5 p, So = So—1 U{Co} C OrdCle, , U OrdCle, = OrdCl,, ¥, = pj_fl o Upj_;l oy € Subste, , C Substc,,
dom(9,) = dom(pj}l) u dom(p;;) = range(pjx) U range(p;s) = freevars((Vz a')pj:) U freevars(V pjy) = range(y') U freevars((Yx a’)pjx ) U freevars(b'pjs ) = freevars(Cy), range(d,) = mnge(pj}l o

Vjx) U rcmge(,aj_%1 o) = range(V;:| )) U range (V| ) = 0; Dy is a deduction of C, from S by order hyperresolution. Hence, ¥, is applicable to Cy,, ((Vza')p;:)d, =

range (pj}1 range (p;;1

((Yz a')pjs ) (p3;! 095p) = (Yx a')(pjs 0 py; 005;) = (Vo d)(ide, | precvars(vaary ©Vsp) = (Y a')0j; = Vaa, (V' ps3)0e = (V'pjg) (033! 0955) =V (psz 0 035t 0955) = V' (ide, _y |precvarsvy ©Vs3) = V055 = b,
((a(pj; Va/2))y) 0o =
(a
(a(pjr o il range(p,;) U /W (freetermseq((Va a')pjr), freetermseq(b'pjs))))0s =
pjr Uz /w(freetermseq((Va a’)pjr ), freetermseq(b'pjz)))) 0o =

pjr Uz /w(freetermseq((Va a’)pjx ), freetermseq(b'pjs))) 0 05) =

pjr 0 Vo Uz /w(frectermseq((V a’)pj )V, freetermseq(b' pjz )0s)) =

pjr 0 Vg Uz /w(freetermseq(((Vx a')pj: )0o), freetermseq((b'pjz )9s))) =

pjr 0 Vo Uz /w(freetermseq(Va a), freetermseq(b))) =

ids, | frecvars(vz ary © Uiz Uz /0 (freetermseq(Va a), freetermseq(b))) =
V| freevars(va ar) U /W (freetermseq (Y a), freetermseq(b))) =
ﬂjf ‘vars(a’)—{w} U I/’Y(.T)) =
(79]{ |vars(a’)—{x} U LL'/(E) © 7) =
a (ﬁjf |'Uars(a’)f{:r} U x/x))’y =
ar,
Co¥o = ((d/ (pjr Uz/2))V)Wo < (V' pjz)00 V (' pjs )06 = (Vo a)pj:)9e V (V' pjs )00 < (Vo a)pj:)9e = ay <bVb=VzaVb=<VYra=CF; (91) holds.
Case 2.8: There exist dra € gatoms>(SE_;) C QAtomigil, r € wars(a), freevars(3za) = 0, b € atoms(SZ_|) U qatoms(SB_|) C Atomps U QAtomps , freevars(b) = 0, o €

(
(
(
(
a'(pjx o pJ'_fl o ¥jx Ux/w(freetermseq(Vx a), freetermseq(b))) =
(
(
(
(

W — Funcps_, ar(w) = |freetermseq(3z a), freetermseq(b)|, v = x/w(freetermseq(3x a), freetermseq(b)) € Subst s, dom(y) = {} = vars(a), range(y) = vars(freetermseq(3z a), frectermseq(b)) =
freevars(3x a) U freevars(b) = 0, such that C8 = b < ayV 3ra = bV 3ra < b € SP is a basic order F-witnessing resolvent of Jra and b using Rule (48) with respect to £5_,,
SB | Then LB = £B | U {w}, there exist 1 < j},j5 < 0 — 1 and Jra € qatomsa(CjB;), b € atoms(C%) U qatoms(CjB;), CE,C% € SE |; there exists ¥; € Subst[;j; C Subste, _,,
k = 1,2, dom(9;;) = freevars(Cj:), range(V;:) = freevars(CJl%) = (), and 9 is applicable to Cjz, CJ% = Cj-tjr, Cj: € Sy_y; there exists Iza’ € gatoms™(Cjr) C qatoms?(S,_1) C
QAtomiail, a' € Atomg, ., x € wars(a’), vars(a’) — {x} = freevars(3xa’) C freevars(Cjx) = dom(d;x), and ¥;= is applicable to 3xa/, 3ra = (3xa')d;x, range(Vj: |vars(ar)—{a}) = 0,
a = a' (Vs |vars(a)—{o} U o/2); there exists V' € atoms(Cj;) U qatoms(Cj;) € atoms(S,—1) U qatoms(So—1) € Atome, , U QAtom,__ , freevars(bt') C freevars(Cj;) = dom(V;;), and 9j; is
applicable to b, b = V'v;;; there exist variable renamings pjx,pj; € Substc, ., dom(ps:) = freevars(3xa’) = wars(a’) — {x}, dom(pj;) = freevars(t'), and = ¢ range(p;x), range(pjz) N
(boundvars(b') U range(pjx)) = 0; pjr is applicable to Jxa’, (3xad)pjr = 3xd'(pj: Ux/x), v € wvars(a’(pjz U x/x)), range(pj:) = freevars((3xa’)p;:) = wars(a'(pjr U x/x)) — {x}; pjs
is applicable to b', range(pjz) = freevars(Vp;;); (Qwa’)pj: € qatoms(SY7)), Vpjs € atoms(SY",) U qatoms(Sy",); for both k, p}gl € Substg, , is a variable renaming, dom(pj}l) =
range(p;:) = freevars((3za')p;:), mnge(pj_rl) = dom(pj:) = freevars(Ixa’) C dom(V;:), dom(pj_z*l) = range(pj;) = freevars(b'p;;), mnge(pj_gl) = dom(pj;) = freevars(t') C dom(¥;),
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d0m<pj}1) N dom(pj;l) = Tange(pjf) N mnge(/’j;) = w; Pjx © p;1*1 = Zdl)ofl|dom(pﬁ) = Z'dl:071|f7"eevars(3:6a’) € SUbStEafn z ¢ freevars(ﬂa: al) = Tange(idllof1|freevm"s(3ma’))> idﬁgfl|freevars(3:ba’)
is applicable to Jxa’; (Jxa)ide, ,|frecvars@zary = (Fra’)(ps: o p;;) = ((3z a’)pjl*)pj}l, pj}l is applicable to (3za’)pjs; pjs © pjf; = idg, , \dom(pjé«) = idz,_, |frecvars@ory € Substr, .,
boundvars(b') N range(idz, _, |frecvars(v)) = boundvars(b') N freevars(b') = 0, idr, | |freevars() is applicable to b'; bide, | |frecvarspry = V' (pjs © pj_;l) = (b’pjg)pj_gl, pj_;1 is applicable to b'pjs;
ar(w) = |freetermseq(3x a), freetermseq(b)| = |freetermseq((Ix a’)V;: ), freetermseq(b'V;s )| = |freetermseq(Ix a’), freetermseq(b')| = |freetermseq((Ix a’)p;: ), freetermseq(b'p;;)|. We put L, =
Lo_1U{w} =LE | u{w} =LE, v = x/u(frectermseq((Iz a’)p;: ), freetermseq(V pjz)) Uide, vars(a’(p,; Uz /2))~{a} € Substr,,, dom(y') = {w} U (vars(a'(pj: Uz/x)) —{z}) = vars(a'(p;z Uz /x)) =
{xz}Urange(p;: ) = range(pj: Uz /x), range(y') = vars(freetermseq((3x a’)p;» ), freetermseq (b’ p;z )) U (vars(a’(pj: Uz /x)) —{x}) = freevars((Ix a’)p;: ) U freevars(b'p;; ). Using Rule (55) with respect
to Lo -1, Sy—1, we derive b'pjs < (a'(pjr Uz/x))y' vV (Fzad)pjr = pjs V (3zad)pjr <V pjs € OrdCle,. We put Cp =V pjs < (a'(pj: Uz/z))y' V (Fxa’)pjs = b'pjz V (Fra’)pjr < b'pjs € OrdCl,,,
D, = Dy_1,Cy, Cy € OrdCly, € OrdCl, s p» So = So—1 U{Cs} C OrdClz,_, U OrdCly, = OrdClg, , 95 = pj_fl 0 U pj_;1 oy € Subste, , C Substg,, dom(¥,) = dom(pj_fl) U
dom(pj_gl) = range(p;:) U range(pj;) = freevars((3x a’)p;= ) U freevars(V pj;) = range(y') U freevars((3x a')pjx ) U freevars (V' pjs) = freevars(Cy), range(d,) = 7“ange(pj_1*1 o) U 7’ange(pj_51 0jy) =
= 0; Dy is a deduction of C, from S by order hyperresolution. Hence, ¥, is applicable to Co, ((3za’)p;:)ds = (3 a/)pjf)(p;fl 0j:) =

range(V;: \mnge(pj}l)) U range (0|

(EL’E a/)(pjf © pj_l*l © ﬁ]f) = (31' a/)(idﬂg_l ‘free’uars(ﬂx a’) © 19]{) = (Elx a/)ﬁjf =dz a, (b,pjg)ﬂa = (b/ph*)(p]—;l © 19]5) = b/(pj; © pj_z*l © 19]5) = b/(id/;”_l |f7"eeva7"s(b/) © 19]5) = b/'&j; = b7

range (/J;E1 ) )

((a'(pj; Va/2))y) 0o =
(@' ((pj; Va/z) 07))do =
(a’(pjr o id|mnge(pjr) U z/w(freetermseq((3z a’)pjx ), freetermseq(b'pjz))) )0 =
' (pjr U /w(freetermseq((3x a’) pyx ), freetermseq(b' pjx )90 =
(pjr Uz /w(freetermseq((3z a’)pjx ), freetermseq(b'pjz))) 0 05) =
pjr 0 Vo Uz /w(frectermseq((3x a’)pjz )V, frectermseq(b' pjz )0s)) =
pjr 0 Vg Uz /w(freetermseq(((3x a')pjx )Vo), freetermseq((b' pjz )9s))) =

pjr © Vo Uz /w(freetermseq(Ix a), freetermseq(b))) =

ids, | frecvars(3z ar) © Uz Uz /W (freetermseq(3x a), freetermseq(b))) =
V| freevars(3a ar) U /W (freetermseq(3x a), freetermseq(b))) =
Vjt lvars(an—{y Yz /7(2)) =
Vi [oars(ary—fay U /) 07) =
a'(9jz lvars(ar)— {2y U T/T))y =
a”,

(
(
(
(
a'(pjx o pj_fl o ¥+ U /w(freetermseq(Ix a), freetermseq(b))) =
(
(
(
(

Coto = (V' pjz )06 < ((a'(pj: Uz/2))¥ )00 V ((Fz ) pjr)¥e = (V' pjz )00 V (3 a)pji)¥s < (V' pjz)9e =b<ayVIza=>V3Iza<b=CF; (91) holds.

So, in all Cases 2.1-2.8, (91) holds; (91) holds. So, in both Cases 1 and 2, (91) holds. The induction is completed. Thus, (91) holds.

We conclude. By (91) for o = n, there exist a deduction D,, = C1,...,Cy, Cx € OrdCl, s p, of Cy, from S by order hyperresolution, ,, € Substz, C Subst ;. gz p, dom(Vy,) = freevars(Cy,),
and C = C’f = Cp¥y. We put C* = C,, C* € OrdCl 5, p- Then C* € cloH(S), C = C*¥,, C is an instance of C* of L UW U P. The lemma is proved. O

64



11. Full proof of Lemma 7

PROOF. Let r = maz{k;|i < n}. We proceed by induction on r. o

Case 1 (the base case): r = 0. Therz, for all i < n, k; = 0; there exists a contradiction of {e} o} v§|i < n} C GOrdClﬁquP, there exists 0 # I* = {ij|j < m} C {i]i < n}, and gf of vy,
j=0,...,m, is a contradiction of £LUW U P; using Rule (42), \/J_, Ci; T \/;_, C; is a basic order hyperresolvent of gg of vg VCy, € cloP™(S), j=0,...,m; Vier- Ci = V2, Ci; € cloP™(S);
the statement holds.

Case 2 (the induction case): r > 0. We put A = {i|i < n,k; =r}and B={i|i <n,k; <7}, AUB = {i|i <n}, ANB = 0. Then{\/j “ogloh vl Vel ol vl v G |26A}U{\/] 0 €S0
Ve \z € B} = {\/] 0Eioh vt v Cili <} C cloPH(S); for all S € Sel({{j|j < r—1};|i € AYU{{j|j < ki}ili € B}) C Sel({{j|j < ki}i|i < n}), there exists a contradiction of
{65(2) S0) US(Z) i <n}C GOrdC’lﬁUWUP, maz({r — 1} U{k;|i € B}) = r — 1; by induction hypothesis for r — 1, there exist I} C A, I C B, 0 A I3 UI; C{i|i<n}, [3NIF CANB =0, and

Vier, (el ol ViV )V Vielg C; € cloPM(S). We next prove the following statement:
For all E C A, thereexist [, CA—Fand J, CEUB, 0 # I, UJy C{i|i <n}, I}, NJ5 =0, such that Vie[* (el ol ViV Cy)V vieJ; C; € clo®(9). (92)

ItNJE C(A-—E)N(EUB)=((A-E)NE)U((A—E)NB) C AN B = (). We proceed by induction on |[E|| < ||A|| <n+ 1.
Case 2.1 (the base case): ||[E|| = 0. Then E=0. Weput Iy =13 C Aand Jy =I5 C B, 0 # Iy U J; C{i|i <n}, I NJ; = 0. Hence, Vie[* (el ol vi Vv Cy) \/\/leJ* C; € cloP™(9); (92) holds.
Case 2.2 (the induction case): ||E|| > 0. Then E # (), for all e € E C A, by induction hypothesis for E—{e} C E C A, |[E—{e}|| = || E| -1, there exist I, (., CA—(E—{e}) = (A-E)U{e},
gy SE—AeHUB,0#TL (U Jp (o Clilisn} Ip (N J5 (=0, and \/zeI* e}(z—:i oLl Vv Ci)V VieJ* o C; € cloPM(S). We distinguish two cases.
Case 2.2.1: There exists e* € E such that I, ., CA—FE. Weput Iy =1y ., CA—Fand Jy=J; (., C(E—{e"})UBC EUB, 0#1I;,UJy C{ili <n}, Iy;NJE = 0. Hence,

Viers (€104 v VCi) V Ve e Ci € clo®*(S); (92) holds.
Case 2.2.2: For all e € E, e € I, (,. Then, for alli € A-FE, Viz 053 of vh Vel ol vl Vv G e cloPM(S); for all e € E, Vielgf{e}f{e}(ei oLt v Cy) V(g€ 0t vE Vv C) V \/iGJg,{e} C; =

vielgf{ }(ETOZTUT\/C )V\/ie%i{ . C; € cloPM(S); for alli € B, \/j 0 E0LUIVC; € cloPM(S); (A—E)UEUB = AUB = {i|i <n},forall S € Sel({{j|j < r—1}i|i € A—E}U{{r}.|e € E}U{{j|j <
ki}i|li € BY) CSel({{j|j < ki}i|i <n}), there exists a contradiction of {55 05(1 Us(l |t <n} C GOrdCl, ., p, max({r—1}U{0}U{k;|i € B}) = r —1; by induction hypothesis for » —1, there
exist K} _p C A—F, KE CE,K;CB,0+K_ EUKEUKB (A— E)UEUB— {ili<n}, Ki_pNKy; C(A-E)NE=0,K_ pNK; C(A-E)NBC ANB =0, Ky;NKj}; C ENB C ANB =0,
and Ve (eh0h0p vV Cy ) VWeery Vier, (e E0i 0l VEIVCeV Ve, Ci)V Ve, Ci € clo®*(S). We put I, = K4 _pUU,exc (I = {€}) C (A= E)UU,ep; (A= E) = (A- E)
and Ji; = Kp UUcexs Jr_(e U KR CEUUEGK*((E {e})) UB)UBCEUB,0# K} pUKp UK CI;,UJy, C(A-—E)UEUB={i|i<n}, I;NJy C(A—E)N(EUB)=1{. Hence,
Vier; (el ol vl v i)V \/IEJ}5 C; = VzeK;_E(Er oL vl v Ci)V VCEKE(VZEIEi{e}—{e}(&‘T Sl vl V)V Ce V VzEJ;;,{e} i)V Vieks, Ci € cloP*(S); (92) holds.

So, in both Cases 2.2.1 and 2.2.2, (92) holds; (92) holds. So, in both Cases 2.1 and 2.2, (92) holds. The induction is completed. Thus, (92) holds.

We conclude. By (92) for A, there exist [§ CA—A=0and J3 CAUB={i|i <n}, 0 # J4 C {i|i < n}, such that \/ieJ;; C; € cloB™(S). We put I* = J%, § # I* C {i|i < n}. Then

Vies- Ci € clo®™(8S); the statement holds.
So, in both Cases 1 and 2, the statement holds. The induction is completed. The lemma is proved. (I
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12. Full proof of Lemma 8

Proor. We proceed by contradiction. Let, for all S € Sel({{j[j < k.}.[¢ < 7}), there exist a contradiction of {e§,) o5,y Vst <7} € GOrdCl, 5 p- Since, a contradiction is a chain,
finite sequence, for all S € Sel({{j|j < k.}.|¢ <~}), there exists the least ks < 7 < w with respect to < such that there exists a contradiction of {e§,) 0%, vs(,) |t < ks} S GOrdCl, 5, p-
There exist Tj = {S|ug41|S € Sel({{j|j < k.}. |t <~}),8(0) = j}, 5 =0,...,ko. Then, for all j < ko, T is a finitely generated tree; T consists of the branches S|.s4+1 € Tj; j is the root
of T; if T; # 0; every vertex v,, v, < k,, v < v, of T; has at most the finite number k, 41 + 1 of children v,41, v,41 < k41, ¢ +1 < 7, in Tj; for all S|xs+1 € Tj, S|ks+1 is a finite mapping
and a finite branch of T}; by Koénig’s Lemma, Tj is a finite tree and a finite set; there exists 17, = maz{rs|S|us+1 € T;} < v < w; there exists n = maz{n;|j < ko} < v < w, and for all

S e Sel({{jlj < k}.[v<~}), there exists a contradiction of {eg,) o5, Vs, |t < ks < ns) < n}p € GOrdCly y,p; for all S € Sel({{j[j <k} e < n}) € Sel({{j[j < k) |e <7}), there
exists a contradiction of {e,) o5,y Vs, [t < n} © GOrdCl, 5 p; by Lemma 7 for S, {\/?‘=0 gsofuile <np C {\/;?L=0 gsofuile<q} = cloBR(S), O € cloB®™(S), which is a contradiction. So,
there exists S* € Sel({{j|j < k.}. | <~7}) such that there does not exist a contradiction of {e§. ) 5. (,) Vs(,y [t <7} € GOrdCl 5 p. The lemma is proved. O
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13. Full proof of Theorem 9

PROOF. (=) Let 2 be a model of S for LU P and C € clo™(S) C OrdCl . ,p- Then there exists an expansion 2’ of 2 to £UW U P such that 2 = C. The proof is by complete induction on
the length of a deduction of C' from S by order hyperresolution. Let O € clo™ (S) and 2 be a model of S for £ U P. Hence, there exists an expansion 2’ of 2 to LU W U P such that 2" | O,

which is a contradiction; .S is unsatisfiable. o _ _
(«<=)Let O ¢ cloH(S). Then, by Lemma 6 for S, O, O & cloBH(S); we have £, P, W are countable, P C P, S C OrdCl.yp, cloBH(S) C GOrdCl, s, p; P, LUP, OrdClzup, S, LUWU P,

GOrdCl; . p clo®™(S) are countable; there exists y; < w and O ¢ cloP™(8) = {\/?":0 g5 o4 vi|t < m}; by Lemma 8 for S, there exists S* € Sel({{j|j < k.}.|t < 71}) and there does

not exist a contradiction of {53*0) 54 (1) Us=() |t < v} € GOrdCl, s p- We put S = {sg*(b) 05+ (1) Vs () v < M} € GOrdCl, 5, p- Then ordtcons(S) C clo®™(S), S D ordtcons(S) is
countable, unit, (q)atoms(S) C (q)atoms(clgB H(S)); there does not exist a contradiction of S. We have £ contains a constant symbol. Hence, there exists cn* € Funcg, arg(cn*) = 0. We put
W* = funes(S)NW C W, W* N (Funce U{fo}) CWN (Funce U{fo}) =0,

Uy = GTerm e, p» cn* € Us # 0,
B = atoms(S) U gatoms(S) C GAtom ;- ,p U QAtom o g p-

We have S is countable. Then tcons(S) = atoms(ordtcons(S)) C atoms(S) C B, B = teons(S) U (B — tcons(S)), tcons(S) N (B — tecons(S)) = 0, atoms(S), gatoms(S), B, tcons(S), B — tcons(S)
are countable; there exist v2 < w and a sequence g : y2 — B — tcons(S) of B — tcons(S). Let e1,e2 € B. &1 £ ¢, iff there exists an equality chain e; Ze5 of S. Note that £ is a binary symmetric
transitive relation on B. €1 <1es iff there exists an increasing chain 1 29 of S. Note that < is a binary transitive relation on B.

021,120,0<11,140, foralle € B,e40,1A¢c,eAe. (93)

The proof is straightforward; we have that there does not exist a contradiction of S. Note that < is also irreflexive and a partial strict order on B.
Let tcons(S) € X C B. A partial valuation V is a mapping V : X — [0, 1] such that V(0) =0, V(1) = 1, for all ¢ € tcons(S)NCr, V(¢) = c. We denote dom(V) = X, tcons(S) C dom(V) C B.
We define a partial valuation V,, by recursion on a < 5 as follows:

Vo =1{(0,0),(1,1)}U{(c)|e € teons(S) N Cr};
Vo = Va1 U{(62(a—1),Aa-1)} (1 < a <7y is a successor ordinal),
Eo 1 = {Va_1(a)|a26(a—1),a € dom(Va_1)},
Da1 = {Va-1(a)|a<tde(a—1),a € dom(Vy-1)},
Upe1 = Va-1(a) | d2(a— 1) <a,a € dom(Vy—-1)},
Do Up1 .
V 1;—/\ : ZfEaflz(Z),
VE. 1 else;

)\(171 =

Vy, = U Vo (72 is a limit ordinal).
a<y2
For all o < o < 9, V, is a partial valuation, dom(V,) = tcons(S) U dala], Vo C V. (94)

The proof is by induction on o < 5.
At first, we prove the following statements:

If qatoms(S) = 0, then gatoms(clo®7(9)) = 0. (95)

Let qatoms(S) = (. Then, for all C € clo® H(S), gatoms(C) = 0. The proof is by complete induction on the length of a deduction of C' from S by basic order hyperresolution. Hence,
qatoms(clo®*(S)) = Ucecosr sy qatoms(C) = 0; (95) holds.

teons(S) = teons(cloP*(9)). (96)
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ordtcons(S) C cloP™(S) and tcons(S) = tcons(ordtcons(S)) C tcons(clo®™(S)). For all C € clo®*(S), tecons(C) C tcons(S). The proof is by complete induction on the length of a deduction of
C from S by basic order hyperresolution. Then tcons(clo®7(S)) = Ucecosr (s) teons(C) € teons(S); (96) holds.

For all a,b € atoms(cloBH(S)) U qatoms(cloBH(S’)), there exist a deduction C4,...,C,, n > 1, from S by basic order hyperresolution, associated L,,, S,, S, € GOrdCl,
a,b € atoms(Sy,) U qatoms(Sy,).

such that  (97)

n?

Let a,b € atoms(clo®™(S)) U gatoms(clo®™(S)). Then there exist C; € clo®"(S), a € atoms(Cy) U gatoms(Cy), a deduction Ci,....CL, Cy Cl,ny > 1, of C; from S by basic

order hyperresolution, associated £, S, Sl C GOrdClzy, 0 = 0,...,ny, and C) = C’}H S S}Ll - GOrdClqll, a € atoms(Cy) U gatoms(Cp) C atoms(S’Tlll) U qatoms(S}ll); there exist

Cy € cloBH(S), b € atoms(Cy) U gatoms(Cs), a deduction C?,. .., C,%w Cy = CELQ, ne > 1, of Oy from S by basic order hyperresolution, associated £2, 52, S2 C GOrdClgz, 0 = 0,...,n2, and

Cy=C2,e82 C GOTdCZL%Q, b € atoms(Ca) U gatoms(C2) C atoms(SZ,) U qatoms(Sz2,). We next prove the following statement:

Let A C atoms(S;;,) U gatoms(S), ). For all 1 < o < ny, there exist a deduction D, = Cf,...,C} ,D1,...,D, of D, from S by basic order hyperresolution, associated Ly, 44, Sp,40,  (98)

nyo
D, € 55,46 C GOrdCl, such that A C atoms(S,, +o) U qatoms(Sy, +5), Ln,+o is an expansion of L2, atoms(S2) U gatoms(S2) C atoms(Sn,+0) U qatoms(Sp,+o)-

ni+o?

We proceed by induction on 1 < o < ns.

Case 1 (the base case): 0 = 1. Then £3 = LUP, S2 =0 C GOrdClz, (q)atoms(S3) = 0, Rules (42)—(48) are not applicable to S3, C? € ordtcons(S)UGInst p2(S) = ordtcons(S)UGInst cup(S) C
GOrdCleop, L1 = L§ = LUP, S§ = {C7} C GOrdClzz = GOrdCleup. We put Li = L, i = 0,...,n1, Ly, 11 = Ln,, S; = S}, i =0,...,m, S; € GOrdClg,, D1 = Cf € GOrdCleyp C
GOrdCl 5,p, D1 € ordtcons(S) U GInstcup(S) C ordtcons(S) U Glnstr, (S), D1 = Ci,...,Cp , D1, Sny +1 = S,, U{D1} € GOrdCl., U GOrdCleup = GOrdCle, = GOrdCl, ,,; Di
is a deduction of Dy from S by basic order hyperresolution. Hence, A C atoms(S) ) U qatoms(Sy, ) = atoms(Sy,) U qatoms(Sy,) C atoms(Sp,+1) U qatoms(Sn,+1), Ln,+1 is an expansion of
LUP = L2 atoms(S?) U qatoms(S?) = atoms(D1) U gatoms(D1) C atoms(Sy, +1) U gqatoms(S,, +1); (98) holds.

Case 2 (the induction case): 1 < o < ny. We get by induction hypothesis for o — 1 that there exist a deduction D, _; = C},.. .,Crlle, ...y Dy—1 of D,_1 from S by basic order
hyperresolution, associated L, +6—1, Sni+o—1, Do—1 € Sny+0—1 C GOrdCl, and A C atoms(Sy, +o—1)Uqatoms(Sn,+o—1), Ln, +o—1 is an expansion of £2 atoms(S2_,)Uqatoms(S%_,) C
atoms(Sy, +o—1) U gatoms(Sy, +5—1). We distinguish seven cases for C2.

o—1>»

Case 2.1: C2% € ordtcons(S) U Glnstpz  (S). Then L2 = L2 |, C2 € ordtcons(S) U GInstz  (S) C ordtcons(S) U Glnste,, ., (5), S§2 =52 L U{C?%}. Weput Ln, 10 = Lnyto-1,
Dy = C2 € ordtcons(S) U Glnstr,, ,, ,(S) € GOrdCl, C GOrdCl, w,p> Do = Do-1,Ds, Snyto = Sny+o-1 U{Ds} C GOrdClg, ., , = GOrdCl., ,,; D, is a deduction of D, from S
by basic order hyperresolution. Hence, A C atoms(Sn, +o—1) U qatoms(Sp,+o—1) C atoms(Sy,+o) U qatoms(Sn,+0), Lny+o = Lny+o—1 is an expansion of £2 | = L2, atoms(S2) U qatoms(S?) =
atoms(S2_,) U gatoms(S2_,) U atoms(C2) U gatoms(C2) C atoms(Sn,+o—1) U gatoms(Sy, +o—1) U atoms(Dy) U qatoms(Dy) = atoms(Sy, +o) U gatoms(Sy, +0); (98) holds.

Case 2.2: There exist 1 < j; <o —1,k=0,...,m, such that C2? € 52 is a basic order hyperresolvent of Cjzf, ceey CJZ* € S2_, using Rule (42) with respect to £2_;, S2_,.
atoms(C2) U qatoms(C2) C Ui~ atoms(C’?;) U qatoms(C?;) C atoms(Sz_;) U qatoms(Sg_,), S = S7_; U{C2}. We put Ly, 4o = Ln,40-1, Do = 0 < 1 € ordtcons(S) U Glnste, ., ,(S) C
GOrdClg, ., , € GOrdCl, s,ps Do = Dos—1,D5, Snito = Snyto-1 U {D,} C GOrdClg, ., , = GOrdCl, D, is a deduction of D, from S by basic order hyperresolution. Hence,
A C atoms(Sp,10-1) U qatoms(Sp,+0-1) € atoms(Sn,+o) U qatoms(Sy,+0)s Lnyto = Ln,4o—1 is an expansion of £2_| = L2 atoms(S2) U qatoms(S2) = atoms(S2_,) U gatoms(S2_;) U
atoms(C2) U gatoms(C2) = atoms(S2_,) U qatoms(S2_,) C atoms(Sn,+o—1) U qatoms(Sy,+o—1) C atoms(Sn,+o) U qatoms(Sp,+o); (98) holds.

Case 2.3: We get two cases for gatoms(S). -

Case 2.3.1: gatoms(S) = (). Then there exist ¢,d € atoms(S2_,), ¢ € Cr, d ¢ Tecons, such that C2 = ¢ <dVec=dVd < c € S2 is a basic order trichotomy resolvent of ¢ and d using
Rule (43) with respect to £2_, S2_1; atoms(C2) U gatoms(C?) = {c,d} C atoms(S%_,) U qatoms(S2_,).

Case 2.3.2: gatoms(S) # ). Then there exist c¢,d € atoms(S2_;) — {0, 1}, {c,d} € Tcons,, such that C2 =c <dVc=dVd < c € S? is a basic order trichotomy resolvent of ¢ and d using
Rule (44) with respect to £2_, S2_1; atoms(C2) U gatoms(C2) = {c,d} C atoms(S%_,) U qatoms(S2_,).

So, in both Cases 2.3.1 and 2.3.2, atoms(C2) U gatoms(C2) C atoms(S2_,) U gatoms(S2_,); atoms(C2) U qatoms(C2) C atoms(S2_,)U qatoms(S2_;). Then £2 = £2_, and S2 = S2_, U{C?}.
We put L, 46 = Lni10-1, Do = 0 < 1 € ordtcons(S) U Glnst, (S) C GOrdClg, ., ., € GOrdCl, z,p> Do = Do—1,Do, Snyto = Snyto-1U {D,} C GOrdCle, ,, ., = GOrdCl, ..; D,
is a deduction of D, from S by basic order hyperresolution. Hence, A C atoms(Sy, +o—1) U qatoms(Sp,+0-1) C atoms(Sp, +o) U qatoms(Sn,+0), Ln,+o = Ln,+o—1 is an expansion of £2_; = L2,
atoms(S2) U gatoms(S2) = atoms(S%_,) U gatoms(S2_,) U atoms(C2) U qatoms(C2) = atoms(S2_,) U qatoms(S%_,) C atoms(Sp, +o—1) U qatoms(Sy, +o-1) C atoms(Sp,+o) U qatoms(Sp, +o); (98)
holds.

Case 2.4: There exist Yzc € gatoms”(S%_,), t € GTermpz , v = x/t € Substyz , dom(y) = {z} = vars(c), such that C2 = Vxc < ¢y VVre = ¢y € S2 is a basic order V-

Then £2 = £2_,, S2 = S2_, U{C?}, Voc € qatoms’(S%_;) C qatoms"(Sp,+0-1) C QAtomp, . ., t€
mptoo1s  We put
D, is a deduction of D, from S by basic

nyito—17

ny+o—1

Then £2 = £2

o—1»

ni4o?

nito—1

quantification resolvent of Vx ¢ using Rule (45) with respect to £2_,, S2_,.

GTermp:  C GTerme, ., ,, v € Substez ~ C Subste, ., ., using Rule (45) with respect to Ly 46-1, Spi4o-1, We derive C2 =Vzc < cyVVre = ¢y € GOrdCl,
Lyito = Lnito-1, Do = C%2 € GOrdCl, C GOrdCl, w.p> Do = Do—1,Ds, Spni4o = Sni4o—1 U{Ds} € GOrdCl, = GOrdCl.

nyifo—1 nifo—1 nido?
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2 atoms(S2) U qatoms(S2%) =
atoms(S2_,) U gatoms(S2_,) U atoms(C2) U gatoms(C2) C atoms(Sn,+o—1) U qgatoms(Sy, +o—1) U atoms(Dy) U qatoms(Dy) = atoms(Sy, +o) U qgatoms(Sy, +0); (98) holds.

Case 2.5: There exist 3rc € gatoms?(S5_;), t € GTermgz , v = x/t € Substzz , dom(y) = {z} = wars(c), such that C7 = ¢y < JzcV ey = 3re € S is a basic order 3-
quantification resolvent of 3z ¢ using Rule (46) with respect to £2_;, S2_,. Then £2 = £2_,, S? = S%2_, U{C?}, 3wc € qatoms>(S%_,) C qatoms®(Sp,10-1) C QAtomp, . ., t €
GTermp:  C GTerme, ,, ., v € Substyz ~ C Subste, ., ,, using Rule (46) with respect to Ly, 4+0-1, Sp,4o—1, We derive C2 =c¢y < 3JxeVey = Jazc € GOrdClg,, ., ,. We put
Lnyto = Lnyyo1, Do = C} € GOrdClg, ., ., € GOrdCl, 5,p» Do = Do—1,D4, Snyto = Snyto-1 U{Ds} € GOrdCle, ., , = GOrdCle, ,; Dy is a deduction of D, from S by basic
order hyperresolution. Hence, A C atoms(Sy,+o—1) U qatoms(Sn,+o—1) C atoms(Sn,+o) U qgatoms(Sp,+0); Lny+o = Ln,+o—1 is an expansion of L2 _; = L2 atoms(S2) U qatoms(S2) =
atoms(S2_,) U gatoms(S2_,) U atoms(C2) U gatoms(C2) C atoms(Sn,+o—1) U qatoms(S,, +o—1) U atoms(Dy) U qatoms(Dy) = atoms(Sy, +o) U qatoms(Sy,+0); (98) holds.

Case 2.6: There exist V¢ € gatoms”(52_,), d € atoms(S%_,) U qatoms(S%_,), w € W — Funcpz , ar(w) = |freetermseq(Va c), freetermseq(d)|, v = x/w(freetermseq(Va c), freetermseq(d)) €
Substr2, dom(y) = {z} = vars(a), such that CZ = ¢y < dVd = VecVd < Vzc € SZ is a basic order V-witnessing resolvent of Va ¢ and d using Rule (47) with respect to £2_;, 57
Then £2 = £2_, U {w}, S2 = S2_, U{C?}, Vxc € qatoms"(S2_;) C qatoms”(Sp,+0-1) C QAtomp ., d € atoms(S2_,) U qatoms(S2_;) C atoms(Sy,+0-1) U qatoms(Sp,+0-1) C
Atom U QAtom, . We get two cases for w.

Case 2.6.1: w € Funcg, ., ,. Hence, Ly, 1,1 is an expansion of L2 ; U{w} = L, v € Subst> C Subst,
Rule (45) with respect to L, +o—1, Sny+o—1, we derive Vo e < ¢y VVre = ¢y € GOrdClg
Dy = Dy—1, Do Snrto = Smyso-1U{Ds} C GOrdCle, .., = GOrdCle, . _;
atoms(Sp,+o) U qatoms(Sp,+0)s Lny+o = Ln,+o—1 is an expansion of L2, atoms(S’g) U gatoms(S2) = atoms(S2_,) U qatoms(S2_,) U atoms(C2) U qatoms(C2) = atoms(S2_,) U gatoms(S2_;) U
{Vz c,cy,d} = atoms(S2_,) U gatoms(S2_,) U {Vxc,cy} C atoms(Sn, +o—1) U qatoms(Sp,+o—1) U atoms(D,) U gatoms(D,) C atoms(Sp,+o) U qatoms(Sn,+0); (98) holds.

Case 2.6.2: w & Funce, ., ,. Hence, w € W—Funcanﬁa_l, Y € Substgz = Substrz  ggy € Subste, ., u{a}, using Rule (47) with respect to Ly, 461, Spy+o—1, we derive C2=cy=<dVd=
VeeVd=<Vrce GOrdCle, ., ,uiay Weput Lo, yo = Ly, o1 U{0}, v € Subst, . uay = Subste, .., Do = C2? e GOrdClg, ., ,ugay = GOrdClg, ., € GOrdCl, ,p, Do = Do—1, Do,
Snyto = Sny+o-1U{Ds} C GOrdClg, ., ,UGOrdClg, ., = GOrdClg, ., ; D, is a deduction of D, from S by basic order hyperresolution. Then A C atoms(Snﬁa,l) U gatoms(Sp,+o-1) C
atoms (S, +o)Uqatoms(Sn, +6)s Lay+o = Lny+o—1U{w} is an expansion of £2_,U{w} = L2, atoms(S2)Ugatoms(S2) = atoms(S%_,)Uqatoms(S%_,)Uatoms(C2)Ugatoms(C2) C atoms(Sp,+0—1)U
qatoms(Sp, +o—1) U atoms(D,) U gatoms(Dy) = atoms(Sp,+o) U qatoms(Sp,+); (98) holds.

So, in both Cases 2.6.1 and 2.6.2, (98) holds; (98) holds.

Case 2.7: There exist 3z ¢ € gatoms(S2_,), d € atoms(S%_,) U qatoms(S>_,), w € W — Funcpz , ar(w) = |freetermseq(3x c), freetermseq(d)|, v = x/w(freetermseq(3x c), freetermseq(d)) €

Substzz, dom(y) = {x} = vars(a), such that C2 = d < ¢yV3zc = dV 3Irc < d € SZ is a basic order J-witnessing resolvent of 3z ¢ and d using Rule (48) with respect to £2_;, S

order hyperresolution. Hence, A C atoms(Sp, +o—1) U gatoms(Sn,1o-1) C atoms(Sn,+o) U qatoms(Sn,+0), Lnito = Ln,1o—1 i an expansion of £2 ;| = L2

ni+o—1
401> W(freetermseq(Va c), freetermseq(d)) € GTermez C GTermg, ., ., using
o1 Weput Lnto = L 4o-1, Do =Vze < cyVVre=cy € GOrdClg, ., , € GOrdCl, s, p,
; D, is a deduction of D, from S by basic order hyperresolution. Then A C atoms(Sn,+o—1) U qatoms(Sp,+o—1) C

2

o—1 Mo—1

Then £2 = £2_, U {w}, S2 = S2_, U{C?}, 3xc € qatoms>(S2_;) C gqatoms>(Sn,+0-1) C QAtom, ., d € atoms(S2_,) U gqatoms(S%_,) C atoms(Sn,+o—1) U gatoms(Sy, +o—-1) C
Atome,, ., , U QAtom, . We get two cases for w.

Case 2.7.1: w € Funcg, ., ,. Hence, L, 1,1 is an expansion of L7 _; U{w} = L7, v € Substrz C Substr, ., ,, w(freetermseq(3x ¢), freetermseq(d)) € GTermpz C GTermg, ., _,, using

Rule (46) with respect to Ly, +6—1, Sny+o—1, we derive ¢y < JxcV ey = Jxc € GOrdClg, ., . Weput Ly, 15 = Ly, 40-1, Do = ¢y < JzcVey = Jrec € GOrdCl,
Dy =Dy-1,Do; Snyto = Snyro-1U{Ds} € GOrdClg, ,, , = GOrdClgnﬁa,
atoms(Sy,+o) U qatoms(Sn,+0), Lny+o = Ln,+o—1 is an expansion of £2, atoms(S2) U gatoms(S2) = atoms(S2_,) U gatoms(S2_1) U atoms(C2) U qatoms(C2) = atoms(S2_,) U gatoms(S2_;) U
{3z c,cy,d} = atoms(S2_,) U gatoms(S2_,) U {3z c, ey} C atoms(Sn, +o—1) U qatoms(Sp, +0—1) U atoms(D,) U gatoms(D,) C atoms(Sp,+o) U qatoms(Sp,+o); (98) holds.

Case 2.7.2: w ¢ Funce, ., ,. Hence, w € W — Funce, ,, ,, v € Substez = Substyz ey C Subste, ., ,u{a), using Rule (48) with respect to Ly, 4o—1, Snyt+o—1, We derive C2=4d<
cyVdrxc=dVdrec<d e GOrdClﬁnﬁGflu{ﬁ,}. We put Ln,46 = Lnj40-1 U {711}, v e Substgnﬁaflu{ﬁ,} = Subste, .,, Do = C2? e GOTdClEnﬁFlU{ﬁ,} = GOrdClg, ., € GOrdCl, g, p:
Dy = Do—1,D0y Snito = Snito—1U{Ds} C GOrdCle, ,, , U GOrdCle, ., = GOrdClg, . ,; Dy is a deduction of D, from S by basic order hyperresolution. Then A C atoms(Sn,+o—1) U
qatoms(Spy+o—1) € atoms(Snp,+0) U gatoms(Sn,+0), Lnj+o = Lnjto—1 U {w} is an expansion of £2_; U {w} = L2, atoms(S2) U qatoms(S2) = atoms(S%_,) U qatoms(S2_,) U atoms(C2) U
qatoms(C2) C atoms(Sn, +o-1) U gatoms(Sp, +o—1) U atoms(D,) U gatoms(D,) = atoms(Sp, +o) U qatoms(Sn1+g) (98) holds.

So, in both Cases 2.7.1 and 2.7.2, (98) holds; (98) holds.

So, in all Cases 2.1-2.7, (98) holds; (98) holds. So, in both Cases 1 and 2, (98) holds. The induction is completed. Thus, (98) holds.

Then, by (98) for {a}, na, there exist a deduction D,,, = C},...,CL ' Dq,...,D,, of D,, from S by basic order hyperresolution, associated L, tn,, Sny+ns» Dny € Snytn, © GOrdCle

ni’ = ny+ng?
such that a € atoms(Sn,4n,) U qatoms(Sn,n,), Ln,4n, is an expansion of L2, atoms(S2,) U gatoms(S3,) C atoms(Sp, 4n,) U qatoms(Sn,4n,). We put n = ny + ny and

ny4o—1 g GOTdCZ[:UWUP’
; Dy is a deduction of D, from S by basic order hyperresolution. Then A C atoms(Sy,+o—1) U gatoms(Sp, +0-1) C

no

C:{Og if1<i<mn,

) ) 1=1,...,n.
Di_p, ifng +1 <4 < ng,

Hence, C1,...,Cp, n =n1 +ng > 141> 1, is a deduction from S by basic order hyperresolution with associated £, = Ly, 4ny, Sn = Sni4nas Sn = Snitn, € G’OrdC’anlJrn2 = GOrdCl,, , such
that a € atoms(Sy, +n,) U qatoms(Sn,4n,) = atoms(S,) U qatoms(Sy), b € atoms(S2,) U qatoms(S2,) C atoms(Sp, n,) U qatoms(Sp,4n,) = atoms(S,) U gatoms(Sy,); (97) holds.
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For all ) # A Cr atoms(clo®™(S)) U qatoms(clo®*(S)), there exist a deduction C1, ..., C,, n > 1, from S by basic order hyperresolution, associated £,,, S, S, € GOrdCl, , such that  (99)
A C atoms(S,) U gatoms(Sy,).

We proceed by induction on 1 < [|A]| < w.

Case 1 (the base case): ||A|| = 1. Then there exist {a} = A, a € A C atoms(clo®™(S)) U qatoms(clo®*(S)), C,, € clo®*(S), a € atoms(C,) U gatoms(C,,), a deduction Cy,...,Cy, n > 1, of
C,, from S by basic order hyperresolution, associated L, Sy, Cp € S, € GOrdCl.,, and A = {a} C atoms(C,,) U qatoms(Cy,) C atoms(Sy) U gatoms(Sy,); (99) holds.

Case 2 (the induction case): 1 <4|A|| < w. Then there exist A’ Uf{a} = A, a & A, 1 < ||[A] = ||A] =1 < |[A|| < w, 0 # A" C A Cr atoms(clo®™(S)) U qatoms(clo®*(89)),
a € A C atoms(clo®™(S)) U gatoms(clo®™(S)), Ca € cloP™(S), a € atoms(Cy) U gatoms(Cy), a deduction C2,. .., C2,,Cy=C2,,ng > 1, of C3 from S by basic order hyperresolution, associated
L2, 5% 52 C GOrdClz, 0 =0,...,n2, and Cy = 07212 € 57212 - GOrdC’lEiQ, a € atoms(Ca) U gatoms(Cy) C atoms(S?lZ) U qatoms(Sﬁz). We get by induction hypothesis for A’ that there exist a
deduction C1,...,C} , S GOrdCly, , and A’ C atoms(Sy,,)Uqatoms(Sy, ). Then, by (98) for A’, ny, there exist a deduction
Dy, = Ct,...,C} ,D1,...,Dy, of Dy, from S by basic order hyperresolution, associated Lo, 4ny; Spy4nss Dny € Snygn, € GOrdCly such that A" C atoms(Sn, 1n,) U qgatoms(Sn,+ny ),

Ly, 4+n, 18 an expansion of £2_, atoms(S3,) U qatoms(S2)) C atoms(Sn,n,) U qatoms(Sn, +n,). We put n = nq + ng and

ny > 1, from S by basic order hyperresolution, associated £}, , Sy,

nyi+ng’

cl if1<i<n
C; = ¢ f -~ 1'7 t=1,...,n.
Di_yn, ifny +1 <4 <ny,
Hence, Cy,...,Cp, n =n1+ng > 141> 1, is a deduction from S by basic order hyperresolution with associated £, = Ly, 4ny, Sn = Sni4nss On = Sni4ns C GOrch’anﬁn2 = GOrdCl.,,

such that A" C atoms(Sy,4n,) U qatoms(Sp, yn,) = atoms(S,) U qatoms(Sy), a € atoms(S2,) U gatoms(S2,)) C atoms(Sy, 4n,) U qatoms(Sy, 4n,) = atoms(S,) U qatoms(Sy,), A = A’ U {a} C
atoms(Sy) U gatoms(Sy); (99) holds.
So, in both Cases 1 and 2, (99) holds. The induction is completed. Thus, (99) holds.

For all a € tcons(S) N Cr, b € B — tcons(S), either a<1b or a=b or b<a. (100)

Let a € tcons(S) N Cp C teons(S) C B, b € B — tcons(S) C B. Then a,b € B C atoms(clo®™(S)) U qatoms(clo®™(S)), by (97) for a, b, there exist a deduction D = Cy,...,Cy, n > 1, from

S by basic order hyperresolution, associated L,, S,, S, C GOrdClz,, and a,b € atoms(S,) U qatoms(S,); a € atoms(S,,), S, C clo®™(S), b & tcons(S) G teons(clo®™(S)) D teons(S,),

b € (atoms(Sy,) U qatoms(Sy)) — tcons(Sy,) = (atoms(Sy,) — teons(Sy)) U qatoms(Sy,) = (atoms(S,) — Tconse) U gatoms(S,,). We distinguish two cases for b.

Case 1: b € atoms(S,) — Tcons,. We get two cases for qatoms(S).

Case 1.1: gatoms(S) = 0. Then a,b € atoms(S,) C GAtom,, a € Cr, b ¢ Tcons., using Rule (43) with respect to L,,, S,, we derive a < bV a=bVb < a € GOrdCl., .

Case 1.2: qatoms(S) # (. Then a,b € atoms(S,) C GAtomr,, a € Crz, b ¢ Tconsz, a,b € atoms(S,) — {0,1}, {a,b} € Tconsc, using Rule (44) with respect to L,, S,, we derive
a<bVa=bVvb<ae GOrdCl.,.

So, in both Cases 1.1 and 1.2, we derive a < bVa=bV b <a € GOrdCl,, ; we derive a <bVa=0bVb<a¢& GOrdClg, . Weput Ln41 =Ly, Chy1 =a<bVa=bVvVb=<ae GOrdCl., C
GOrdCl, w,p>» D' = D,Cry1, Sng1 = Sn U{Chi1} € GOrdClz, = GOrdClg, ; D' is a deduction of Cy41 from S by basic order hyperresolution. Hence, Cp11 € cloBH(S’), a<beSor
a=>bcSorb=<acs§;we have that there does not exist a contradiction of S; either a <b€Sora=beSorb<a €S, either a<ibor a=b or b<ia; (100) holds.

Case 2: b € qatoms(Sy,). We get two cases for b.

Case 2.1: b = Vozc. Then b € gatoms’(S,) C QAtom, , a € atoms(S,) C GAtom,, there exists W € W — Funce, and ar(w) = |freetermseq(Va c), freetermseq(a)|. We put ~ =
x/w(freetermseq(Vx c), freetermseq(a)) € Substr,ugay, dom(y) = {x} = vars(c). Hence, using Rule (47) with respect to L,, S,, we derive ¢y < aVa = VreVa < Vrc € GOrdClz, yiay-
We put L,41 = L, U{w}, v € Substy, upey = Substr,,,, w(freetermseq(Va c), freetermseq(a)) € GTermp, gy = GTerme, ., Cpyr = ¢y < aVa =VrcVa < Vrc € GOrdCl, yay =
GOrdClg, ., € GOrdCl, ,p> D' = D,Cri1, Sny1 = Sn U{Cpy1} € GOrdClz, U GOrdClz, ., = GOrdCle, . ; D' is a deduction of C)4; from S by basic order hyperresolution. Then
Vzc € qatoms”(Cpy1) C qatoms”(Sn41) C QAtom, ., using Rule (45) with respect to L1, Spt1, we derive Vzc < ¢y VVzce = ¢y € GOrdClg, ,,. We put L2 = Lyt1, Cppo = Ve <
cyVVre=cy € GOrdClg, ., € GOrdCl, s p, D" = D', Cpyo = D,Cpy1,Cri2, Sngp2 = Sny1 U{Cniz} € GOrdClz,,, = GOrdClg,,,; D" is a deduction of Cy 42 from S by basic order
hyperresolution. Hence, C),41,Chpi2 € cloBﬁH(S)7 cy<a€Sora=VrceSora<Vrce S, Vrc<cy €S or Ve =cy €8; we have that there does not exist a contradiction of S; either
Vrzc=<cy,ecy<ac€SorVoc=cy,cy<a€Sora=Vrce,Vrc<cy€Sora=Vre,Vrec=cy€Sora<Vre,Vre<cy€Sora<VreVoe=cy €S, either a<iVz c or a2V c or Vo c<ia; (100)
holds.

Case 2.2: b = 3zc. Then b € qatoms™(S,) C QAtom, , a € atoms(S,) C GAtom,, there exists W € W — Funce, and ar(w) = |freetermseq(3z c), freetermseq(a)|. We put ~ =
x/(freetermseq(3x c), freetermseq(a)) € Substy, y(ay, dom(y) = {z} = wvars(c). Hence, using Rule (48) with respect to L,, S,, we derive a < ¢y V 3zc = aV Izc < a € GOrdClz, yipy-
We put L,y1 = L, U{w}, v € Substy, ey = Subst, w(freetermseq(3x c), freetermseq(a)) € GTermg, yrpy = GTerm, Chy1 =a <cyVire=aV3ire < a € GOrdCl, uray =
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GOrdClg, ., € GOrdCl, w,p> P = D,Cri1, Sny1 = Sn U{Cpyp1} € GOrdClz, U GOrdClz, ., = GOrdCl., . ; D' is a deduction of Cy4; from S by basic order hyperresolution. Then
Jrc € qatoms>(Cpy1) C qatoms>(S,11) C QAtom,, ., using Rule (46) with respect to Ly41, Snt1, we derive ¢y < 3wxcV ey = Jre € GOrdCle, .. We put Ly = Lyg1, Chgo = ¢y <

JzeVey =3Jxc € GOrdCle,,, € GOrdCl, ,p, D" = D',Cphiz = D,Cry1,Cnqiz, Snye = Sny1 U{Cpyo} € GOrdCle, ., = GOrdClg, ,; D" is a deduction of C, 1 from S by basic order

n+27
hyperresolution. Hence, C),y1,Chpy2o € cloBﬁH(S)7 a<cy€eSordzc=a€Sordrc<a€S, ¢y <3Jrc €S orcy=3dxc €S; we have that there does not exist a contradiction of S; either
a<cy,ecy<3Jrce€Sora<cy,cy=3zccSorcy<Irc,Irc=acSorcy=3rc,Irc=acSorcy <Irc,Irc<acSorcy=3re,Irc < a €S, either a <3z cor a2 Iz cor Iz c<a; (100)
holds.
So, in both Cases 2.1 and 2.2, (100) holds; (100) holds. Thus, in both Cases 1 and 2, (100) holds; (100) holds.

Let gatoms(S) # (). For all a,b € B — {0, 1}, either a<tbor (a =bor a=b) or b<a. (101)

Let a,be B—{0,1}. Then a,b e B—{0,1} C B C atoms(clo®™(S)) U gatoms(clo®*(S)), by (97) for a, b, there exist a deduction D = Cy,...,C,, n > 1, from S by basic order hyperresolution,
associated L,,, Sp, Sp, € GOrdCl., , and a,b € atoms(Sy) U qatoms(Sy); a,b ¢ {0, 1}, a,b € (atoms(Sy) U qatoms(Sy,)) — {0, 1} = (atoms(Sy,) — {0, 1}) U gatoms(S,,). We distinguish three cases
for a, b.
Case 1: a,b € atoms(S,) — {0, 1}. We get two cases for {a, b}.
(96)

Case 1.1: {a,b} C Tcons,. Then {a,b} C BN Tcons; = atoms(S) N Tcons, C atoms(clo®*(S)) N Teonsy C teons(clo®™(S)) = teons(S). We get two cases for a, b.
Case 1.1.1: a =b. Then a 4 a; (101) holds.
(93)

Case 1.1.2: a # b. Then either a < b € ordtcons(S) C S or b < a € ordtcons(S) C S, either a <1b or b<ta; (101) holds.

Case 1.2: {a,b} € Tconsg. Then a,b € atoms(S,) — {0,1} C GAtom,,, using Rule (44) with respect to L, Sy, we derive ¢ < bV a =bVb < a € GOrdClg,. We put L4111 = Ly,
Chy1=a<bVa=bVb=<aec GOrdCle, C GOrdCl, s, p> D' =D,Cpi1, Sns1 = Sn U{Chq1} € GOrdCl., = GOrdCl, ., ,; D' is a deduction of Cp,1; from S by basic order hyperresolution.
Hence, Cp 41 € cloBH(S), a<beSora=>becSorb=<acS;wehave that there does not exist a contradiction of S; either a <b€ Sora=beSorb<a €S, either a<tbor a2bor b<a; (101)
holds.

So, in both Cases 1.1 and 1.2, (101) holds; (101) holds.

Case 2: a € qatoms(Sy), b € (atoms(S,) — {0, 1}) U qatoms(S,). We get two cases for a.

Case 2.1: a =Vxc. Then a € gatoms”(S,) € QAtom, , b€ atoms(S,)Uqatoms(S,) € GAtomr, UQAtom, , there exists w € W — Func,, and ar(d) = |freetermseq(Vz c), freetermseq(b)|. We
put v = x/w(freetermseq(Vx c), freetermseq(b)) € Subst,, ugwy, dom(y) = {x} = vars(c). Hence, using Rule (47) with respect to L, S,, we derive ¢y < bV b=VrcVb <Vrce GOrdClz, yrpy-
We put Ly1 = L, U{w}, v € Substy, upey = Subste, ., W(freetermseq(Va c), freetermseq(b)) € GTermp,ugay = GTerme, ., Coyr = ¢y < bV b =VecVb < Vrc € GOrdClz, ey =
GOrdClg, ., € GOrdCl, ,p> P = D,Chi1, Sny1 = Sn U{Cpp1} € GOrdClz, U GOrdClz, ., = GOrdCl., . ,; D' is a deduction of C)41 from S by basic order hyperresolution. Then
Vzc € qatoms”(Cry1) C qatoms”(S,41) C QAtom, ., using Rule (45) with respect to Ly 41, Spy1, we derive Vac < ey VVre = ¢y € GOrdClg, . We put Lyy0 = Lyg1, Crqo = Voe <
cyVVre=cy € GOrdClg, ., € GOrdCl, s p> D" =D, Cpyo = D,Cry1,Cri2, Sng2 = Sny1 U{Cni2} € GOrdClz, ., = GOrdClz, . ,; D" is a deduction of Cy 42 from S by basic order
hyperresolution. Hence, C)11,Cpyo € cloBH(S), cy <beSorb=VrceSorb<VrceS Vrec<cy €SorVre=cy €S; we have that there does not exist a contradiction of S; either
Vee<cy,ey<beSorVee=cy,ecy<beSorb=VreVec<ceyeSorb=Vre,Vec=cyeSorb=<Vee,Vec<cy€Sorb=<VreVoe=cy €S, either Vec<abor Vec2b or bV (101)
holds.

Case 2.2: a = 3z c. Then a € gatoms?(S,) € QAtom, , b€ atoms(S,)Uqatoms(S,) € GAtomr, UQAtom, , there exists w € W — Func,, and ar(d) = |freetermseq(3z c), freetermseq(b)|. We
put v = x/w(freetermseq(3z c), freetermseq(b)) € Subst,, ugwy, dom(y) = {x} = vars(c). Hence, using Rule (48) with respect to L, S,, we derive b < ¢yV Izc=>bV Irc <b e GOrdClz, yra}-
We put L1 = L, U{w}, v € Substy, upey = Subste, ., W(freetermseq(3x c), freetermseq(b)) € GTermp,uay = GTerme, ., Coy1 = b < eyV 3ve = bV dre < b € GOrdClz, ey =
GOrdClg, ., € GOrdCl, w,p> P = D,Chi1, Sny1 = Sn U{Cpy1} € GOrdClz, U GOrdClz, ., = GOrdCl., . ; D' is a deduction of Cy41 from S by basic order hyperresolution. Then
Jrc € qatoms>(Cry1) C qatoms=(S,11) C QAtom, ., using Rule (46) with respect to Ly,41, Snt1, we derive ¢y < 3wxceV ey = Jre € GOrdClg, .. We put Ly = Lyg1, Chgo = ¢y <
JzeVey =3xc e GOrdCle,,, € GOrdCl, s p, D" = D',Cphiz = D,Cry1,Cnqiz, Spyo = Sny1 U{Cpyo} € GOrdCle, ,, = GOrdClg, ,; D" is a deduction of C, 1 from S by basic order
hyperresolution. Hence, C),11,Cpryo € cloBH(S), b<cyeSordrc=beSordxc<beS, ¢y <3TJrc € Sorcey=3drceS; we have that there does not exist a contradiction of S; either
b<cy,ecy<Jzce€Sorb=<cy,cy=3rc€Sorey<3rc,dIrc=beSorcy=Irc,Irc=beSorcy<Izc,Izc<beESorey=3rc,3rc<beES, either 3xc<abor Izc2bor b<tIxc; (101)
holds.

So, in both Cases 2.1 and 2.2, (101) holds; (101) holds.

Case 3: a € (atoms(S,) — {0, 1}) U qatoms(Sy,), b € qatoms(Sy). Analogous to Case 2; (101) holds.

Thus, in all Cases 1-3, (101) holds; (101) holds.
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For all a < 9, for all a,b € dom(V,,), (102)
if a£b, then V,(a) = V,(b);
if a<tb, then Vy(a) < Vo (b);
if V4(a) =0, then a = 0 or a2 0;
if Vo(a) =1, thena =1 or a = 1;
for all o < 42, Va[dom(Vy)] is admissible with respect to suprema and infima.

We proceed by induction on o < 75 using the assumption that tcons(S) is admissible with respect to suprema and infima.

Case 1 (the base case): a = 0. Then Vy = {(0,0),(1,1)} U{(¢,¢c)|é € tcons(S)NC}. Let a,b € dom(Vy) ©y tcons(S). Let a=b. We get two cases for a, b.
Case 1.1: a =b. Then Vy(a) = Vy(b).

Case 1.2: a # b. Then either a < b € ordtcons(S) C S or b < a € ordtcons(S) C S, either a <1b or b <1 a, for both the cases a <1b and b<1a, a <a; a <a, which is a contradiction with a 4 a.
(93)

So, in both Cases 1.1 and 1.2, the first point of (102) holds; the first point of (102) holds.
Let a <1b. We get two cases for a, b.
Case 1.3: a = b. Then a < a, which is a contradiction with a 4 a.
(93)
Case 1.4: a # b. We get two cases for a, b.
Case 1.4.1: a < b € ordtcons(S). Then Vy(a) < Vy(b).

Case 1.4.2: b < a € ordtcons(S) CS. Then b<ia and a < a, which is a contradiction with a 4 a.
(93)

So, in both Cases 1.3 and 1.4, the second point of (102) holds; the second point of (102) holds.
Hence, for all a € dom(Vy), if Vo(a) = 0, then a = 0; if Vy(a) = 1, then a = 1; we have tcons(S) is admissible with respect to suprema and infima; Vo[dom(Vy)] = Vo[tcons(S)] = tcons(S) is
admissible with respect to suprema and infima; (102) holds.

Case 2 (the induction case): 0 < a < 79 is a successor ordinal. Then 0 < a—1 < a < y9, Vo = Vo 1U{(d2(a—1), Aa—1)}, dom(V,) = dom(Va—1)U{d2(a—1)}, d2(a—1) & tcons(S)Udy[a—1] @4
dom(Va—1). At first, we prove the following statements:
If E,_1 # 0, then there exists a* € dom(V,_1) such that a* £ 6a(a — 1), Va_1(a*) € Eq_1, Va_1(a*) = Va(da(a — 1)). (103)

Let Eo—1 # 0. Then V,(62(a — 1)) = VE,_1, there exists a* € dom(Vo_1) and a*=dy(a — 1), V,_1(a*) € Eo_1; for all ¢ € E,_1, there exists e* € dom(Vo_1) and &* = 6z(a — 1),
Va_1(e*) = c € E,_1, e* 2 a*, by induction hypothesis for a — 1, ¢ = Vo _1(¢*) = Vo_1(a*); Va_1(a*) = V Ea_1 = Va(da(a — 1)); (103) holds.

IfE,.1= (Z), then V]Da—l < Va(ég(a — 1)) < AUa—L (104)
D.— _
Let Eo—1 = 0. Then V,(d3(a — 1)) = VDo ;AUO‘ L We get four cases for Dy_1, Uy_1.
1 1
Case (a): Dy—1 =0, Up—1 = 0. Then VDy—1 =0 < Vo (d2(av — 1)) = 0% =5< 1 =AUy—1; (104) holds.

. We get two cases for A Ugy_1.

Case (b): Dp—1 =0, Uy—1 # 0. Then V,(d2(a — 1)) = 0+AUa = AUas

Case (b.1): AUy—1 = 0. Then 0 € tcons(S) C dom(Va—1), § # {Va-1(0)},Us—1 C Va_1[dom(Va—-1)], V{Vaz1(0)} = V{0} = 0 = AU,_1, by induction hypothesis for a« — 1 < a < 79,
Va—1[dom(V4—1)] is admissible with respect to suprema and infima, 0 = A U,_1 € U,_1; there exists e* € dom(V,—1) and d2(a — 1) <&, Vo—1(e*) = 0, by induction hypothesis for a — 1, e* = 0
or * £ (), for both the cases ¢* = 0 and €* £ 0, da(a — 1) <1 0; da(e — 1) <1 0, which is a contradiction with do(a — 1) 4 0; (104) holds.

(93)
U,
Case (b.2): AUqs—1 > 0. Then \/ Dp—1 =0 < Vy(d2(a — 1)) = % < AU,—1; (104) holds.

_ V]D)a—l +1 _ VDa—l
- 2 )

1
Case (c): Dg—1 # 0, Uy—1 = 0. Then V4 (da(a — 1)) + 3 We get two cases for \/ Dg—1.
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Case (c.1): \/Do—1 = 1. Then 1 € tcons(S) C dom(Va-1), 0 # Do—1,{Va-1(1)} C Va_1[dom(Va-1)], VDa-1 =1 = A{1} = A{Va=1(1)}, by induction hypothesis for « — 1 < a < 7,
Ve 1[d0m(Va 1)] is admissible with respect to suprema and 1nﬁma 1=\ Dy-_1 € Dy_1; there exists e* E dom(Vy—1) and e* < dz(a — 1), Vo—1(¢*) = 1, by induction hypothesis for « — 1, e* = 1

or ¢* £ 1, for both the cases e* = 1 and e*£ 1, 1 9dz(a — 1); 1 <103(a — 1), which is a contradiction with 1 # d2(ar — 1); (104) holds.
(93)

Dy, 1
Case (c.2): \VDa—1 < 1. Then \ Do—1 < Vo (d2(a — 1)) = % + 3 <1=AU,_1; (104) holds.
Case (d): Do—1 # 0, Uy—1 # 0. Then, for all d € Do_1, u € Uy_1, there exist e}, el € dom(Vo—1) and e} <dz(a — 1), do(ov — 1) <€l Voo1(eh) = d, Va—1(el) = u, €<, by induction

hypothesis for & — 1, d = Vo—1(€}) < Va—1(el) = u; VDa—1 < AUa—1; 0 # Do—1,Uq—1 € Va—1[dom(Va—_1)]. We get two cases for \/ Do—1, A Ua—1.

Case (d.1): \V/Dy—1 = AUq_1. Then, by induction hypothesis for & — 1 < « < 72, Vo_1[dom(V,_1)] is admissible with respect to suprema and infima, \/ Dy_1 € D1, A Us 1 6 Ua 1; there
exist €*,e** € dom(Va—1) and €* <1da(a — 1), da(av — 1) 1™, Vo 1(e*) =V Da—1, Va_1(e*) = AUq_1, €* <€, by induction hypothesis for & — 1, \V Dy—1 = Va_1(e*) < Va1 ( =AUqu_1,
which is a contradiction; (104) holds.

Case (d.2): VDa—1 < AUq_1. Then \V Da_y < Va(da(a —1)) = VD1 Ala

< AUq—1; (104) holds.

So, in all Cases (a)—(d), (104) holds; (104) holds. 2

Let a,b € dom(V,). We distinguish two cases for {a,b}.

Case 2.1: {a,b} C dom(V4—1). Then, by induction hypothesis for o — 1,
if a=b, then V,(a) = Va_1(a) = Va_1(b) = Va(b);
if a<ab, then Vy(a) = Va—1(a )<Va 1(0) = Vo (b);
if Vo(a) = Va1 (a)—O thena—Oor az0;
if Vo(a) =Va_1(a) =1, thena =1 or a2 1

the first four points of (102) hold.
Case 2.2: {a,b} € dom(V,—1). We distinguish three cases for a, b.
Case 2.2.1: a=da(a—1), b € dom(Va—1). Then b # da(ax — 1). We get two cases for E,_1.

Case 2.2.1.1: E,_; = (). Then b2 dz(a— 1), 0 <\/ Dy ( < : Vo(b2(a —1)) < : A Uq—1 < 1; the third and fourth point of (102) holds trivially. We get two cases for b.
104 (104

Case 2.2.1.1.1: dy(a — 1) <ab. Then V4_1(b) € Uy_1, Va(d2(a — 1)) ( < : /\[Ua_l < Va-1(b) = Vo (b).
104
Case 2.2.1.1.2: b<td2(a —1). Then Vo_1(b) € Dy—1, Va(b) = Va—1(b) <V D1 (<) Vo (02(a — 1)).
104

So, the first four points of (102) hold.

Case 2.2.1.2: E,_; # (). Then, by (103), there exists a* € dom(V,_1) and a* 2 §a(a — 1), Va_1(a*) = Va(d2(a — 1)); if Vo(62(a — 1)) = V4_1(a*) = 0, then, by induction hypothesis for a — 1,
a* = 0 or a* £ 0, for both the cases a* = 0 and a* £ 0, J2(a — 1) 2 0; da(a — 1) 2 0; if V4 (d2(a — 1)) = V,_1(a*) = 1, then, by induction hypothesis for o — 1, a* = 1 or a* £ 1, for both the cases
a*=1and a* £ 1, 6o(a — 1) £ 1; 63(a — 1) = 1; the third and fourth point of (102) holds. We get three cases for b.

Case 2.2.1.2.1: d3(a — 1) £b. Then a* £b, by induction hypothesis for & — 1, Vo (d2(a — 1)) = Vo_1(a*) = Vo_1(b) = Vu (b

Case 2.2.1.2.2: d2(ac — 1) <b. Then a* <1b, by induction hypothesis for a — 1, V, (d2(a — 1)) = Vo_1(a*) < Va 1( ) = Va(b

Case 2.2.1.2.3: b<1d2(ae — 1). Then b<1a*, by induction hypothesis for a — 1, V4 () = Va_1(b) < Va_1(a*) = Va(do(a — 1)

So, the first four points of (102) hold.

Case 2.2.2: a € dom(Va-1), b = d2(ac — 1). Analogous to Case 2.2.1; the first four points of (102) hold.

Case 2.2.3: a =b=d2(av — 1). We get two cases for E,_1.

Case 2.2.3.1: Eo—1 = 0. Then 0 < \/Dy_1 (1§4) Va(d2(a — 1)) (54) A Us—1 < 1; the third and fourth point of (102) holds trivially. We get two cases for dy (o — 1).

)-
)-
)

Case 2.2.3.1.1: da(a — 1) £ d2(a — 1). Then V,(da(a — 1)) = Vo (da(a — 1)).
Case 2.2.3.1.2: d3(a — 1) <02(a — 1). This is a contradiction with da(a — 1) 4 d2(ax — 1).
(93)

So, the first four points of (102) hold.

Case 2.2.3.2: E,_; # (). Then, by (103), there exists a* € dom(V,_1) and a* = 6a(a — 1), Va_1(a*) = Va(d2(a — 1)); if Vo (d2(a — 1)) = V4_1(a*) = 0, then, by induction hypothesis for a — 1,
a* = 0 or a* £ 0, for both the cases a* = 0 and a* 2 0, §a(a — 1) £ 0; da(a — 1) £ 0; if Vo (62(a — 1)) = Vs_1(a*) = 1, then, by induction hypothesis for a — 1, a* = 1 or a* £ 1, for both the cases
a*=1and a* £ 1, §3(a — 1) £ 1; 63(a — 1) £ 1; the third and fourth point of (102) holds. We get two cases for da(a — 1).

Case 2.2.3.2.1: (o — 1) = d3(a — 1). The same as Case 2.2.3.1.1.

Case 2.2.3.2.2: §3(a — 1) <d2(a — 1). The same as Case 2.2.3.1.2.
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So, the first four points of (102) hold.
So, in all Cases 2.2.1-2.2.3, the first four points of (102) hold; the first four points of (102) hold. Thus, in both Cases 2.1 and 2.2, the first four points of (102) hold; the first four points of
(102) hold.
Case 2.3: It remains to prove the fifth point of (102). We distinguish two cases for E,_.
Case 2.3.1: E,_; = 0. Then \V/ D, (<4) Vo (02(a — 1)) (<4) AUa—1. Let 0 #Y1,Ys C V,[dom(Vy)] = Va[dom(Va—1) U{d2(a — 1)}] = Va—1[dom(Va-1)] U {Va(d2(a — 1))} and VY1 = A Ya.
10 10

We get three cases for V4 (d2(a — 1)), V Y1 = A Ya.

Case 2.3.1.1: Va(ég(a - 1)) < VYl = /\YQ Then Va(ég(oé - 1)) g YQ, (Z) 7é Y1 # {Va(ég(a - 1))}, @ # Yl - {Va(ég(a - 1))},}/—2 Q Va,l[dom(va,l)], V(Yl - {Va(ég(a - 1))}) = VYl = /\YQ,
by induction hypothesis for « — 1 < a < 72, Vo—1[dom(V,—1)] is admissible with respect to suprema and infima, VY7 = V(Y1 — {Va(d2(a — 1))}) € Y1 — {(Va(d2(a — 1))} C Y1, AY2 € Yo;
Va[dom(Vy)] is admissible with respect to suprema and infima; the fifth point of (102) holds.

Case 2.3.1.2: V,o(d2(a — 1)) = VY1 = AYa. Then there exist Y*, Y5 C dom(V,) ©y tcons(S) U dafa — 1] U {d2(a — 1)} and Vo [YT*] = Y1, VL[Y5] = Yo, a -1 < a < 9 < w,

dola — 1] (Q}; dom(Va—1); tcons(S), dala — 1], {d2(a — 1)} are pairwise disjoint; for both ¢, Y;* Ndajav — 1] C d2ae — 1] Cr dom(V-1), Y;* = (Y* Ntcons(S)) U (Y Ndafa — 1)) U (Y* N{d2(ax — 1)}),
94

Y = VoY = Va (Y Nitcons(S))U (Y Noa[a—1])U(Y*N{da(a—1)})] = Vo [Y Nitcons(S)| UV [V N2 [a—1]]UV, [V N {02 (a—1)}], Y — {02(a—1)} = ((Y;* Nitcons(S))U (Y Nda[a—1])U(Y*N
{52(a—1)}))—{52(04—1)} = ((Y;"Nitcons(5)) = {62 (a=1)HU((Y;"Nds[a—1])) —{d2(a= 1) HU((Y;"N{d2(a—1)}) = {da(@=1)}) = (Y*ﬁtcons( DU Nsla—1]) € teons(S)Udala—1] 2 dom(Va1),
Vol Vi = {02(a — 1)}] = V1] — {02(a — 1)} = Vo1 [(Y* N teons(S)) U (Y Ndafae — 1])] = Vao1[Y* N tecons(S)] U Vo—1[Y:* N dafa — 1]], Va—1[¥ Nd2]a — 1]] Cx [0,1]. We get two cases for
V—1[Y7 N tcons(S)], Va-1[Y7" N da|a — 1]].

Case 2.3.1.2.1: \/ Vo1[Yi* Ntcons(S)] <\ Va-1[Y7" Nd2[a—1]]. Then \ (Va—1[Y; Ntcons(S)|UVa—1[Y No2[a—1]]) = (V Va-1[Y7 Ntcons(S)]) V(V Va-1[Yi Nd2[a—1]]) =V Va—1[Y7 Nd2[a—1]],
0 <V Vao1[YiNtcons(S)] <V Va— 1[Y1 N la—1], VO =0, Va [ NG [a—1]] # 0, Y Nde[a—1] # 0, there exists y* € Yi*Nda[a—1] and Vo—1(y*) € Va—1[Y1 NI2[a—1]] C Vo [Y7 —{d2(a—1)}] C
Vol Y1) = Y1, Va1 (%) =V Va1V Ndeja —1]] <V Y1 =V, (d2(a —1)). We get two cases for Vo _1(y*), Vo (d2(a — 1)).

Case 2.3.1.2.1.1: Vo1 (y*) < Vau (52(& 1)). Then \ Vo [Y7 —{02(a—1)}] = V(Vaz1 Y1 Ntcons(S)|UVa—1[Y; No2[a—1]]) =V Va—1[Y7 Nd2ja—1]] = Va1 (y*) < Va(d2(a—1)) =V Y1 =V Va[Y]],
Y —{02(a— 1)} C Y, da(a— 1) € Y7, Vo (da(a — 1)) € Vo [Y7] = Y1

Case 2.3.1.2.1.2: Vo 1(y*) = Va(d2(a — 1)). Then V,(d2(a — 1)) = Vo _1(y*) € Y.

Case 2.3.1.2.2: \/ Vo_1[Yi* Nitcons(S)] >\ Va—1[Y7 N2 [a—1]]. Then (Va1 Y1 Nteons(S)|UVa—1[Y7 N2 [a—1]]) = (V Va-1[Y;* Ntcons(S)]) V(V Va-1 Y1 Ndala—1]]) =V Va-1[Y7* Ntcons(S)],
Va-11Y7 Ntcons(S)] C Va[Y7 — {02(ax — 1)} C Vo [Y7'] = Y1, V Va1 [Y7 N tcons(S)] < VY1 = Vo (d2(a — 1)). We get two cases for \/ Vo— 1[Y1 ﬁ tcons(S)], Va (0 (a 1)).
Case 2.3.1.2.2.1: \/ Vo_1[Y{* Ntcons(S)] < Va(d2(a—1)). Then\/Va[Yl*—{ég(a—l)}] =V Va-1[Y Nteons(S)|UVa—1[Y7 NI [a—1]]) = V Vao1[Yi Ntcons(S)] < Va(d2(a—1)) =V Y1 = V Vo [Y7,

Y —{02(a—1)} C Y, da(a— 1) € Y7, Vo (da(a — 1)) € Vo [Y7] = Y1

Case 2.3.1.2.2.2: \f Vo—1[Y]* N tcons(S)] = Va(d2(a — 1)). We get two cases for 1, Y7* N tcons(S).

Case 2.3.1.2.2.2.1: 1 € Y{* Ntcons(S). Then Vo—1(1) € Va_1[Y7* Ntcons(S)] C Vo [Y7 — {02(a — 1)} C Y1, 1 =Va-1(1) = V Va1[Y7* N tcons(S)], Va(da(a — 1)) =V Va—1[Y7* N teons(S)] =
Vafl(.l) €Y.

Case 2.3.1.2.2.2.2: 1 & Y Ntcons(S). Then Vo_1(0) = 0, Y* N tcons(S) C ((Y7* N teons(S)) — {0,1}) U {0}, V Va—1[Y] N tcons(S)] < V Va1[((Y] N teons(S)) — {0,1}) U {0}] =
V Vo [(Y7" N tcons(S)) ={0, 1}UVa1[{0}]) = (V Va1 [(Yi Nitcons(S)) = {0, 1}]) V(V Va-1[{0}]) = V Var[(Y7" Nicons(S)) = {0, 1}], (Y7 Nicons(S)) —{0, 1} C Y Nicons(S), V Va1 [(Y7" N
tcons(S)) — {0, 1} <V Va_1[Yy Ntcons(S)], V Va—1[Y7 N tcons(S)] =\ Va—1[(Y* N teons(S)) — {0, 1}], for all y € (Y7* N teons(S)) — {0, 1} C teons(S) N Cr, by (100) for y, d2(a — 1), either
y<162(a— 1) or y = da(a — 1) or da(av — 1) <1y. We get two cases for y, do(a — 1).

Case 2.3.1.2.2.2.2.1: y =2 dy(a — 1). Then y € (Y;* Ntcons(S)) — {0, 1} C Y Ntcons(S) C dom(Va—1), Va—1(y) € Eq_1 = 0, which is a contradiction.

Case 2.3.1.2.2.2.2.2: dz(av — 1) <y. Then Vo—1(y) <V Va—1[Y; Nitcons(S)] = Va(d2(a—1)), y € dom(Va-1), Va-1(y) € Ua—1, Vo (d2(a — 1)) (154) AUa—1 < V4_1(y), which is a contradiction.

Hence, for all y € (Y;* N tcons(S)) —{0,1}, y<da(a—1), y € dom(Va-1), Va—1(y) € Da—1; Va—1[(Y7* Ntcons(S)) —{0,1}] € Da—_1, Va(d2(a — 1)) =\ Va_1[Y7* N tcons(S)] =V Va1[(Y N
tcons(S)) —{0,1}] <\ Da-1, VDo_1 (154) Vo (02(a — 1)), which is a contradiction.

We get two cases for V,—1[Y5" N tcons(S)], Va—1[Y5 N d2[a — 1]].

Case 2.3.1.2.3: A Va—1[Y5 Nteons(S)] < A Va-1[Ys Nd2[a—1]]. Then A(Va—1[Y5 Ntcons(S)|UVa—1[Ys No2[a—1]]) = (A Va=1[Y5 Ntcons(S)]) A\ Va-1[Ys Nd2[a—1]]) = A Va—1[Y5 Ntcons(S)],
Va-1[Ys Ntcons(S)] C Vu[Ys — {02(a — 1)} C Vo [Y5] = Yo, Va(da(a — 1)) = A Yo < A Vao1[Y5 N tcons(S)]. We get two cases for V, (02(a — 1)), A Va—1[Y5" N tcons(S)].

Case 2.3.1.2.3.1: V4 (d2(a—1)) < A Va-1[Y5 Ntcons(S )] Then A Vo [Y5 {52(0471)}] = AVa-1[Y5 Nteons(S)|UVa—1[Y5 N2 [a—1]]) = A Vaz1[Ys Ntcons(S)] > Vo (d2(a—1)) = AYa = AV [Y5],

~{ala— 1)} C Y, bafer— 1) € Vi, Valdo(a — 1)) € Va[Vs] = Y

Case 2.3.1.2.3.2: V,(62(a — 1)) = A Va—1[Y5" N teons(S)]. We get two cases for 0, Y5 N tcons(9).

Case 2.3.1.2.3.2.1: 0 € Y5 N tcons(S). Then Vo_1(0) € Vo_1[Ys Ntcons(S)] C VuolVs — {d2(a—1)}] CYa, 0=V, 1(0) = A Vaz1]Y5 Nitcons(S)], Va(d2(a — 1)) = A Va—1[Ys N teons(S)] =
Va_l(g) €Y.

Case 2.3.1.2.3.2.2: 0 € Y5 Ntcons(S). Then Vo—1(1) = 1, Y5 N teons(S) C (Y5 N teons(S)) — {0,1}) U {1}, AVa-1[Ys N tcons(S)] > A Va-1[((Ys N teons(S)) — {0,1}) U {1}]
AVa1[(¥3 M1c0n5(S)) — (0, 1)U Va 1 [{1}]) = (A Ve [(V5 1 feoms(8)) — {0, 13]) AU\ Vet l{1}]) = A Ve 1 [(¥ 1 tcons(S)) — {0, 1}], (3 1 tcons(S)) — 10, 1} € Y (vteons(S), A Va1](¥ N
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teons(S)) — {0, 1} > A Va_1[Ys N tcons(S)], A Va—1[Ys N tcons(S)] = A Va_1[(Ys N teons(S)) — {0, 1}], for all y € (Y5 N tcons(S)) — {0, 1} C teons(S) N Cr, by (100) for y, d2(a — 1), either
y<1da(a—1) or y= (e — 1) or a(a — 1) <y. We get two cases for y, da(a — 1).

Case 2.3.1.2.3.2.2.1: y<da(a —1). Then y € (Y5 N tcons(S)) —{0,1} C Y5 N tcons(S) C dom(Va—1), Va(d2(a — 1)) = AVaz1[Ys N tcons(S)] < Va-1(y), Va-1(y) € Da—1, Va—1(y) <
VDo—1 (154) Vo (d2(a — 1)), which is a contradiction.

Case 2.3.1.2.3.2.2.2: y£dy(a — 1). Then y € dom(Va_1), Va_1(y) € Eq_1 = 0, which is a contradiction.
Hence, for all y € (Y5 N teons(S)) — {0,1}, do(a — 1)<y, y € dom(Va-1), Va-1(y) € Ua—1; Va-1[(Ys N tecons(S)) — {0,1}] C Uas—1, AUaz1 < AVa-1[(Y5 N teons(S)) — {0,1}] =
A Va-1Y5 Ntcons(S)] = Va(d2(a — 1)), Vo (d2(a — 1)) ( < : A U,—1, which is a contradiction.
104

Case 2.3.1.2.4: A Va_1[Y5 Ntcons(S)] > A Va-1[Y5 Nd2[a—1]]. Then A(Va—1[Y5 Ntcons(S)|UVa—1[Y5 Nd2[a—1]]) = (A Va-1[Ys Ntcons(S)]) A\ Va-1[Ys Nda[a—1]]) = A Va—1[Y5 Nd2[a—1]],
A Va-1[YsNdo[a—1]] < AVa-1[YsNtcons(S)] <1, AD =1, Vo1[Ys' No2[a—1]] # 0, Yo' Nd2[a—1] # 0, there exists y* € Y5 Nd2[a—1] and Vo—1(y*) € Va—1[Ys Nd2[a—1]] T V,[Y5 —{d2(a—1)}] C
ValVs'] = Y2, Va1 (y*) = AVao1[Ys Ndafa—1]] > A Yz = Vo (d2(a — 1)). We get two cases for Vo (d2(av — 1)), Vao1(y*).

Case 2.3.1.2.4.1: Vo (02(a—1)) < Va—1(y*). Then A Vo [Ys —{d2(a—1)}] = A(Va=1[Y5 Ntcons(S)|UVa1[Y5 Nd2[a—1]]) = A Vaz1 Yo' Nd2[a—1]] = Va—1(y*) > Va(d2(a—1)) = AYa = AV [Y5],
}/2* — {52(0[ — 1)} C Y2*, 52(05 - 1) € Y2*, Va((SQ(Ot — 1)) S VO,[YQ*] == YQ.

Case 2.3.1.2.4.2: V,(02(ax — 1)) = Va—1(y*). Then Vo (da(a — 1)) = Vo_1(y*) € Ya.

So, Va[dom(V,)] is admissible with respect to suprema and infima; the fifth point of (102) holds.

Case 2.3.1.3: V,(d2(a—1)) > VY1 = AYa. Then Vo(da(a — 1)) € Y1, 0 # Yo # {Vo(d2(a— 1))}, 0 # Y1, Ye — (Vo (da(a — 1))} S Va_1[dom(Va-1)], VY1 = AYe = A(Ya — {Va(2(a — 1)) });
we have V,_1[dom(V,—1)] is admissible with respect to suprema and infima; \/ Y1 € Y1, A Y2 = A(Ya — {(Va(d2(a — 1))}) € Yo — {Vo(02(a — 1))} C Ya; Vo [dom(V,)] is admissible with respect to
suprema and infima; the fifth point of (102) holds.

So, in all Cases 2.3.1.1-2.3.1.3, the fifth point of (102) holds; the fifth point of (102) holds.

Case 2.3.2: E,_1 # 0. Then, by (103), there exists a* € dom(V,_1) and a* £ da(a — 1), Va_1(a*) = Vo (d2(a — 1)); we have V,_1[dom(V,_1)] is admissible with respect to suprema and infima;
Va(02(a —1)) = Va_1(a*) € Va—1[dom(Va—1)], Valdom(Va)] = Va—1[dom(Va—1)] U {Va(d2(ax — 1))} = Vo—1[dom(Va—1)] is admissible with respect to suprema and infima; the fifth point of (102)
holds.

So, in both Cases 2.3.1 and 2.3.2, the fifth point of (102) holds; the fifth point of (102) holds. Thus, (102) holds.

Case 3 (the induction case): a = 7 is a limit ordinal. Then V,, =, .., Va, dom(V,,) = U, ., dom(Vs). Let a,b € dom(V,,). Then there exist aq, ap <72 and a € dom(Vy, ), b € dom (V).
We put 8 = maz(aq,, ap) < v2. Hence, a, < B, ap < 8, a € dom(V,,) (9@4) dom(Vg), b € dom(V,,) (9%) dom(V3), by induction hypothesis for £,

if a2b, then V,,(a) = Vs(a) = Vs(b) = V., (b);
if a<ab, then V., (a) = Vg(a) < Vg(b) = V,,(b);
if V,,(a) = Vs(a) =0, then a = 0 or a2 0;

if V,,(a) =Vs(a) =1, thena =1 or a2 1;

the first four points of (102) hold; the fifth point of (102) holds trivially; (102) holds.

So, in all Cases 1-3, (102) holds. The induction is completed. Thus, (102) holds.

We put V =V,,, dom(V) Gy tcons(S) U d[y2] = tcons(S) U (B — tcons(S)) = B. We next prove the following statements:

For all a,b € B, (105)
if a2 b, then V(a) = V(b);
if a<1b, then V(a) < V(b).

By (102) for s, for all a,b € dom(V) = B, if a2 b, then V(a) = V(b); if a <1 b, then V(a) < V(b); (105) holds.

For all Qz a € qatoms(clo®™(S)) and u € Us(, a(x/u) € atoms(clo®™(S)). (106)

Let Qra € qatoms(clo®™(S)) and u € Uy. Then u € Uy = GTerm . p»> there exists {w; |1 < j < m} = funcs(u) N W* Cr W* = funcs(S) N'W; for all 1 < j < m, there exists
aj € atoms(S)Uqatoms(S) C atoms(clo®™ (S))Ugatoms(clo®™(8)) and w; € funcs(a;); 0 # {Qra}U{a; |1 < j < m} Cx atoms(clo®*(S))Ugatoms(clo®™(S)); by (99) for {Qz a}U{a; |1 < j < m},
there exist a deduction D = Cy,...,Cp, n > 1, from S by basic order hyperresolution, associated L, S,, S, € GOrdCl., , and {Qza} U{a;|1 < j < m} C atoms(S,) U gatoms(Sy,),
funcs(u) C Func, g, p, Funce, 2 U;n:l funes(aj) D {w;|1 < j < m} = funcs(u) N W*, Funcg, D Funceop 2 funcs(u) N Funceup, Punce, D (funcs(u) 0 W*) U (funcs(u) N Funcoop) =
funcs(u) N (W* U Funcpup) = funes(u) N Func e p = funcs(u), u € GTermy, . We distinguish two cases for Q.
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Case 1: Q@ =V. Then Vza € qatoms’(S,) C QAtom, . We put v = z/u € Substz,, dom(y) = {z} = vars(a). Hence, ay = a(x/u), using Rule (45) with respect to £,, S,, we derive
Vra < ayVVra =ay=Vra < alz/u)VVra = a(x/u) € GOrdClg,. Weput L1 = Ly, Cpy1 =Vra < a(r/u)VVra = a(x/u) € GOrdClz,, D' =D,Cpyr, Coy1 € GOrdCle, € GOrdCl, g ps
Snt1 = Sn U{Cri1} € GOrdCly, = GOrdClg, ., ,; D' is a deduction of Cy, 4, from S by basic order hyperresolution. Then C, 4, € cloPM(8), a(x/u) € atoms(Cpyy1) C atoms(clo®™(S)); (106)
holds.

Case 2: @ = 3. Then Jzra € qatoms™(S,) C QAtom,, . We put v = x/u € Substz,, dom(y) = {z} = vars(a). Hence, ay = a(x/u), using Rule (46) with respect to L, S,, we derive
ay < JraVay=3Ira=a(x/u) < IraVa(zr/u) =3Ira € GOrdCl, . Weput L,11 = Ly, Cry1 = a(z/u) < JxaVa(z/u) = 3Fxa € GOrdClz,, D' =D,Cpi1, Cry1 € GOrdCle, € GOrdCl, i p
Snt1 = Sn U{Chi1} € GOrdCly, = GOrdClg, ., ,; D' is a deduction of Cy, 4, from S by basic order hyperresolution. Then C,; € cloP™(S), a(z/u) € atoms(Cpy1) C atoms(clo®*(S)); (106)
holds.

So, in both Cases 1 and 2, (106) holds; (106) holds.

For all a € B, (107)
if a = Vab, then V(a) = A,y V(0(2/1));
if a = 3zb, then V(a) =V, gy, V(0(z/u)).

Let a = Vb € B. Then Vb € B — tcons(S), there exists a* < 7o and dy(a*) = Va b; Vo b € qatoms(S) C gatoms(clo®*(S)). Let u € Us. Hence, by (106) for Va b, u, b(z/u) € atoms(clo®™(S)),
by (97) for Va b, b(x/u), there exist a deduction D = C4,...,Cy, n > 1, from S by basic order hyperresolution, associated L, Sy, Sn € GOrdCl., , and Vb, b(x/u) € atoms(Sy) U gatoms(Sy,),
Vo b € qatoms”(S,) € QAtom, , b(z/u) € atoms(S,) € GAtomr,, u € GTermr,. We put v = x/u € Substz,, dom(y) = {x} = vars(b). Then by = b(z/u), using Rule (45) with respect to L,
Sn, we derive Vo b < by VVab = by = Vob < b(x/u) VVab = b(x/u) € GOrdClz,. We put L1 = Ly, Cry1 = Vb < b(zx/u) VVrb = b(x/u) € GOrdCl,, C GOrdCl, s, p» D' = D,Cpni1,
Snt1 =S U{Cps1} € GOrdCl,, = GOrdClg, , ,; D' is a deduction of Cp, 1 from S by basic order hyperresolution. Hence, Cp, 1 € clo®"(S), Vo b < b(z/u) € S or Yo b = b(x/u) € S, for both the
cases Vo b < b(x/u) € S and Vo b = b(x/u) € S, b(x/u) € atoms(S); b(x/u) € atoms(S) C B; we have that there does not exist a contradiction of S; either Vo b < b(z/u) € S or Va b = b(x/u) € S,
either Vo b <1b(z/u) or Vo b=b(x/u), by (105) for Va b, b(x/u), either V(Va b) < V(b(x/u)) or V(Y b) = V(b(x/u)); V(Va b) < Aucuy V(b(x/u)). We distinguish two cases.
Case 1: There exists u* € Uy such that b(z/u*) € B and Vo b=b(x/u*). Then, by (105) for Yab, b(x/u*), V(Vzb) = V(b(x/u*)), Ayey, V(b(z/u)) < V(b(x/u*)) = V(Vzb), V(Vrb) =
/\ueum V(b(‘r/u))
Case 2: For all u € Uy, b(x/u) € B and Vo b <1b(x/u). At first, we prove the following statements:
For all a < 2 and Va b <1 d2(«), there exists w(freetermseq(Vab), freetermseq(d2(a))) € Uy such that (108)
b(x/w(freetermseq(Vx b), freetermseq(da(a)))) € B,
Vo b <b(z/w(freetermseq(Va b), freetermseq(d2()))),
b(z/w(freetermseq(Vx b), freectermseq(da()))) < d2(c)

Let a < 72 and Vo b<1dy(a). Then 6y(c) € B C atoms(cloP™(S)) U qatoms(clo®™(S)), by (97) for Va b, d(a), there exist a deduction Ci,...,Cp, n > 1, from S by basic order hyper-
resolution, associated L,, S,, S, C GOrdClg,, and Yo b,d2(a) € atoms(S,) U gatoms(S,,); Yrb € qatoms”(S,) C QAtom, , d2(a) € atoms(S,) U qatoms(S,) € GAtom,, U QAtom, |,
there exists @ € W — Funcg, and ar(d) = |freetermseq(¥Yx b), freetermseq(dz(a))|. We put v = z /0 (freetermseq (v b), freetermseq(da(c))) € Subst ., ugay, dom(y) = {x} = vars(b). Hence,
W(freetermseq(Vx b), freetermseq(da(a))) € GTermp, ugwy, by = b(z/w(freetermseq(Va b), freetermseq(dz2()))), using Rule (47) with respect to L,, S,, we derive by < da(a) V d2(a) =
VobV da(a) < Vob = b(x/w(freetermseq(Vr b), freetermseq(dz(a)))) < da2(a) V da(a) = VobV da(a) < Vob € GOrdCle, uray. We put Lo = L, U{d}, v € Substy, ugwy = Subste,,,,
W(freetermseq(Va b), freetermseq(da(a))) € GTerme, yray = GTerme, . © GTerm, gy p, Cny1 = b(z/w(freetermseq(Var b), freetermseq(dz()))) < d2(a) V da(a) = Vab V do(a) < Vb €
GOrdClg, uiwy = GOrdCly, ., € GOrdCl, ,p, D' = D,Cryi1, Sny1 = SpnU{Cpny1} € GOrdCle, U GOrdCle, ., = GOrdClg, , ,; D' is a deduction of C,, 1 from S by basic order hyperresolution.

Then C,, 41 € clo®™(S), b(x/w(freetermseq(Va b), freetermseq(d2(r)))) < d2(a) € S or dz(a) = Yz b € S or dy(a) < Vab € S; we have that Va b <ida(a), there does not exist a contradiction of S;
b(x/w(freetermseq(Va b), freetermseq(d2(c)))) < da(ax) € S, funcs(w(freetermseq(Va b), freetermseq(d2(c)))) € FunccUW, funcs(w(freetermseq(Vx b), freetermseq(da(a))))NW C funcs(S)NW = W+,
funcs(w(freetermseq(Va b), freetermseq(d2()))) € Funce U W*, w(freetermseq(Va b), freetermseq(d2(v))) € GTerm ., p = Uat,

b(x/w(freetermseq(Vx b), freetermseq(dz(a)))) € B,
Vo b <b(z/w(freetermseq(Ve b), freetermseq(d2(w)))),
b(x/w(freetermseq(Vx b), freetermseq(da()))) < da(a);

(108) holds.
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Let there exist ¢* € tcons(S) and Vb < c¢*. There exists w*(freetermseq(VYa b)) € Uy such that b(z/w* (freetermseq(Vxb))) € B, for all ¢ € tcons(S) and Ve b<c, (109)
Vo b<b(x/w* (freetermseq(Vx b))),
b(x /w* (freetermseq(Vx b))) < c.

We have Vz b € qatoms(cloBH(S)). Then there exists C € clo®" (S) and Vz b € gatoms(C'); there exists a deduction D = C4,...,C, = C, n > 1, from S by basic order hyperresolution, associated
Ly, Sp, C =Cyp €8, C GOrdClg,, and Va b € qatoms”(C) C qatoms”(S,) € QAtom, ; there exists ©* € W — Puncg, and ar(w*) = |freetermseq(Vzb)|. Let ¢ € tcons(S) and Yz b<c. We
have that there does not exist a contradiction of S. Hence, ¢ # 0 and 0 <c € ordtcons(S) C ordtcons(S) U GInst, (S). We put L,41 = Ly, Chy1 = 0<c € ordtcons(S) U Glnstr, (S) C
GOrdClg, € GOrdCl, . p>» D' = D,Cpi1, Spy1 = Sp U{Cri1} € GOrdCl,, = GOrdCly, ,,; D' is a deduction of Cy41 from S by basic order hyperresolution. Then Vab € qatoms”(S,) C
qatoms” (S,41) C QAtom, ., w* € W — Funcp, = W — Funce,, ., w*(freetermseq(Va b)) = w*(freetermseq(Va b), £) = w*(freetermseq(Va b), freetermseq(c)), ¢ € atoms(Cry1) C atoms(Sp41) C
GAtomg, . We put v = x/0*(freetermseq(Vx b), freetermseq(c)) = x/w*(freetermseq(Vw b)) € Substy, . ugw+), dom(y) = {x} = vars(b). Hence, w*(freetermseq(Vrb)) € GTerme, uiw+1,
by = b(x/w*(freetermseq(Va b))), using Rule (47) with respect to L, 41, Sny1, we derive by < ¢V e = Vo bV c < Vob = b(x/w*(freetermseq(Vrb))) < cVec=VrbVec <Vrbe GOrdClz,  uip+-
We put Lnyo = Lny1 U{w*}, v € Substy, ey = Subste, ,,, w*(freetermseq(Vxb)) € GTerme, ooy = GTerme, ., € GTerm, 5 p, Cny2 = blx/w*(freetermseq(Vab))) < cVc =
VzbVe <Vebe GOrdCl., ua+y = GOrdCle, ., € GOrdCl, g,p, D" = D',Cpia, Snyz2 = Sny1 U{Cni2} € GOrdCl,, ., U GOrdCl,, ., = GOrdCl.,,,; D" is a deduction of C,41 from
S by basic order hyperresolution. Then C, 4o € clo®™(S), b(x/w* (freetermseq(Va b))) <ce€Sorc=VrbeSorc=<VrbeS; we have that Vrb<e, there does not exist a contradiction
of S; b(z/w*(freetermseq(Vz b)) < ¢ € S, funcs(w*(freetermseq(¥Ya b)) € Funcy UW, funcs(w* (freetermseq(Vz b)) N W C funcs(S) NW = W*, funcs(w*(freetermseq(¥x b)) C Funcy U W*,
w* (freetermseq(Vo b)) € GTerm 5., p = Ust,

b(x/w* (freetermseq(Vx b))) € B,
Vb <ab(x/w* (freetermseq(V b))),
b(x/w* (freetermseq(¥Vx b))) < ¢;

for ¢ = ¢*, w*(freetermseq(Vx b)) € Uy, b(x/w* (freetermseq(Va b)) € B, for all ¢ € tecons(S) and Vo b<ic, Vo b <1 b(a/w*(freetermseq(Va b)), b(x/w* (freetermseq(Va b)) <t ¢; (109) holds.

We have a* < 2, Vo b = do(a*), for all u € Uy # 0, b(x/u) € B, Vrb<ab(xz/u). Then there exist u* € Uy # 0 and b(z/u*) € B, Ve b<1b(z/u*); b(x/u*) € B — tcons(S), there exists B* < 7o
and 02(8*) = b(x/u*), Ve b<ab(z/u*) = §2(5*). We get two cases.

Case 2.1: There exists ¢* € tcons(S) and Vrb<ic*. Then, by (109), there exists w*(freetermseq(Vax b)) € Uy and b(x/w*(freetermseq(Vz b))) € B, for all ¢ € tcons(S) and Vrb<ec,
Vb < b(x/w*(freetermseq(Va b)), b(x/w* (freetermseq(Vx b))) < ¢; b(x/w*(freetermseq(Va b))) € B — tcons(S), there exists 8** < o and §2(8**) = b(x/w* (freetermseq(Vx b)), for all ¢ € tcons(S)
and Vo b<e, Ve b<82(8**), 62(8**) <c. We put k = maz(a*, B*, ) < v2 <wand M = {§(a) |a <k <72 <w,Veb<da(a)} Cr B—tcons(S). Hence, 5*, ** < k and §2(8*), 02(8**) € M # 0;
we have gatoms(S) # 0; by (101), for all ¢,d € B — {0, 1}, either c<id or (c = d or c=d) or d <l ¢, there exists aj} < k < 72 and da(a) € M is a minimal element of M with respect to <i; for all

€ (tecons(S)Uda[k+1])—{0, 1} € B—{0, 1}, either c<tVxbor (¢ = Yz bor c 2 Va b) or Vo b < ¢, either ¢ <1 53(ag)) or (¢ = da(ag) or ¢ 2 da(ay)) or da () <c, Vb <12(afy); we have that there does not
exist a contradiction of S; either ¢ <V bor (¢ = Vo bor c 2V b) or Vab<c, c < da(af) or (¢ = da(a) or ¢ 2 52(af)) or d2(af) <te. Letc € (tcons(S)U6Q[/<;+1]) {0, 1} = (tecons(S)—{0, 1})Uda[x+1],
Ve b<e, c<tdza(ag). We get two cases for c.

Case 2.1.1: ¢ € teons(S) — {0, 1}. Then §3(8**) < ¢, §2(5**) <1 d2(ag); we have §2(5**) € M; which is a contradiction that d2(ag) is a minimal element of M with respect to <.

Case 2.1.2: ¢ € §3]k + 1]. Then there exists a. < k and d2(a.) = ¢, Ve b<dc = da(ae), ¢ = o (ac) € M; we have ¢ <1 d2(c); which is a contradiction that da(«) is a minimal element of M with
respect to <.

Hence, for all ¢ € (tcons(S)Uda[k+1]) — {0, 1}, either c<iVa b or (¢ = Vo bor c=Vxb) or (c = da(ag) or ¢ 2 z(aj)) or da(ag) <ic; YV b<1da(ag), by (105) for Y b, 52(ag), V(d2(ag)) > V(Va b).
We put D = V(d2(ag)) — V(Vab), 0 < D < 1. Then, by (108) for af, there exists wo(freetermseq(¥Yx b), freetermseq(d2(ag))) € Uy and

b(x /1w (freetermseq(Va b), freetermseq(d2(ag)))) €
Vb <1 b(x/wo(freetermseq(Ya b), freetermseq(da (ao))))
b(x/wo(freetermseq(Va b), freetermseq(d2(agy)))) < d2(ag);

b(z/wo(freetermseq(Yx b), freetermseq(da(ag)))) € B — tcons(S), there exists £ < af* < 2 and d2(af*) = b(z/wo(freetermseq(Vx b), freetermseq(d2(asgy)))), Yo b < d2(af*), d2(ag*) < d2(ag).
Case 2.2: There does not exist ¢* € tecons(S) and Vxb<gc*. We put £ = maz(a*,5*) < 12 < w and M = {f2(a)|a < kK < 72 < w,Vxb<dz(a)} Cr B — tecons(S). Hence, f* < k and
52(B*) € M # 0; we have, for all ¢,d € B — {0, 1}, either c<id or (¢ = d or c2d) or d<i¢; there exists aff < k < 7o and d2(a}) € M is a minimal element of M with respect to <; for all
€ (tecons(S)Uda[k+1])—{0, 1} € B—{0, 1}, either c<tVabor (c = Yz bor c 2 Va b) or Vo b < ¢, either ¢ <153(ag)) or (¢ = da(agy) or ¢ 2 da(ay)) or da(a) < ¢, Y b <182(afy); we have that there does not
exist a contradiction of S; either c <V bor (¢ = Vo bor c 2V b) or Vo b<c, c < da(ag) or (¢ = da(af) or ¢ = 52(af)) or S2(af) <te. Let ¢ € (tcons(S)Uda[k+1])—{0, 1} = (tcons(S)—{0, 1})Uds[k+1],
Veb<e, c<tda(ag). We get two cases for c.
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Case 2.2.1: ¢ € teons(S) — {0, 1}. Then ¢ € tcons(S) — {0, 1} C tcons(S); we have Va b <1 ¢; which is a contradiction that there does not exist ¢* € tcons(S) and Va b < c*.

Case 2.2.2: ¢ € §3]k + 1]. Then there exists a. < k and ¢ = da(a.), Ve b<dc = da(a.), ¢ = da(a.) € M; we have ¢ <1d2(ag)); which is a contradiction that do(cg) is a minimal element of M with
respect to <.

Hence, for all ¢ € (tcons(S)Uda[k+1]) — {0, 1}, either c<iVa b or (¢ = Vo bor c=Vxb) or (c = da(ag) or ¢ 2 2(aj)) or da(ag) <ic; YV b<1da(ag), by (105) for Y b, 52(ag), V(d2(ag)) > V(Va b).
We put D = V(d2(ag)) — V(Vab), 0 < D < 1. Then, by (108) for af, there exists wo(freetermseq(¥Yx b), freetermseq(d2(ag))) € Uy and

b(x /1w (freetermseq(Vx b), freetermseq(d2(ag)))) €
Vb <1 b(x/wo(freetermseq(Va b), freetermseq(d2(a ))))
b(x/wo(freetermseq(Va b), freetermseq(da(ag)))) < d2(ag);

b(x /W (freetermseq(Vx b), freetermseq(dz(afy)))) € B — tcons(S), there exists k < af* < v2 and da2(af*) = b(x/wo(freetermseq(Va b), freetermseq(d2(ag)))), Yo b <1d2(af®), da(ad™) < da(ag).
So, in both Cases 2.1 and 2.2, there exist o, af < k < af* < 72, Wo(freetermseq(VYa b), freetermseq(d2(ag))) € Us, 0 < D = V(da(af)) — V(Y b) < 1 such that d2(a™) = Vo b <d2(ag), for all
€ (tcons(S) U ba[k + 1)) — {0, 1}, either c<aVa b or (¢ = Yo b or c2Vab) or (¢ = da(ag) or c2da(af)) or Sa(af) e, da(af*) = b(x/wo(freetermseq(Va b), freetermseq(d2(ay)))), Va b <1da(ag*),
d2(ag™) <1 d2(eg)-
We next prove the following statement:

For all n > 1, there exist k,a),_; < o < a* < 72, Wy (freetermseq(Vx b), freetermseq(d2(as))) € Uy such that (110)
Vo b<d2(ay), 62(ey,) <Qda(0g, 1),
for all ¢ € (tcons(S) U dq[al]) — {0, 1},
either c <tV b or (¢ =V bor c2Vab) or (c = da(a_ ;) or c= (e _4)) or Sz ;) <,
02 (a*) = b(a /Wy, (freetermseq(Va b), freetermseq(d2(a)))),
Vo b <1da(al*), d2(ak*) <1 da(al),

V(d2(ag)) =V(Vx b) + QBH,V(VJ? b) < V(d2(at)) < V(d2(cf)).

We proceed by induction on 1 < n.

Case 2.3 (the base case): n = 1. We have o*, af < k < af* < 72, d2(a) = Ve b<d2(ag), Ve b<ada(ag™), da(ad*) <d2(af), 0 < D = V(d2(ag)) — V(Vzb) <1, for all ¢,d € B— {0, 1}, either
c<ddor (c=dorc2d) ord<ec, for all ¢ € (tcons(S)Uda[k+1]) — {0, 1}, either c<aVx b or (¢ = Va b or c2Vab) or (¢ = da(ag) or = da(ag)) or da(a) <c. Weput My = {a|rk < a<af* <yp <
w, Vb <1 (), da(a) <d2(af)} Cx 2. Then af* € My # 0, there exists k < af < af* < v2 and af = min My, of € My, Ve b<d2(af), da(af) <da(af), for all k < @ < af < 79, either d2(a) <V b
or (62(a)) = Vz b or da(a) 2V b) or Yz b <ida(a), either da(a) <1 2(ag) or (d2(a) = d2(af) or da(a) 2 2(ag)) or dz(a) <1 62(ar); we have that Vo b<152(ag), there does not exist a contradiction of S;
either 62(a) <tV b or (d2(a) = Vo bor da(a) 2V b) or YV b <1 d2(a), da(a) <12(a) or (d2(a) = da(af) or da(a) 2 62(ag)) or da(af) <1da(a). Let k < a < af < af* < o, Vo b<12(a), da(a) <1 da(af).
Then o € My, a < af = min My, which is a contradiction. Hence, for all k < a < af, either da(a) <Va b or (62(a) = Va b or da(a) £V b) or (da(a) = da(ag) or da(a) £ da(a)) or da(ag) < da(ar),
for all ¢ € ((tcons(S) U da[rk + 1)) — {0, 1}) U {da(a) |k < a < af} = (tcons(S) U dz[af]) — {0, 1}, either c<iVab or (¢ = Vab or c=Vab) or (c = 52(a0) or ¢ 8y(ag)) or da(a) <c; we have
af < y2; af +1 < ¥ is a successor ordinal we have that Vo b <1d2(af), d2(af) < dz(af), there does not exist a contradiction of S 0% 52(a3), 1 282(a3), for all ¢ € (teons(S) U dslat]) — {0, 1},

c# da(ay), for all ¢ € tecons(S) Uég[al} = dom ), cZ62(at), Eq: = 0; o, af < k < of, d2(a*), 02(af) € tecons(S) U(Sg[al] oy dom(Va;), Vb = da(a*) € dom(Vasr), Var (0) = 0 < Var (VY b),

1 ¢ida(at), for all ¢ € (tcons(S) U dalai]) — {0, 1} and c<1dy(a}), either c<aVab or (¢ = Vo b or c2Vab), for all ¢ € tecons(S) U 2[af] @y dom(V,;) and c<idz(aj), c<aVwb or (¢ = Vab or
c£Vzb) or ¢ = 0, by (102) for af, ¢, Vab, either Var(c) < Var(Vab) or Va:(c) = Va: (Vo b); Var(¢) < Var (Vo b); Var (Vo b) € Dar, V Dar = Var (Vo b); Var (2(af)) < 1= Var (1), d2(af) 40,

for all ¢ € (teons(S) U da]af]) — {0, 1} and da(af) <c, either (¢ = da(ag) or c=dz(ag)) or da(af) <c, for all ¢ € tcons(S) U da[a] @y dom(Var) and 02(a}) <, (¢ = d2(af) or c£d5(af))
or dz(ap) <cor ¢ = 1, by (102) for aj, da(ag), ¢, either Vi:(d2(ag)) = Vaz(c) or Var(d2(ag)) < Var(c); Var(62(a5)) < Var(e); Var(d2(a)) € Ual, AUsr = Var (02(af)); we have Eor = 0;
4) VDo + AUsr  Var (Vo b) + Var (62(af)) (91) V(Va b) + V(da(a)) V(02(ag)) — V(Vm b)

V(52(07)) & Vas 1 (62(af)) = > = = O 5 — V(Vab)+ :

D
=V(Vxb)+ 5 we have Vb <1d2(arf); by (108) for af, there
exists wy (freetermseq(Vx b), freetermseq(da(ai))) € Uy and

b(x /11 (freetermseq(Va b), freetermseq(d2(a3)))) €
Vo b <1b(z/w (freetermseq(Va b), freetermseq(d2(c ))))
b(x /w1 (freetermseq(Vx ), freetermseq(d2(ay)))) < da(ad);
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b(z/wn (freetermseq(Vx b), freetermseq(da(ai)))) € B — tcons(S), d2(ai) ¢4 d2(a3), there exists k, af < af < af* < v and da(af*) = b(x /w1 (freetermseq(Va b), freetermseq(da(at)))), Vo b <1 dz(af*),
da(a*) < 8a(af), by (105) for Vz b, da(ai*), (52(041) V(Vm b) < V(d2(a3*)), V(d2(a7*)) < V(d2(a)); (110) holds.

Case 2.4 (the induction cabe) n > 1. We have a* < k < 79, Vo b = da(a ) for all ¢,d € B — {0, 1}, either c<id or (¢ = d or ¢=d) or d<ic. We get by induction hypothesis for n — 1
that there exist k,a)_, < af_; < af* | < 72, Wn_1(freectermseq(Vab), freetermseq(dz(a_1))) € Uy satisfying Yo b <1d2(al_1), da(al_1) <Qd2(aj_5), for all ¢ € (tcons(S) Udelal_4]) — {0, 1},
either c <1V b or (c = Vo b or c2Vxb) or (¢ = da(a_,) or c2da(a_y)) or da(a_5) e, 52(aj‘,,*_1) = b(x/ﬁ)n_l(freetermseq(Vxb) freetermseq(52( _1))), Ve b<da(al® ), d2(al* 1) <Qd2(a_q),

V(d2(ak_1)) = V(Vxb) + ot We put M,, = {a|al_ | < a < o < 7 < w,Veb<ds(a),de(a) <da(ai_1)} Cx v2. Then ai* | € M, # 0, there exists af_; < af < a* | < 72 and
o = min M, o, € M, Yo b<da(al), da(a) <da(ai_y), for all af_; < a < af < 7, either da(a) <Va b or (d2(a) = Vo b or da(a) £V b) or Yo b<da(a), either dy(a) <ida(a_;) or (d2(a) =

Sa(a 1) or 8z(a) £ da(ak 1)) or da(ak ;) <52( ); we have that Va b <ida(a_;), there does not exist a contradiction of S; either do(a) <1V b or (d2(a) = Va b or dz(a) =V b) or Vo b<da(a),
da( )<152( ak 1) or (dy(a) = da(af ;) or Sa(a) £ 6x(ak_;)) or Sa(a_ ;) <16z(c). Let af 1 <a<al<al, <y, Veb<i(a ) da(a) <02(ak_1). Then a € M, o < o, = min M,,, which is a

contradiction. Hence, for all o _; < a < o, either dz(a) <1V b or (62(a) = Vo b or da(a) 2V b) or (dz(a) = da(af_;) or da(a) =a(a_;)) or da(a_1) <162(a); we have da(af_;) < da(e_5); for

all ¢ € (tcons(S)Uda[ek_1])—{0, 1}, either c<aVz bor (¢ = Vo bor c2Varb) or (c = daaf_;) or e=a(af,_1)) or da(a ;) <, for all ¢ € ((teons(S)Udala_1])—{0, 1) U{da(a) |} Sa<al} =
(tcons(S)Udq[a]) —{0, 1}, either c<1Vx bor (c = Vo bor c2Vab) or (c = da(a _ 1) or 0—52( af_q1)) or da(al 1) <¢; we have o, < 725 af +1 < 9 is a successor ordinal; we have that Vo b <12 (« *)
S2(a) <162(af_), there does not exist a contradiction of S; 0 £ z(a 1 Z0a(at), for all ¢ € (teons(S) U dafa]) — {0, 1}, cZ62(al), for all ¢ € teons(S) U Saa] = Y 4o om(Vas ), ¢ 20 (a

Eo: = 0; of <k <o < ap, da(a*),d2(as_1) € tecons(S) U (52[an] Gy dom(V ) Vab = 0a(a*) € dom(Vaz ), Vaz (0) = 0 < Vy *(Va:b) 1 463(al), for all ¢ € (tecons(S) U dafal]) — {0, 1}

and ¢ <62(af), either c<iVzb or (¢ = Vo b or c2Vzb), for all ¢ € tcons(S) U da[af) ©y dom(Va:) and c¢<182(aj;), c<Vab or (¢ = Vob or c2Vab) or ¢ = 0, by (102) for o}, ¢, Va b, either
Vaz (€) < Vaz (Vo b) or Var (¢) = Va: (Vo b); Var (¢) < Var (V& b); Var (Vo b) € Das, VDox = Var (Vo b); Var (02(0, 1)) < 1 = Var (1), d2(ay,) A0, for all ¢ € (tcons( YU dzfak]) — {0, 1} and

So(a) <e, either (c = da(a_1) or c=da(a_4)) or da(af_;) <c, for all ¢ € tecons(S) U da[a] Gy dom(Vy+) and 2(a) <¢, (¢ = da(af,_1) or c£685(ad_y)) or da(ajs_y)<cor ¢ = 1, by (102)

for o, da2(aj, 1), ¢, either Vo (d2(aj 1)) = Vaz (¢) or Var (62(ag, 1)) < Vaz (€); Vaz (02(a, 1)) < Vaz (€); Vaz (02(; 1)) € Uax, AUaz = Var (62(aj;_1)); we have Eq: = 0; V(d2(aj)) = ©
D
D Uy Vor (V2 b) + Vo (82 (a Vo b 5o (cr* 5ol _V(Vrb V(Vzb) + 5— (Vx b)
Va +1(52( *)) _ V ) ;—A no_ n( X )+ n( 2(0{7171)) (9:4) V( T )+V( 2(0477,71)) _ V(Vajb) + V( 2(0{,’171)2) V( X ) _ V(be) + 22 1 _ V(be)+ 277 we have

2 2
Vo b<da(al); by (108) for o, there exists W, (freetermseq(Vx b), freetermseq(d2(as))) € Uy and

b(x/wy, (freetermseq(Vx b), freetermseq(d2(c,)))) € B
Vo b < b(z/wy,(freetermseq(Va b), freetermseq(da(ar)))),
))) < 52(04;'1);

ar* < vy and da(a*) = b(x/w,(freetermseq(Va b), freetermseq(d2(af)))),
10 ) holds.

b(x /Wy, (freetermseq(Vx b), freetermseq(dz(cx),)

b(x/wn(freetermseq(‘dx b), freetermseq(d2(ct)))) € B — tecons(S), d2(a)) 4Ada(al), there exists k,af_; < af
be<52( ) 52( **) <]52( ) by (105) for VCCb (52( ) 52( ) (VZ b) < V((SQ( )), V(ég(a:;*)) < V((SQ(O[Z)),
So, in both Cases 2.3 and 2.4, (110) holds. The 1nduct10n is completed. Thus, (110) holds.
Then, by (110),

<
(1

/\ V(b(z/u)) < /\ V(b(x /Wy, (freetermseq(Vx b), freetermseq(dz(c;))))) =

uEUsy n>1
A V(e < A ViEan) = A (Vivab) + D) V(vab) + /\ 2 y(vzb),

V(Vzb) = A, cppy V(0(z/1)).

So, in both Cases 1 and 2, V(Y b) = A, ¢y, V(0(z/u)); V(Y2 D) = A, cpy V(b(z/1)).

Let a = 3z b € B. Then Jzb € B— tcons(S), there exists a* < 75 and dy(a*) = Jzb; Iz b € qatoms(S) C qatoms(clo®™(S)). Let u € Uy. Hence, by (106) for 3z b, u, b(x/u) € atoms(clo®(S9)),
by (97) for Iz b, b(x/u), there exist a deduction D = C4,...,Cy, n > 1, from S by basic order hyperresolution, associated L, Sy, Sn € GOrdCl, , and Jx b, b(z/u) € atoms(Sy) U gatoms(Sy,),
Jzb € gatoms?(S,) C QAtom, , b(z/u) € atoms(S,) C GAtomg,, u € GTermg,. We put v = z/u € Subst,, dom(y) = {z} = vars(b). Then by = b(x/u), using Rule (46) with respect to L,,
Sy, we derive by < JxbV by = Jxb = b(x/u) < IxbV b(x/u) = Jxb € GOrdCle,. We put L, 41 = Ly, Cpyr = b(x/u) < JxbVb(x/u) = Ixb € GOrdClz, € GOrdCl, g,p» D' = D,Cpnyu,
Snt1 =S U{Cpns1} € GOrdClg, = GOrdClg,,,; D" is a deduction of Cy, 1 from S by basic order hyperresolution. Hence, Cp, 11 € cloPM(8), b(z/u) < Fzb € S or b(z/u) = 3z b € S, for both the
cases b(x/u) < Jzb e S and b(x/u) =3z b €S, b(z/u) € atoms(S); b(z/u) € atoms(S) C B; we have that there does not exist a contradiction of S; either b(x/u) < 3zb € S or b(x/u) = Jz b €S,
either b(z/u) <1 3w b or b(z/u) = 3z b, by (105) for b(z/u), Iz b, either V(b(z/u)) < V(Izb) or V(b(z/u)) = V(Ix b); Vueuy YV(0(2/u)) < V(3zb). We distinguish two cases.
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Case 1: There exists u* € Uy such that b(z/u*) € B and b(z/u*) 2 3xb. Then, by (105) for b(z/u*), Iz b, V(b(z/u*)) = V(3Izb), V(3zb) = V(b(z/u*)) < Veu, VO(z/w)), V(2 b) =
Ve V(0(/w)).

Case 2: For all u € Uy, b(z/u) € B and b(x/u) <3z b. At first, we prove the following statements:

For all & < 79 and () < Jx b, there exists w(freetermseq(3xb), freetermseq(d2(a))) € Uy such that (111)
b(z/w(freetermseq(3x b), freetermseq(d2(r)))) € B,
d2(a) A b(x/w(freetermseq(Ix b), freetermseq(dz(r)))),
b(x/w(freetermseq(3x b), freetermseq(dz(a)))) < Iz b.

Let a < 7 and dy(e) <3zb. Then dy(a) € B C atoms(clo®™(S)) U qatoms(clo®™(S)), by (97) for 3z b, d(a), there exist a deduction Ci,...,Cp, n > 1, from S by basic order hyper-
resolution, associated L, Sn, S, € GOrdClg,, and 3zb,83(c) € atoms(S,) U gatoms(S,); Jxb € qatoms™(S,) C QAtom, , d2(a) € atoms(S,) U gatoms(S,) C GAtomg, U QAtom, ,
there exists @ € W — Funcy, and ar(®) = |freetermseq(3xb), freetermseq(da(c))|. We put v = z/w(freetermseq(3x b), freetermseq(da(a))) € Substz, ey, dom(y) = {xz} = wars(b).
Hence, w(freetermseq(3xb), freetermseq(d2(c))) € GTermp, yqwy, by = b(x/w(freetermseq(3xb), freetermseq(da(r)))), using Rule (48) with respect to L, S,, we derive do(a) < by V Iwb =
d2(a) V 3w b < d2(a) = d2(a) < b(x/w(freetermseq(Ixb), freetermseq(dz(cr)))) V Iz b = da(a) V Iz b < da(a) € GOrdCly, yray. We put L1 = L, U{w}, v € Substy ugey = Subste, .,
W(freetermseq(3x b), freetermseq(do(a))) € GTerme, vy = GTerme, ., € GTerm, g p, Cny1 = 02(a) < b(x/w(freetermseq(3xb), freetermseq(da(a)))) V 3xb = do(a) V Iz b < d2(a) €
GOrdClg, ey = GOrdCly,, ., € GOrdCl, g,p, D' = D,Cry1, Sny1 = SnU{Cpny1} € GOrdCle, U GOrdCl, ., = GOrdCl,, ,,; D' is a deduction of C,,1 from S by basic order hyperresolution.
Then Chy1 € clo®™(S), da(r) < b(x/w(freetermseq(Iab), freetermseq(d(a)))) € S or Jzb = dy(a) € S or Iz b < d2(a) € S; we have that dz(a) <3z b, there does not exist a contradiction of S;
da(a) < b(x/w(freetermseq(3xb), freetermseq(d2(x)))) € S, funcs(w(freetermseq(3x b), freetermseq(d2(c)))) C Func,UW, funcs(w(freetermseq(3x b), freetermseq(dz(a))))NW C funcs(S)NW = W*,
funcs((freetermseq(3x b), freetermseq(d2(cv)))) € Funce UW*, i (frectermseq(3x b), freetermseq(da(a))) € GTerm p e, p = Usi,

b(x/w(freetermseq(Ix b), freetermseq(dz()))) € B,
02 () 9 b(x/w(freetermseq(Ix b), freetermseq(dz(r)))),
b(x/w(freetermseq(3x b), freetermseq(dz(r)))) < Jx b;

(111) holds.

Let there exist ¢* € tecons(S) and ¢* <3z b. There exists w*(freetermseq(Ix b)) € Uy such that b(z/w* (freetermseq(3xb))) € B, for all ¢ € tcons(S) and ¢ <13z b, (112)
¢ <Ab(x/w*(freetermseq(3x b))),
b(x/w* (freetermseq(3x b))) < 3x b.

We have Jz b € qatoms(cloBH(S)). Then there exists C € cloP" (S) and Jz b € gatoms(C); there exists a deduction D = C4,...,C, = C, n > 1, from S by basic order hyperresolution, associated
Ly, Sp, C =C, €8, C GOrdClg,, and 3z b € gatoms?(C) C qatoms?(S,) C QAtom, ; there exists @* € W — Funce, and ar(@*) = |freetermseq(3xb)|. Let ¢ € tcons(S) and ¢ <13z b. We
have that there does not exist a contradiction of S. Hence, ¢ # 1 and ¢<11 € ordtcons(S) C ordtcons(S) U GInst, (S). We put L,41 = Ly, Cpy1 = ¢ <1 € ordtcons(S) U Glnste, (S) C
GOrdClg, € GOrdCl, s p>» D' = D,Cpi1, Spy1 = Sp U{Chi1} € GOrdCl,, = GOrdClg, ,,; D' is a deduction of Cy41 from S by basic order hyperresolution. Then Jzb € qatoms?(S,) C
qatoms=(Sp41) C QAtom, ., w* € W — Funcy, = W — Funcg,, ., w*(freetermseq(3w b)) = 0*(freetermseq(Ix b), £) = w*(freetermseq(3x b), freetermseq(c)), ¢ € atoms(Cry1) C atoms(Sp11) C
GAtomg, .. We put v = x/0*(freetermseq(3x b), freetermseq(c)) = x/w*(freetermseq(3w b)) € Substy, . ugw+}, dom(y) = {x} = vars(b). Hence, w*(freetermseq(3xb)) € GTerme, uiw+y,
by = b(x/w* (freetermseq(Ix b))), using Rule (48) with respect to L, 41, Sni1, we derive ¢ < by V 3z b = cV Izb < ¢ = ¢ < b(x/w*(freetermseq(Ixb))) V Iz b = cV Ixb < c € GOrdClz, Lip+-
We put Lyqo = Lpy1 U{0*}, v € Substy,  uqay = Substz, ., W*(freetermseq(3xb)) € GTermy, . ua+y = GTerme, ., € GTerm, 5 p, Cny2 = ¢ < b(x/w*(frectermseq(Ixb))) vV Ixb =
cVIrb < ce GOrdCl., ua+y = GOrdCle,,, € GOrdCl, . p, D" = D',Cni2, Snya = Spi1 U{Cnia} C GOrdCle, ., U GOrdClg, ., = GOrdCl, ,; D" is a deduction of Cy; from
S by basic order hyperresolution. Then C, o € clo®(S), ¢ < b(x/w*(freetermseq(Ixb))) € S or 3xb = c € S or Irb < ¢ € §; we have that c<13x b, there does not exist a contradiction

of S; ¢ < b(x/w* (freetermseq(3z b)) € S, funcs(w*(freetermseq(3xb))) € Funcy UW, funcs(w* (freetermseq(Iz b)) "W C funcs(S) NW = W*, funcs(w*(freetermseq(3xb))) C Funcy U W*,
w*(freetermseq(Ix b)) € GTerm ., p = Usi,

b(x/w* (freetermseq(Iz b))) € B,
¢ <1 b(x/w*(freetermseq(Ix b)),
b(x/w* (freetermseq(Ix b))) < Jx b;
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for ¢ = ¢*, w*(freetermseq(3x b)) € Uy, b(x/w* (freetermseq(3x b))) € B, for all ¢ € tcons(S) and ¢ <13z b, ¢ < b(x/W*(freetermseq(Ix b)), b(x/w* (freetermseq(Ix b))) <3z b; (112) holds.

We have a* < v, Jzb = dy(a*), for all u € Uy # 0, b(z/u) € B, b(x/u) <3z b. Then there exist u* € Uy # O and b(x/u*) € B, b(x/u*) <13z b; b(z/u*) € B — tcons(S), there exists 5* < 7o
and d2(8*) = b(x/u*), d02(8*) = b(xz/u*) < Jrb. We get two cases.

Case 2.1: There exists ¢* € tcons(S) and ¢* <<3zb. Then, by (112), there exists w*(freetermseq(Ix b)) € Uy and b(z/w*(freetermseq(Iz b))) € B, for all ¢ € tcons(S) and c<13x b,
¢ Qb(x/w*(freetermseq(3x b))), b(x/w* (freetermseq(Ix b))) < Jx b; b(a/w* (freetermseq(Ix b))) € B — tcons(S), there exists f** < vo and Jo(5**) = b(z/w* (freetermseq(3xb))), for all ¢ € tcons(S)
and ¢ <3z b, ¢ < 02(5**), 02(8**) < Fxb. We put £ = maz(a*, 8%, ) < y2 <wand M = {§(a) |a < k < 72 < w, () <Tz b} Cr B—tecons(S). Hence, 5%, 3** < k and §2(8%), 02(5**) € M # 0;
we have gatoms(S) # 0; by (101), for all ¢,d € B — {0, 1}, either c<id or (¢ = d or c2d) or d<lc, there exists oy < k < 72 and da(af) € M is a maximal element of M with respect to <; for all
c € (tecons(S)Uda[k+1])—{0, 1} € B—{0, 1}, either c <1 52() or (¢ = da () or ¢ = da(a)) or da () e, either c<t Iz bor (c = Iz bor ¢=Jzb) or Iz b < ¢, da(af) < Iz b; we have that there does not
exist a contradiction of S; either ¢ <1 da(a}) or (¢ = da(a) or ¢ 2 82(afy)) or 62(af) <te,c<t3zbor (¢ = Izbor c=3xb) or Irb<e. Let ¢ € (tcons(S)Uda[k+1])—{0, 1} = (tcons(S)—{0, 1})Udy[k+1],
da(af) < e, c<t3xb. We get two cases for c.

Case 2.1.1: ¢ € tcons(S) — {0, 1}. Then ¢ <1d2(8**), d2(a) < 02(8**); we have d3(8**) € M; which is a contradiction that da(ag) is a maximal element of M with respect to <.

Case 2.1.2: ¢ € 63k + 1]. Then there exists a, < k and da(.) = ¢, d2(a.) = c<4Fr b, ¢ = da(a.) € M; we have d3(afy) < ¢; which is a contradiction that d2(af)) is a maximal element of M with
respect to <.

Hence, for all ¢ € (tcons(S)Uda[k+1]) — {0, 1}, either ¢ <1d2(ag) or (c = da() or ¢= 5z(agy)) or (¢ = 3z bor ¢23xb) or Fxb<ic; da(a) <3z b, by (105) for 52(aj), Ixb, V(3xb) > V(52(ag)).
We put D = V(3zb) — V(d2(ag)), 0 < D < 1. Then, by (111) for af, there exists W (freetermseq(3x b), freetermseq(d2(ag))) € Uy and

b(x /1w (freetermseq(3x ), freetermseq(d2(ag)))) € B,
02 (o) < b(x/wo(freetermseq(Ix b), freetermseq(da(ag)))),
b(x /W (freetermseq(3x b), freetermseq(dz(ag)))) < 3z b;

b(x /W (freetermseq(3x b), freetermseq(dz(afy)))) € B — tecons(S), there exists k < af* < v2 and da2(a*) = b(x/wo(freetermseq(Ix b), freetermseq(d2(ag)))), da(ag) < da(af™), d2(ag*) <3z b.

Case 2.2: There does not exist ¢* € tcons(S) and ¢* <3xb. We put £ = maz(a*,*) < y2 < w and M = {§2(a) |a < k < v2 < w,dz(e) <Tz b} Cx B — teons(S). Hence, f* < k and
52(B*) € M # 0; we have, for all ¢,d € B — {0, 1}, either c<id or (c = d or c2d) or d<c; there exists aff < k < 72 and 62(af)) € M is a maximal element of M with respect to <; for all
c € (teons(S)Uda[k+1])—{0,1} C B—{0, 1}, either c <1 52(afy) or (¢ = d2(afy) or ¢ £ da(a)) or da () < c, either c<t Iz bor (c = Jrbor c= Jxb) or Jz b < ¢, 52(afy) < Jx b; we have that there does not
exist a contradiction of S; either ¢ <1 da(af) or (¢ = da(a) or ¢ 2 62(afy)) or 62(a) <te,c<t3zbor (¢ = Izborc=23xb) or Ixb<e. Let ¢ € (tcons(S)Uda[k+1])—{0, 1} = (tcons(S)—{0, 1})Udy[k+1],
da(af) < e, c<t3xb. We get two cases for c.

Case 2.2.1: ¢ € tcons(S) — {0, 1}. Then ¢ € tcons(S) — {0, 1} C teons(S); we have ¢ <3z b; which is a contradiction that there does not exist ¢* € tcons(S) and ¢* <3z b.

Case 2.2.2: ¢ € d2[k + 1]. Then there exists a, < k£ and ¢ = da(.), d2(a.) = c<1Fr b, ¢ = da(a.) € M; we have d2(afy) < ¢; which is a contradiction that dz(af) is a maximal element of M with
respect to <.

Hence, for all ¢ € (tcons(S)Uda[k+1]) — {0, 1}, either ¢ <1dz(ag) or (c = da(a) or ¢= 53(agy)) or (¢ = 3z bor ¢23xb) or Fxb<ic; da(a) <3z b, by (105) for 52(aj), Ixb, V(3xb) > V(52(ag)).
We put D = V(3zb) — V(d2(a)), 0 < D < 1. Then, by (111) for of, there exists wo(freetermseq(Ix b), freetermseq(d2(a))) € Uy and

b(x /wo(freetermseq(3x b), freetermseq(d2(ag)))) € B,
02 (o) < b(x /o (freetermseq(Ix b), freetermseq(da(ag)))),
b(x /wo(freetermseq(3x b), freetermseq(d2(ag)))) < 3z b;
b(x /W (freetermseq(3x b), freetermseq(dz(afy)))) € B — tecons(S), there exists k < af* < v2 and da2(af*) = b(x/wo(freetermseq(Iz b), freetermseq(d2(ag)))), da(ag) < da(af™), d2(af*) <3z b.
So, in both Cases 2.1 and 2.2, there exist o, af < k < af* < 72, Wo(freetermseq(3xb), freetermseq(d2(ag))) € Us, 0 < D = V(Fx b) — V(d2(afy)) < 1 such that d2(af) <3z b = d2(a*), for all
c € (teons(S) U dalk + 1]) — {0, 1}, either c<12(ag) or (¢ = da(ag) or ¢ da2(a)) or (c =3z bor c23xb) or 3w b<c, S2(af*) = b(x/wo(freetermseq(Ix b), freetermseq(d2(ag)))), d2(ag) <1 da(ag*),
da(ag*) <3z b.
We next prove the following statement:
For all n > 1, there exist k,a),_; < o < al* < 72, Wy (freetermseq(3x b), freetermseq(d2(as))) € Uy such that (113)
d2(a 1) < dz(al), da(at) < Fa b,
for all ¢ € (tcons(S) U da[e]) — {0, 1},
either ¢ <162(a_1) or (¢ = da(a_1) or c268a(a_1)) or (c=3xbor c23xb) or Irbdec,
02 (a*) = b(x /Wy, (freetermseq(3x b), freetermseq(d2(as)))),
d2(a7,) < 02(ay”), 62(0y") < 3w b,

V(d2(ag)) = V(I b) — D V(d2(al)) < V(d2(et*)) < V(3 b).

on’
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We proceed by induction on 1 < n.

Case 2.3 (the base case): n = 1. We have o™, af < k < af* < 72, d2(af) <93z b = da(a™), d2(af) <d2(af), da(ag*) <z b, 0 < D = V(3xd) — V(d2(af)) < 1, for all ¢,d € B— {0, 1}, either
c<dor (c=dor c—d) or d<ic, for all ¢ € (tcons(S) U e[k +1]) — {0, 1}, either ¢ <1 d2(g) or (c = da(a) or ¢ 2 z(afy)) or (c = Txbor c23zb) or Irb<ie. Weput My = {a|r < a < af* <y, <
w, d2(ag) < d2(a), o2 () < be} Cr y2. Then of* € My # 0, there exists k < af < af* < 2 and af = min My, af € My, da(ag) <da(af), d2(af) <Tzb, forall k < a < af < v, either da(a) <1 da ()
or (62(a) = da(a) or Sa(a) 2 82(af)) or S2(af) <12(a), either do(a) < Tz b or (d2(a) = b or a(a) = Iz b) or Irb<1dz(a); we have that do(aj) < 3w b, there does not exist a contradiction of S;
either 0z () <10z () or (d2(a) = da(agy) or da() £ da () or da(ag) < da(a), da(a) < T b or (62(a) = 3z b or da(a) 23 b) or 3w b<da(a). Let k < a < af < af* < 72, o) < 6a(ar), S2(ar) < 3z b.
Then a € My, o < af = min My, which is a contradiction. Hence, for all £ < a < af, either da(a) <1d2(ag) or (d2(a) = da(ag) or da(w) éég(af‘))) or (62(a)) = 3z b or §2(a) £ 3z b) or Iz b<1da(ar),
for all ¢ € ((tcons(S) U dalk + 1)) — {0,1}) U{d2() |k < a < af} = (tecons(S) U d2[ai]) — {0, 1}, either c<1dz(af) or (¢ = d2(ag) or 0—52(040)) or (c = 3xb or c23xb) or Irb<ic; we have
af < y2; af +1 < 9 is a successor ordinal we have that da () < da(af), da(af) <3 b, there does not exist a contradiction of S; 0 £ do(a), 1 2 da(af), for all ¢ € (tcons(S) U dz[af]) — {0, 1},

c#62(ay), for all ¢ € tecons(S) U Safa ] dom ar)s € 02(a}), Ear = 0; o, 0 < K < af, d2(a*),62(af) € teons(S) Uég[al] @y dom(Vasr ), Va: (0) = 0 < Va:(2(ag)), 1 #Ad2(a7), for all

€ (tcons(S) U da[ai]) — {0, 1} and ¢ <162(a?), either ¢ <ida(af) or (¢ = da(ag) or ¢ 2 da(ag)), for all ¢ € teons(S) U dafa ] 0 dom(Vay) and ¢ <183(a}), ¢ <82(af) or (¢ = dz(af) or c2d2())
or ¢ = 0, by (102) for af, ¢, dz2(af), either Var(c) < Var(d2(ag)) or Var(c) = Var(02(af)); Var(c) < Var(02(05)); Var(02(af)) € Dar, VDar = Var(d2(ag)); 3xb = da(a*) € dom(Var),

Var(3zb) <1 =V,: (1), d2(ai) #40, for all ¢ € (tcons(S) U dz[ai]) —{0,1} and d(af) <, either (¢ = Jzb or ¢£3xb) or Irb<ec, for all ¢ € teons(S) U dafaj] @ dom(Var) and d2(af) <c,
(c=3xbor c23xb) or Jxb<cor c =1, by (102) for of, Ixb, ¢, either Vor (Fxb) = Var(c) or Var (Fzb) < Var (¢); Var (Fxb) < Va: (¢); Var(3zb) € Uaz, AUar = Var (32 b); we have Eqr = 0;

949 VDo; + AUs; _ Va;(62(a5)) + Vay (32) 94 V(3a(e)) IV ED V(& b) — V(da(ag))
2

V(62(a7)) = Vag+1(d2(ai)) = > =— 5 = 5 =V(3zbd) -

D
=V(3zb) — 5 we have dz(af) <3z b; by (111) for af, there
exists w1 (freetermseq(3x b), freetermseq(d2(ai))) € Uy and

b(x /11 (freetermseq(3x ), freetermseq(dz(a3)))) € B,
d2(af) < b(x/wy (freetermseq(Ix b), freetermseq(d2(ai)))),
b(x /w1 (freetermseq(3x b), freetermseq(d2(af)))) < 3 b;

b(x /w1 (freetermseq(3x b), freetermseq(dz(ay)))) € B—tcons(S), d2(af) 4 02(a7), there exists K, off < af < ai* < vz and da(af*) = b(x /w1 (freetermseq(3x b), freetermseq(dz(ai)))), d2(af) < d2(ai*),
da(af*) <3z b, by (105) for da(af), da(af*), Iz b, V(ég(al)) < V(d2(a5*)), V(d2(af*)) < V(3xb); (113) holds.

Case 2.4 (the induction case): n > 1. We have a* < k < 72, 3xb = da(a*), for all ¢,d € B — {0, 1}, either c<id or (c = d or ¢c=d) or d<ic. We get by induction hypothesis for n — 1
that there exist k,0)_, < af_; < ai*y < v, Wp_1(freectermseq(Ix b), freetermseq(da(cvf_1))) € Uy satistying da(a)_o) <da(af_q), d2(aj_1) <3z b, for all ¢ € (tcons(S) U dzlal_4]) —{0,1},
either ¢ <162(a_,) or (¢ = da(a_o) or c265(af_y)) or (¢ = 3xbor c23xb) or Irb<c, do(al* ;) = b(x /W, _1(frectermseq(Ix b), freetermseq(da(a,_1)))), dala_;) < da(al* ), 62(04**_ ) <13z b,
V(d2(ak_1)) = V(Izb) — F We put M,, = {a|a_; < a < aff; < v < w,dfa)_q)<Dd2(a),d2(a) <<Ixb} Cr 2. Then ol € M, # 0, there exists a,_; < af < a*; < 72 and
af = min M, o € M, d2(a_;) <da(al), da(ak) <13z b, for all af | < a < af < 79, either a(a) <1 da(a_1) or (82(a) = d2(af_;) or Sa(a) £ da(ak_1)) or da(al 1) <1 da(a), either do(a) <13z b
or (d2(a) = Jxb or Jz(a) éEla: b) or Jxb<1d2(a); we have that do(a_;) <tJz b, there does not exist a contradlction of S; either 52( )<t 62(af_q) or (d2(a) = Sa(af_;) or da(a) = 6a(af_;)) or
So(a 1) <182(a), 62(a) 13w b or (62(a) = 3z b or Ja(a) 23z b) or Irb<dda(a). Let of | < a < af < a*; < 7y, da(af_) <da(a), d2(a) <tz b. Then a € M, a < o = min M, which is a
contradlctlon Hence, for all o _; < a < o, either da(a) <1da(a_;) or (62(a) = d2(a_1) or da(a) 2 d2(a_4)) or (62(a ) =3z b or do(a) 232 b) or 3z b<da(a); we have do(af_,) <1z(a_,); for
all ¢ € (tcons(S) U dafa_4]) — {0, 1}, either c¢<18z(a,_;) or (¢ = da(a,_,) or c= () or (c=3xbor c23zb) or Irb<c, for all ¢ € ((tcons(S) U da[a_4]) — {0, 1}) U {da(ar) |ozn_1 <a<
at} = (tcons(S) U da o ]) {0, 1}, either c<1d2(a_1) or (¢ = da(af_4) or céég( *_1)) or (c =3zbor c23zb) or Irb<c; we have af < 742; o + 1 < 75 is a successor ordinal; we have that

da(e_1) <1§2( ), d2(a) <1 3w b, there does not exist a contradiction of S; 0 2 da(a), 1 2 62(al), for all ¢ € (tcons(S) U da[al]) — {0, 1}, c 2 d2(al), for all ¢ € tecons(S) U da[a] oy dom(Vax ),
c#62(0), Ear =0; 0" <k < af_y < ap, 6a(a”),82(cs_y) € teons(S)Uds[af)] Gy dom(Va;;), Va;(O) =0 < Va: (02(ay, 1)), 1 Ad2(ay,), forall c € (tcons(S)Udg[a 1)—{0, 1} and ¢ < 62(a,), either

c<1d2(ak_q) or (¢ = da(a n 1) or c= 8 (ak ), for all ¢ € tecons(S) U da[a] 4 dom(V,:) and 0462( 5, c<d6a(ak_q) or (c = da(al_,) or c=da(a_4)) or ¢ = 0, by (102) for o, ¢, 62(a_),
either Vo (€) < Vax (62(aj;,_1)) or Va: (c ) Var (02(05_1)); Vaz (€) < Var (02(ai_1)); Vaz (02(ag 1)) € Do, VD « = Var (02(0g,_1)); Jxb = 02(a*) € dom(Vaz ), Var (Fxbd) < 1 = Var (1),

da(ak) 40, for all ¢ € (tecons(S)Udzla]) —{0, 1} and d2(a) < ¢, either (¢ = Jx b or Cézlxb) or Jxb<e, for all ¢ € tecons(S)Udz[al] = ( 2 dom(Va: ) and 02(ay) <, (c=3Fzbor c23zb) or Irb<c
(94)

or ¢ = 1, by (102) for o}, 3z b, ¢, either Vox (32 D) = Vs (¢) or Vax (32b) < Vs (¢); Var (32D) < Var (¢); Vaz (32b) € Uas, AUas = Vo (32d); we have Eq: = 0; V(02(0r))) = Var41(02(03)) =
D
Dox + AUss  Vas (S2(a; Var 3z b V(Sa(a, V(3zb V(3zb) — V(6s(ar, V(3zb) — (V(3zd) — 5 —) D
VDo, 5 AU = 5 2(an_1)2)+ 2 (Gz8) @4 ( 2(a"71)2)+ (3zb) =V(3xbd) — Ged) 2( 2(ch-1) =V(3zb) — 5 B =V(3xbd) — on We have d2(a,) <3z b; by
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(111) for o, there exists Wy, (freetermseq(3xb), freectermseq(da(cs))) € Uy and

b(x /Wy, (freetermseq(3x b), freetermseq(dz(ay,)))) € B,
da () < b(x /Wy, (freetermseq(Ix b), freetermseq(d2(a)))),

n

b(x /Wy, (freetermseq(Ix b), freetermseq(da(al,)))) < Fz by

b(w/wn(freetermseq(ﬂm b), freetermseq(d2())))) € B — tcons(S) da(a) A d2(ar), there exists k,al_; < o) < aff < 2 and d2(a*) = b(x/wy,(freetermseq(Ix b), freetermseq(da(al)))),
da(a) < da(ar®), da(a*) <3z b, by (105) for da(ak), d2(ak), Iz b, V(da(ak)) < V(d2(al*)), V(d2(ai*)) < V(I b); (113) holds.

So, in both Cases 2.3 and 2.4, (113) holds. The mductlon is completed. Thus, (113) holds.

Then, by (113),

V V(b(z/u)) > v V(b(z/wy, (freetermseq(3z b), freetermseq(da(cry))))) =

uEUs n>1
V Vi) = \ Vi) = \ (VEeb) — o) = V@) — A o2 = V(D).
n>1 n>1 n>1 n>1

V(3zb) = VuEZ/l\u V(b(xz/u)).
So, in both Cases 1 and 2, V(32 b) =V, ¢y, V(b(z/u)); V(32 d) =V, 1y, V(b(x/u)). Thus, (107) holds.

We put
2 flus,...,uz) if f € Func, g-,p>

[P u, . ur) = {cn* else, WY f € Func, wop, i € Usi;
V(p(uy,...,u)) if plug,...,u.) € B,

pm(uh...,ur): (( ) ( ) p € Pred . 5 p> Ui € Ust;
0 else,

A= (U, {f*| f € Puncpgupt {p™ |p € Pred s 5, p}), an interpretation for £LUW U P.
For all C € S and e € Sy, C(€|frecvars(c)) € cloBH(S). (114)

Let C € S and e € Sy. Then e : Vary — Uy, freevars(C) Cr Vare, elfrecvars(cy € Subst p el ps dom(€lfrecvars(cy) = freevars(C), range(e|frecvars(c)) = 0; €lfrecvars(c) is applicable to
C, Clelfrecvars(c)) € GInst ., p(S), {e(x) |z € freevars(C)} Cx GTerm . p; there exists {w; |1 < j < m} = funcs({e(z) |z € freevars(C)}) NW* Cr W* = funcs(S) N W; for all
1 < j < m, there exists a; € atoms(S) U gatoms(S) C atoms(clo®™(S)) U qatoms(clo®™(S)) and w; € funcs(a;); 0 € B C atoms(clo®*(S)) U qatoms(clo®™(S)); 0 # {0} U {a;|1 < j <
m} Cr atoms(clo®™(8)) U qatoms(clo®™(S)), by (99) for {0} U {a;|1 < j < m}, there exist a deduction D = Cy,...,Cp, n > 1, from S by basic order hyperresolution, associated L,,, S,
Sn € GOrdClg,, and {0} U{a;|1 < j < m} C atoms(S,) U qatoms(S,) € GAtom,, U QAtom, , funcs({e(x)|x € freevars(C)}) C Func, . p> Funce, 2 U;nzl funes(a;) D {w; |1 <j <
m} = funcs({e(z) |z € freevars(C)}) NW*, Funcg, 2 Funceup 2 funcs({e(x) |z € freevars(C)}) N Funceup, Funce, 2 (funcs({e(x) |x € freevars(C)}) NW*) U (funcs({e(x) |z € freevars(C)}) N
Funceop) = funcs({e(x) |z € freevars(C)}) N (W* U Funceup) = funcs({e(x) |z € freevars(C)}) N Funcy . p = funcs({e(x) |z € freevars(C)}), {e(x) |z € freevars(C)} C GTermg,,
€| freevars(cy € Substr, , C(€lfrecvars(cy) € GInste, (S). We put L1 = Ly, Cug1 = Cl€frecvars(c)) € GInste, (S) C ordtcons(S) U Glnst, (S) € GOrdCle, € GOrdCl, 5 p, D' = D, Cpy,
Snt1 =S U{Cpns1} € GOrdCl,, = GOrdClg, ;D' is a deduction of Cy,41 from S by basic order hyperresolution. Hence, C(e|frecvars(c)) = Cnt1 € cloB*(S); (114) holds.

Let a = p(t1,...,t;) € atoms(S) C B and e € Sy. Then a = p(t,...,t;) € GAtom . p, ti € GTerm . p = Uy; for all 1 < i < 7, [|t;||* = t;; the proof is by induction
on t;; |lal|* = [|p(ts,.. ., t)|* = 2> (|t || .. ., |t |*) = pm(tl,...,tT) = V(p(t1,...,t;)) = V(a). Let a = Vep(to,...,t;) € gatoms(S) C B and e € Sy. Then a = Vap(to,...,t;) €
QAtom o g, p> freevars(a) = 0, vars(p(to,...,t;)) = {z}, either t; = z or t; € GTerm, . p = Us; for all i < 7 and u € Uy, either t;(z/u) = z(x/u) = v € Uy or tj(z/u) =
t; € Uy; ti(z/u) € Uy, ||ti||2[[m/u] = t;(x/u); the proof is by case analysis and induction on t; a = Vap(lo,...,t,) € qatoms(S) C qatoms(clo®™(S)). Let u € Usy. Then, by (106) for
Yap(to,...,tr), u, p(to,...,t-)(x/u) € atoms(cloBH(S)), by (97) for Vap(to,...,t:), p(to,...,t;)(x/u), there exist a deduction D = C4,...,C,, n > 1, from S by basic order hyperresolu-
tion, associated Ly, Sp, S, C GOrdClg,, and Vap(to,...,t;),p(to,...,t-)(x/u) € atoms(S,) U qatoms(S,), Vap(to,...,t.) € qatoms”(S,) C QAtom, , p(to,...,t;)(z/u) € atoms(S,) C
GAtomy,, u € GTermg,. We put v = z/u € Substz,, dom(vy) = {z} = wvars(p(to,...,t;)). Hence, p(to,...,t:)y = p(to,...,t-)(x/u), using Rule (45) with respect to L,, S,, we
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derive Vz p(tg,...,t;) < plto,...,t-)y VVep(to,...,tr) = p(to,...,t-)y = Yep(to,...,t;) < pto,..., t-)(x/u) V Ve p(to,...,t;) = p(te,...,t-)(x/u) € GOrdCly,. We put L,11 = L,
Cry1 = Yap(to,...,t;) < plto, ..., t-)(x/u) V Vap(to,...,t-) = p(to,...,t-)(x/u) € GOrdCly, € GOrdCl, s p,» D' = D,Cpi1, Sny1 = Sp U{Cni1} € GOrdCly, = GOrdCle, . ,; D' is

a deduction of C, 41 from S by basic order hyperresolution. Then C, 11 € cloP™(S), Yz p(to,...,t;) < plto,...,t-)(x/u) € S or Yo p(ty,...,t;) = p(to,...,t-)(z/u) € S, for both the cases
Vap(te,... tr) < p(to,...,t-)(x/u) € S and Vo p(to,...,t,) = p(to, ..., t-)(x/u) €S, p(to, ..., t-)(x/u) € atoms(S); p(to(z/u), ..., t.(x/u)) = p(to, ..., t-)(x/u) € atoms(S) C B. Hence, |la||* =

(107)
V2 p(to, -t )II2 = Auersy 100 - )20y = Aucra P01 s - 11300 /) = st PP (to(@/0), - e (@/0) = Ny V(o (2 /1), - tr(2/1))) = Nyersy Vpltos - - tr)(z/u)) =
V(Y p(to,...,tr)) = V(a). Let a = Jzp(to,...,t;) € gatoms(S) C B and e € Sy. Then a = Elajp(to,...,tT) € QAtom -, p,> freevars(a) = 0, vars(p(to,...,t;)) = {x}, either t; = x
or t; € GTerm, . ,p = Ua; we have, for all i« < 7 and u € Us, [t; || o = til@/u); a = 3xp(to,....t-) € qatoms(S) C qatoms(clo®*(S)). Let u € Uy. Then, by (106) for
Jzp(to,. .. tr), u, p(to, ... t-)(x/u) € atoms(clo®™(S)), by (97) for 3z p(to,...,tr), p(to,...,t,)(z/u), there exist a deduction D = Ci,...,C,, n > 1, from S by basic order hyperresolu-

tion, associated Ly, Sp, S, € GOrdClg,, and 3z p(to, ..., t;),p(to, ..., t-)(x/u) € atoms(S,) U qatoms(S,), Iz p(to,....t-) € qatoms(S,) C QAtom, , p(to, ..., t;)(z/u) € atoms(S,) C
GAtome,, u € GTermg,. We put v = z/u € Subste,, dom(vy) = {z} = wvars(p(to,...,t;)). Hence, p(to,...,t:)y = p(to,...,t-)(x/u), using Rule (46) with respect to L,, S,, we
derive p(to,...,t-)y < Jzp(te,...,tr) V p(to, ..., t-)y = Jxp(to,...,tr) = p(to,...,tr)(x/u) < Jzp(te,...,t;) V p(to,. .., t-)(x/u) = Jzp(te,...,t;) € GOrdCly,. We put L,y1 = L,
Cnt1 = plto, ..., tr)(z/u) < Jrp(to,...,tr) VD(to,...,tr)(x/u) = Izp(te,...,t;) € GOTchl,Cn C GOrdCl, s p» D' = D,Cpy1, Spy1 = Sn U{Chy1} € GOrdClz, = GOrdClg, ;s D' is

a deduction of C,41 from S by basic order hyperresolution. Then Cy11 € cloP™(S), p(to,... . t-)(x/u) < Fxp(te,... t;) € S or plto, ..., t;)(x/u) = Iz p(to,...,t;) € S, for both the cases
p(to, ... t-)(z/u) < Jzp(to,...,t;) €S and p(to,...,t,)(z/u) = Iz p(to,...,t;) €S, p(to, .- -,t,)(x/u) € atoms(S); p(to(x/u), ... t.(x/u)) = p(to, .- -, t,)(z/u) € atoms(S) C B. Hence, ||a|® =
30 Do oI = Ve, [0 = Vs, 200 g 012 ) = Vot P 000 0/20) = Vacagy VDt 1)+t (020)) = Vg, V(o)) O
V(3zp(to,...,tr)) = V(a). So, for all a € B and e € Sy, for all the three cases a € atoms(S) C B, a € qatoms™(S) C B, a € qatoms ( ) C B, |la|* = V(a); [|a|® = V(a). Let
| =¢ =¢e € Sand e € Sy. Then 1,60 € B, €1 =¢y, by (105) for €1, g9, V(e1) = V(e2), U} = lle1 = 2P = |ler]|¥=||le2]|¥ = V(e1)=V(e2) = 1. Let | = &1 < &2 € S and
e € Sy. Then e1,60 € B, &1 <ea, by (105) for e1, €2, V(1) < V(ea), I|* = |le1 < eof|* = |le1]|* <le2]|* = V(e1)<V(e2) = 1. So, for all | € S and e € Sy, for both the cases

l=¢ = €Sandl =¢; < €S, |l =1; |I|* =1. Let C € S C OrdClzup and e € Sy. Then e : Vary — Uy, freevars(C) Cr Varg, €lfreevars(c) € Subst ;. p,
dom (e freevars(cy) = freevars(C), range(elfreecvars(c)) = 0; €|frecvars(c) is applicable to C; by (114) for C, e, C(e|frecvars(c)) € cloBrH(S)7 there exists I* € C(e|frecvars(cy) and I* € S, 1)1 = 1;
there exists I** € C € OrdCleup and I"* € OrdLiteyp C OrdLit ., p, freevars(I**) C freevars(C); e|precvars(i=+) 15 applicable to I**, I"*(e|precvars(i++)) = 1*; for all t € Term, . ps
0 € Atom e U QAL s 1€ OndLit i I = Heluans(ty) = [(eluarato)1 2 [all2 = latelmcaarsgor I+ 12 = 11| eenars)]2: the proof is by induction on ¢ and by defnition;
%112 = 111 (e freevars =) 12 = [[1F]|2 = 1; A f=e C; A = S, Alcup = S; S is satisfiable. The theorem is proved. O
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