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Abstract. A Gaifman-Shapiro-style architecture of program mod-
ules is introduced in the case of normal logic programs under sta-
ble model semantics. The composition of program modules is suit-
ably limited by module conditions which ensure the compatibility of
the module system with stable models. The resulting module theo-
rem properly strengthens Lifschitz and Turner’s splitting set theorem
[17] for normal logic programs. Consequently, the respective notion
of equivalence between modules, i.e. modular equivalence, proves to
be a congruence relation. Moreover, it is shown how our translation-
based verification method [15] is accommodated to the case of modu-
lar equivalence; and how the verification of weak/visible equivalence
can be optimized as a sequence of module-level tests.

1 INTRODUCTION

Answer set programming(ASP) is a promising constraint program-
ming paradigm [20, 19, 11] in which problems are solved by captur-
ing their solutions asanswer setsor stable modelsof logic programs.
The development and optimization of logic programs in ASP gives
rise to a meta-level problem of verifying whether subsequent pro-
grams are equivalent. To solve this problem, a translation-based ap-
proach has been proposed and extended further [14, 23, 21, 25]. The
underlying idea is to combine two logic programsP andQ under
consideration into two logic programsEQT(P, Q) andEQT(Q, P )
which have no stable models iffP andQ areweakly equivalent, i.e.
have the same stable models. This enables the use of the same ASP
solver, such asSMODELS or DLV , for the equivalence verification
problem as for the search of stable models in general. First experi-
mental results [14, 21] suggest that the translation-based method can
be effective and sometimes much faster than a simple cross-check.

As a potential limitation, the translation-based method as de-
scribed above treats programs as integral entities and therefore
no computational advantage is sought by breaking programs into
smaller parts, saymodulesof some kind. Such an optimization strat-
egy is largely preempted by the fact that weak equivalence, denoted
by≡, fails to be acongruence relationfor ∪, i.e. weak equivalence
is not preserved under substitutions in unions of programs. More for-
mally put, P ≡ Q does not implyP ∪ R ≡ Q ∪ R in general.
The same can be stated aboutuniform equivalence[22] but not about
strong equivalence[16] which admits substitutions by definition.

From our point of view, strong equivalence seems inappropriate
for fully modularizingthe verification task of weak equivalence be-
cause programsP andQ may be weakly equivalent even if they build
on respective modulesPi ⊆ P andQi ⊆ Q that are not strongly
equivalent. For the same reason, program transformations that are
known to preserve strong equivalence [4] do not provide an inclusive
basis for reasoning about weak equivalence. Nevertheless, there are
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cases where one can utilize the fact that strong equivalence implies
weak equivalence. For instance, ifP andQ are composed of strongly
equivalent pairs of modulesPi andQi for all i, thenP andQ can
be directly inferred to be strongly/weakly equivalent. These observa-
tions about strong equivalence motivate the strive for a weaker con-
gruence relation compatible with weak equivalence at program-level.

To address the lack of a suitable congruence relation in the context
of ASP, we propose a new design in this article. The design superfi-
cially resembles that of Gaifman and Shapiro [10] but stable model
semantics [12] and special module conditions are incorporated. The
feasibility of the design is crystallized in amodule theoremwhich
shows the module system fully compatible with stable models. In
fact, the module theorem established here is a proper strengthening
of the splitting set theorem established by Lifschitz and Turner [17]
in the case of normal logic programs. The main difference is that our
result allows negative recursion between modules. Moreover, it en-
ables the introduction of a notion of equivalence, i.e.modular equiva-
lence, which turns out to be a proper congruence relation and reduces
to weak equivalence for program modules which have a completely
specified input and no hidden (auxiliary) atoms. Such modules cor-
respond to normal logic programs without auxiliary atoms. If normal
programsP andQ are composed of modularly equivalent modules
Pi andQi for all i, thenP andQ are modularly equivalent, or equiv-
alently stated, weakly equivalent. The notion of modular equivalence
opens immediately new prospects as regards the translation-based
verification method [14, 21]. First, the method can be tuned for the
task of verifying modular equivalence by attaching acontext genera-
tor to program modules in analogy to [25]. Second, we demonstrate
how the verification of weak equivalence can be reorganized as a se-
quence of tests, each of which concentrates on a pair of respective
modules in the programs subject to the verification task.

The rest of this article is structured as follows. As a preparatory
step, the syntax and semantics of normal logic programs is recalled
in Section 2. A summary of equivalence relations follows in Sec-
tion 3. Section 4 concentrates on specifying program modules as
well as establishing the module theorem discussed above. The no-
tion of modular equivalence is then presented in Section 5 which
also includes a proof of the congruence property and a brief account
of computational complexity. Moreover, connections between modu-
lar equivalence and the translation-based method for verifying weak
equivalence [14] are worked out. Section 6 briefly contrasts our work
with earlier approaches. Finally, a conclusion is given in Section 7.

2 NORMAL LOGIC PROGRAMS

We presentnormal logic programsin thepropositionalcase.

Definition 1 A normal logic program (NLP) is a finite set of rules of
the formh ← B+,∼B−, whereh is an atom,B+ andB− are sets
of atoms, and∼B = {∼b | b ∈ B} for any set of atomsB.



The symbol “∼” denotesdefault negationand we definedefault
literals as atomsa or their default negations∼a. A rule consists of
a headh and abodyB+ ∪ ∼B−. A rule is afact whenever its body
is empty, and “←” is omitted. A rule ispositive, if B− = ∅. A NLP
consisting of positive rules only is apositive logic program.

TheHerbrand baseHb(P ) of a NLPP is any fixed set of atoms
containing all atoms appearing in the rules ofP . Moreover, the base
Hb(P ) is supposed to be finite wheneverP is. Under this definition,
the Herbrand base ofP may contain atoms which have no occur-
rences inP . This aspect is useful e.g. when programs are optimized
and there is a need to keep track of removed atoms. Given a NLP
P , an interpretationM of P is a subset ofHb(P ) defining which
atomsa ∈ Hb(P ) are true (a ∈ M ) and which are false (a 6∈ M ).
An interpretationM ⊆ Hb(P ) is a (classical) modelof P , denoted
by M |= P iff B+ ⊆ M andB− ∩ M = ∅ imply h ∈ M for
each ruleh ← B+,∼B− ∈ P . For a positive programP , an inter-
pretationM ⊆ Hb(P ) is the (unique)least modelof P , denoted by
LM(P ), iff there is noM ′ |= P such thatM ′ ⊂ M . Stable models
as proposed by Gelfond and Lifschitz [12] generalize least models
for normal logic programs.

Definition 2 An interpretationM ⊆ Hb(P ) is a stable model of
a NLP P iff M = LM(P M ) where the Gelfond-Lifschitz reduct
P M = {h← B+ | h← B+,∼B− ∈ P and M ∩B− = ∅}.

Stable models are not necessarily unique in general: a NLP may have
several stable models or no stable models at all. The set of stable
models of a NLPP is denoted bySM(P ).

Thepositive dependency relation≤⊆ Hb(P )×Hb(P ) of P is the
reflexive and transitive closure of a relation≤1 defined as follows.
Givena, b ∈ Hb(P ), we say thatb depends directlyon a, denoted
a ≤1 b, iff there is a ruleb ← B+,∼B− ∈ P such thata ∈
B+. Thepositive dependency graphof P , denoted byDep+(P ), is
a graph withHb(P ) and{〈b, a〉 | a ≤1 b} as the sets of vertices and
edges, respectively. Astrongly connected componentof Dep+(P )
is a maximal subsetC ⊆ Hb(P ) such thata ≤ b holds for all
a, b ∈ C. The strongly connected components ofDep+(P ) partition
Hb(P ) into equivalence classes. The dependency relation≤ can then
be generalized for strongly connected components:Ci ≤ Cj , i.e.Cj

depends onCi, iff ci ≤ cj for anyci ∈ Ci and anycj ∈ Cj .
A splitting setfor a NLPP [17] is any setU ⊆ Hb(P ) such that

for everyh ← B+,∼B− ∈ P , if h ∈ U thenB+ ∪ B− ⊆ U .
Thebottomof P relative toU is bU (P ) = {h ← B+,∼B− ∈ P |
{h} ∪ B+ ∪ B− ⊆ U}, and thetop of P relative toU is tU (P ) =
P \ bU (P ). The top can be partially evaluated with respect to an
interpretationX ⊆ U . The result is a programe(tU (P ), X) that
contains a ruleh← (B+\U),∼(B−\U) for eachh← B+,∼B− ∈
tU (P ) such thatB+∩ U ⊆ X and(B−∩ U) ∩ X = ∅. Given a
splitting setU for a NLPP , a solution to P with respect toU is a
pair 〈X, Y 〉 such thatX ⊆ U , Y ⊆ Hb(P ) \U , X ∈ SM(bU (P )),
andY ∈ SM(e(tU (P ), X)). Thesplitting set theoremby Lifschitz
and Turner [17] relates solutions with stable models. Given a NLPP ,
a splitting setU for P , andM ⊆ Hb(P ), it holds thatM ∈ SM(P )
iff 〈M ∩ U, M \ U〉 is a solution toP with respect toU .

3 NOTIONS OF EQUIVALENCE

Next we briefly review a number of equivalence relations for NLPs.
As stated in Section 1, two NLPsP andQ are (weakly) equivalent,
denoted byP ≡ Q, iff SM(P ) = SM(Q). Lifschitz et al. [16]
introduce a much stronger notion:P andQ arestrongly equivalent,

denotedP ≡s Q, iff P ∪ R ≡ Q ∪ R for any NLPR acting as a
context. Yet another relation originates from the database community
[22]: P andQ areuniformly equivalent, denotedP ≡u Q, iff P ∪
F ≡ Q ∪ F for any set of factsF . It is clear thatP ≡s Q implies
P ≡u Q which impliesP ≡ Q, but not vice versa (in both cases).

Strongly equivalent logic programs are semantics preserving sub-
stitutes of each other and thus≡s can be understood as acongruence
relation among NLPs, i.e. ifP ≡s Q, thenP ∪ R ≡s Q ∪ R for all
NLPsR. On the other hand,≡u is not a congruence for∪, as shown
in Example 1 below and the same applies to≡. Thus≡ and≡u are
best suited for program-level rather than module-level comparisons.

Example 1 [4, Example 1] Consider NLPsP = {a.} and Q =
{a ← ∼b. a ← b.}. It holdsP ≡u Q, but P ∪ R 6≡ Q ∪ R for
R = {b← a.}. ThusP 6≡s Q and≡u is not a congruence for∪.

ForP ≡ Q to hold, the stable models inSM(P ) andSM(Q) have
to be identical subsets ofHb(P ) andHb(Q), respectively, and the
same can be stated about≡s and≡u. This makes these notions of
equivalence less useful ifHb(P ) andHb(Q) differ by some atoms
which formalize some auxiliary concepts and are not trivially false.
Following the ideas from [13] we partitionHb(P ) into itsvisibleand
hiddenpartsHbv(P ) and Hbh(P ), respectively. The idea behind
visible equivalenceis that atoms inHbh(P ) andHbh(Q) are local
to P andQ and negligible as regards the equivalence ofP andQ.

Definition 3 [13] Normal logic programsP and Q are visibly
equivalent, denoted byP ≡v Q, iff Hbv(P ) = Hbv(Q) and there
is a bijectionf : SM(P )→ SM(Q) such that for all interpretations
M ∈ SM(P ), M ∩Hbv(P ) = f(M) ∩Hbv(Q).

Note that the number of stable models is preserved under≡v. Such
a strict correspondence of models is much dictated by the ASP
methodology: the stable models of a program usually correspond to
the solutions of the problem being solved and thus the exact preser-
vation of models is highly significant. In the fully visible case, i.e.
Hbh(P ) = Hbh(Q) = ∅, the relation≡v becomes very close to
≡. The only difference is the requirementHb(P ) = Hb(Q) insisted
by≡v. This is of little importance as Herbrand bases can always be
extended to meetHb(P ) = Hb(Q). Since weak equivalence is not
a congruence, visible equivalence cannot be a congruence either.

Therelativized variantsof≡s and≡u introduced by Woltran [25]
allow the context to be constrained using a set of atomsA.

Definition 4 Two NLPsP andQ are strongly equivalent relative to
A, denoted byP ≡A

s Q, iff P ∪ R ≡ Q ∪ R for all NLPsR over
the set of atomsA; uniformly equivalent relative toA, denoted by
P ≡A

u Q, iff P ∪ F ≡ Q ∪ F for all sets of factsF ⊆ A.

SettingA = ∅ in the above reduces bothP ≡A
s Q andP ≡A

u Q to
≡. Thus neither of them is a congruence for∪.

Eiter et al. [7] useequivalence framesto capture various kinds
of equivalence relations such as those defined above. The relation
≡v makes an exception in this respect as it does not fit into equiv-
alence frames based onprojected answer sets. A projective variant
of Definition 3 would require{M ∩Hbv(P ) | M ∈ SM(P )} =
{N ∩Hbv(Q) | N ∈ SM(Q)}. As a consequence, the number of
answer sets might not be preserved which we find to contrast the
general nature of ASP as discussed after Definition 3.

4 MODULAR LOGIC PROGRAMS

We definelogic program modulessimilarly to [10] but consider the
case of NLPs instead of positive (disjunctive) logic programs.



Definition 5 A triple P = (P, I, O) is a logic program module, if

1. P is a finite set of rules of the formh← B+,∼B−;
2. I andO are sets of propositional atoms such thatI ∩O = ∅; and
3. Head(P )∩ I = ∅ whereHead(P ) = {h |h← B+,∼B−∈P}.
The Herbrand base of moduleP, Hb(P), is the set of atoms appearing
in P combined withI ∪O. Intuitively the setI defines theinputof a
module and the setO is theoutput. The atoms inI∪O are visible, i.e.
the visible Herbrand base of moduleP is Hbv(P) = I ∪ O. Notice
that I ∪ O can also contain atoms not appearing inP similarly to
the possibility of having additional atoms in the Herbrand bases of
NLPs. All other atoms are hidden, i.e.Hbh(P) = Hb(P) \Hbv(P).

For the composition of modules we take the union of the disjoint
sets of rules involved in them in analogy to [10]. The conditions given
in [10] are not yet sufficient for our purposes, and we impose a further
restriction denying positive recursion between modules.

Definition 6 ConsiderP1 = (P1, I1, O1) andP2 = (P2, I2, O2)
and let C1, . . . , Cn be the strongly connected components of
Dep+(P1 ∪ P2). There is a positive recursion betweenP1 andP2,
if Ci ∩O1 6= ∅ andCi ∩O2 6= ∅ for some componentCi.

The idea is that all inter-module dependencies go through the in-
put/output interface of the modules, and hidden atoms are local
to each module. If there is a strongly connected componentCi in
Dep+(P1 ∪ P2) containing atoms from bothO1 andO2, we know
that, some output atoma of P1 depends on some output atomb of P2

which again depends ona. This yields a positive recursion.

Definition 7 The join of modulesP1 = (P1, I1, O1) and P2 =
(P2, I2, O2), denoted byP1 t P2, is defined if

1. O1 ∩O2 = ∅;
2. Hbh(P1) ∩Hb(P2) = Hbh(P2) ∩Hb(P1) = ∅; and
3. there is no positive recursion betweenP1 andP2.

ThenP1 t P2 = (P1 ∪ P2, (I1 \O2) ∪ (I2 \O1), O1 ∪O2).

Note that the first condition is implied by the third, and the sec-
ond can be circumvented in practice by renaming the hidden atoms
uniquely for each module. The join operation iscommutativeandas-
sociativewhenever the respective joins are defined. The following
hold for P1 t P2: P1 ∩ P2 = ∅, Hbh(P1) ∩ Hbh(P2) = ∅, and
Hbv(P1) ∩ Hbv(P2) = (I1 ∩ I2) ∪ (I1 ∩ O2) ∪ (I2 ∩ O1). Also,
Hb(P1 t P2) = Hb(P1) ∪ Hb(P2), and similarly for the hidden
and visible part ofHb(P1 t P2), respectively. The conditions above
impose no restrictions on positive dependenciesinsidemodules or
on negativedependencies in general. The input ofP1 t P2 can be
smaller than the union of inputs of individual modules becauseP1

may provide input forP2, and conversely, as demonstrated below.

Example 2 The join ofP = ({a←∼b.}, {b}, {a}) andQ = ({b←
∼a.}, {a}, {b}) is P tQ = ({a← ∼b. b← ∼a.}, ∅, {a, b}).
The stable semantics of a module is defined with respect to a given
input, i.e. a subset of the input atoms of the module. Input is seen as
a set of facts (or a database) to be added to the module.

Definition 8 The instantiation of a moduleP = (P, I, O) with an
inputA ⊆ I is P(A) = P t FA, whereFA = ({a. | a ∈ A}, ∅, I).

Note thatP(A) = (P ∪{a. | a ∈ A}, ∅, I ∪O) is essentially a NLP
with Hbv(P(A)) = I ∪ O, and we can generalize the stable model
semantics for modules. In the sequelP(A) is identified with the re-
spective NLPP ∪ FA, whereFA = {a. | a ∈ A}, andM ∩ I acts
as a particular input with respect to which the module is instantiated.

Definition 9 An interpretationM ⊆ Hb(P) is a stable model of
P = (P, I, O), denotedM ∈ SM(P), iff M = LM(P M ∪ FM∩I).

A concept ofcompatibilityis used to describe whenM1 ∈ SM(P1)
can be combined withM2 ∈ SM(P2): stable modelsM1 andM2

arecompatible, iff M1 ∩ Hbv(P2) = M2 ∩ Hbv(P1). Theorem 1
relates program-level stability with module-level stability.

Theorem 1 (Module theorem). IfP1 t P2 is defined for modulesP1

andP2, thenM ∈ SM(P1 tP2) iff M1 = M ∩Hb(P1) ∈ SM(P1),
M2 = M ∩Hb(P2) ∈ SM(P2), andM1 andM2 are compatible.

Proof sketch. SupposeP = P1 t P2 = (P, I, O) is defined for
modulesP1 = (P1, I1, O1) andP2 = (P2, I2, O2). “⇒” Let M ∈
SM(P). ThenM1 = M ∩ Hb(P1) andM2 = M ∩ Hb(P2) are
clearly compatible and it is straightforward to show that conditions
1 and 2 in Definition 7 implyM1 ∈ SM(P1) andM2 ∈ SM(P2).
“⇐” Let M1 ∈ SM(P1), andM2 ∈ SM(P2) be compatible and
defineM = M1 ∪ M2. There is a strict total ordering< for the
strongly connected componentsCi of Dep+(P ) such that ifCi <
Cj , thenCi ≤ Cj andCj 6≤ Ci; or Ci 6≤ Cj andCj 6≤ Ci. Let
C1 < · · · < Cn be such an ordering. Show that exactly one of the
following holds for eachCi: (i) Ci ⊆ I, (ii) Ci ⊆ O1 ∪ Hbh(P1),
or (iii) Ci ⊆ O2 ∪ Hbh(P2). Finally, show by induction thatM ∩
(∪k

i=1Ci) = LM(P M ∪ FM∩I) ∩ (∪k
i=1Ci) for 0 ≤ k ≤ n by

applying the splitting set theorem [17] toP M ∪ FM∩I . 2

Example 3 shows that condition 3 in Definition 7 is necessary to
guarantee that local stability implies global stability.

Example 3 ConsiderP1 = ({a← b.}, {b}, {a}) andP2 = ({b←
a.}, {a}, {b}) with SM(P1) = SM(P2) = {∅, {a, b}}. The join of
P1 andP2 is not defined because of positive recursion (conditions 1
and 2 in Definition 7 are satisfied, however). For a NLPP = {a ←
b. b ← a.}, we getSM(P ) = {∅}. Thus, the positive dependency
betweena andb excludes{a, b} fromSM(P ).

Theorem 1 is strictly stronger than the splitting set theorem [17] for
NLPs. If U is a splitting set for a NLPP , thenP = B t T =
(bU (P ), ∅, U) t (tU (P ), U, Hb(P ) \ U), and furthermoreM1 ∈
SM(B) andM2 ∈ SM(T) iff 〈M1, M2 \U〉 is a solution forP with
respect toU . On the other hand the splitting set theorem cannot be
applied to e.g.P t Q from Example 2, since neither{a} nor {b}
is a splitting set. Our theorem also strengthens a module theorem
given in [13, Theorem 6.22] to cover NLPs involving positive body
literals. Theorem 1 can easily be generalized for modules consisting
of several submodules. Although Theorem 1 enables the computation
of stable models on a module-by-module basis, it leaves us the task
of excluding mutually incompatible combinations of stable models.

5 MODULAR EQUIVALENCE

The notion ofmodular equivalencecombines features from rela-
tivized uniform equivalence and visible equivalence.

Definition 10 Logic program modulesP = (P, IP , OP ) andQ =
(Q, IQ, OQ) are modularly equivalent, denoted byP ≡m Q, iff

1. IP = IQ = I andOP = OQ = O, and
2. P(A) ≡v Q(A) for all A ⊆ I.

Modular equivalence is very close to≡v defined for modules. As a
matter a fact, if Definition 3 is generalized for modules, the second
condition in Definition 10 can be revised toP ≡v Q. That, however,



is not enough to cover the first condition in Definition 10, as≡v

only enforcesHbv(P) = Hbv(Q). If I = ∅, modular equivalence
coincides with visible equivalence. IfO = ∅, thenP ≡m Q means
thatP andQ have the same number of stable models on each input.

Furthermore, in thefully visible case, i.e. if Hbh(P) = Hbh(Q) =
∅, modular equivalence can be seen as a special case ofA-uniform
equivalence forA = I. Recall, however, the restrictionsHead(P )∩
I = Head(Q) ∩ I = ∅ imposed by module structure. With a further
restrictionI = ∅, modular equivalence coincides with weak equiva-
lence. SettingI = Hb(P) would give uniform equivalence, but the
restrictionHead(P )∩I = ∅ leaves room for the empty module only.

Since≡v is not a congruence relation for∪, neither is modular
equivalence. The situation changes, however, if one considers the
join operationt which suitably restricts possible contexts.

Theorem 2 LetP,Q andR be logic program modules. IfP ≡m Q
and bothP t R andQ t R are defined, thenP t R ≡m Q t R.

Proof sketch. ConsiderP = (P, I, O) andQ = (Q, I, O) such
thatP ≡m Q, andR = (R, IR, OR) such thatP t R andQ t R
are defined. It follows from Theorem 1 thatMP = M ∩ Hb(P) ∈
SM(P) andMR = M∩Hb(R) ∈ SM(R) for anyM ∈ SM(PtR).
SinceP ≡m Q, there is a bijectionf : SM(P) → SM(Q) such that
MP ∩ (O ∪ I) = f(MP ) ∩ (O ∪ I). DefineMQ = f(MP ) and
apply Theorem 1 to show thatMQ ∪MR ∈ SM(Q t R). Finally
show thatg : SM(P t R) → SM(Q t R) defined asg(M) =
f(M ∩Hb(P)) ∪ (M ∩Hb(R)) is a bijection satisfying conditions
in Definition 3. ThusP t R ≡m Q t R. 2

It is instructive to consider a potentially stronger variant of≡m

defined in analogy to≡s [16]: P ≡s
m Q iff P t R ≡m Q t R holds

for all R such thatP t R andQ t R are defined. However, Theorem
2 implies that≡s

m adds nothing to≡m sinceP ≡s
m Q iff P ≡m Q.

As regards the computational complexity, deciding≡m is coNP-
hard in general, since decidingP ≡ Q reduces to deciding
(P, ∅, Hb(P )) ≡m (Q, ∅, Hb(Q)). If Hbh(P ) = Hbh(Q) = ∅,
decidingP ≡m Q reduces to decidingP ≡I

u Q [25]. Thus deciding
≡m is coNP-complete in the fully visible case. In the other extreme,
if Hbv(P) = Hbv(Q) = ∅, thenP ≡m Q iff |SM(P)| = |SM(Q)|.
This suggests a much higher computational complexity of deciding
≡m in general because classical models can be captured with stable
models [20] and the counting problem#SAT is#P-complete [24].

A way to govern the computational complexity is to limit the use
of hidden atoms as in the case of≡v [15]. Therefrom we adopt the
property of havingenough visible atoms(EVA). For an interpretation
Mv ⊆ Hbv(P ) for the visible part of a NLPP , the hidden part
Ph/Mv of P relativeMv containsh ← B+

h ,∼B−
h for each rule

h← B+,∼B− ∈ P such thath ∈ Hbh(P ) andMv |= B+
v ∪∼B−

v .

Definition 11 A NLPP has enough visible atoms iffPh/Mv has a
unique stable model for every interpretationMv ⊆ Hbv(P ).

The idea behind the EVA property is that the interpretation of
Hbh(P ) is uniquely determined for each interpretation ofHbv(P ).
Consequently, the stable models ofP can be distinguished from each
other on the basis of their visible parts. By the EVA assumption
[15], the verification of≡v becomescoNP-complete forSMODELS

programs2 involving hidden atoms—enabling the translation-based
method [14] for≡v. Although verifying the EVA property can be
hard in general, there are syntactic subclasses of NLPs (e.g. those for
which Ph/Mv is always stratified) with the EVA property. It should
be stressed that the use of visible atoms is not limited in this setting.

2 This class of programs includes normal logic programs.

As for ≡v, the EVA assumption is equally important in conjunc-
tion with≡m which becomes evident once we work out the intercon-
nections of≡v and≡m. We begin by describing ways in which mod-
ular equivalence can be exploited in the verification of visible/weak
equivalence. One concrete step in this respect is to reduce the prob-
lem of verifying≡m to that of≡v by introducing a special module
GI that acts as a context generator in analogy to [25].

Theorem 3 If Hbv(P) = Hbv(Q) = O∪ I holds forP andQ, then
P ≡m Q iff P tGI ≡v Q tGI whereGI = ({a← ∼a. a← ∼a |
a ∈ I}, ∅, I) generates all possible inputs forP andQ.

Proof sketch.Note thatGI has2|I| stable models of the formA ∪
{a | a ∈ I \A}whereA ⊆ I. ThusP ≡v PtGI andQ ≡v QtGI

follow by Definitions 2 and 3 and Theorem 1. It follows thatP ≡m Q
iff P(A) ≡v Q(A) for all A ⊆ I iff P tGI ≡v Q tGI . 2

Consequently, the translation-based method from [15] can be used
to decideP ≡m Q given thatP andQ have enough visible atoms (GI

has the EVA property trivially). The task is to show thatEQT(P t
GI ,Q tGI) andEQT(Q tGI ,P tGI) have no stable models.

The introduction of≡m was much motivated by the need of mod-
ularizing the verification of≡.3 To make this idea clear, we propose a
strategy to utilize≡m in the task of verifying the visible/weak equiv-
alence ofP andQ. It is required that the module structure forP and
Q is either specified explicitly or detected automatically by comput-
ing the strongly connected components ofDep+(P ) andDep+(Q).
Assuming thatQ is obtained fromP through local modifications, it
is likely that these components are pairwise compatible and we can
partitionP andQ so thatP = P1t· · ·tPn andQ = Q1t· · ·tQn

wherePi andQi have the same input and output sets for alli and
Pi = Qi might hold for a number ofi’s. Now, verifyingPi ≡m Qi

for everyi is not of interest asPi 6≡m Qi does not necessarily imply
P 6≡v Q. However, the verification ofP ≡v Q can still be organized
as a sequence ofn module-level tests

(
i−1F
j=1

Qj) t Pi t (
nF

j=i+i

Pj) ≡m (
i−1F
j=1

Qj) tQi t (
nF

j=i+1

Pj) (1)

where1 ≤ i ≤ n. The resulting chain of equalities conveysP ≡v Q
under the assumption thatP andQ have a completely specified input.
If not, then≡m can be addressed in a similar fashion using (1).

Example 4 ConsiderP = P1 t P2 and Q = Q1 t Q2 where
P1 = ({c ← ∼a.}, {a, b}, {c}), P2 = ({a ← b.}, ∅, {a, b}),
Q1 = ({c ← ∼b.}, {a, b}, {c}) andQ2 = ({b ← a.}, ∅, {a, b}).
NowP1 6≡m Q1 but P1 ≡v Q1 for all inputs generated byP2 and
Q2. ThusP1 tP2 ≡m Q1 tP2 ≡m Q1 tQ2, P ≡v Q andP ≡ Q.

The programs involved in each test (1) differ inPi andQi for
which the other modules form a common context, sayCi. A way to
optimize the verification ofPi t Ci ≡m Qi t Ci is to viewCi as a
module generating input forPi andQi and to adjust the method from
[15] to useEQT(Pi,Qi)tCi rather thanEQT(PitCi,QitCi). We
expect computational advantage from this strategy especially when
the contextCi is clearly larger than the modulesPi andQi.

6 RELATED WORK

The notion of modular equivalence is already contrasted with other
equivalence relations in Sections 3 and 5.

3 Recall that≡v coincides with≡ for programsP andQ having equal and
fully visible Herbrand bases.



Bugliesi et al. [2] present an extensive survey of modularity in con-
ventional logic programming. Two mainstream programming disci-
plines can be identified:programming-in-the-largewhere programs
are composed with algebraic operators andprogramming-in-the-
smallwith abstraction mechanisms. Our approach belongs to the for-
mer discipline due to resemblance to [10] but stable model semantics
and the denial of positive recursion between modules can be pointed
out as obvious differences. Eiter et al. [6] present a programming-in-
the-small approach to ASP and view program modules asgeneral-
ized quantifiersthe definitions of which are allowed to nest, i.e.P
can refer to another moduleQ by using it as a generalized quantifier.

A variety of module conditions (cf. Definition 7) have been in-
troduced. Maher [18] forbids all recursion between modules and
considers Przymusinski’sperfect modelsrather than stable models.
Brogi et al. [1] employ operators for program composition and vis-
ibility conditions that correspond to the second item in Definition
7. However, their approach covers only positive programs and the
least model semantics. Etalle and Gabbrielli [8] also seek congru-
ence relations but forconstraint logic programs. Their module archi-
tecture is based on a condition similar to ours, i.e.Hb(P )∩Hb(Q) ⊆
Hbv(P ) ∩Hbv(Q), but no distinction of input and output is made.

Eiter, Gottlob, and Mannila [5] considerdisjunctive logic pro-
grams as a query language for relational databases. Thus normal pro-
grams with variables are covered as a special case. A query program
π is instantiated with respect to an input databaseD confined by an
input schemaR. The semantics ofπ determines e.g. the stable mod-
els ofπ[D] which are projected with respect to an output schemaS.
In view of our work,π can be understood as a program modulePwith
input I and outputO based onR andS, respectively, so thatπ[D]
corresponds toP(D). Their module architecture enables a general-
ization of splitting sets as bothpositive and negative dependencies
are taken into account and no inter-module recursion is tolerated.

Faber et al. [9] apply themagic set methodin the evaluation of
Datalog programs with negation, i.e. effectively normal programs.
This involves the concept of anindependent setS of a programP
which is a specialization of a splitting set. The rough idea is thatS
gives rise to amoduleT = {h← B+,∼B− ∈ P | h ∈ S} of P
so thatT ⊆ P andHead(T ) = S and the semantics ofS is not
affected byP \ T . Like splitting sets, independent sets are not that
flexible in parceling NLPs. E.g., the splitting achieved in Example 2
is impossible. In view of our results, the account ofdangerous rules
unnecessarily pushes negative recursion inside modules. Moreover,
the module theorem of Faber et al. [9] is weaker than Theorem 1.

7 CONCLUSION

In this article, we propose a module architecture for answer set pro-
gramming. The compatibility of the module system and stable mod-
els is achieved by denying positive recursion between modules. A
number of interesting results is obtained. First, the splitting set theo-
rem [17] is generalized to a case where negative recursion is allowed
between modules. Second, the respective equivalence relation≡m is
a proper congruence relation for the join operationt between mod-
ules. Third, the verification of modular equivalence can be accom-
plished with existing methods so that specialized solvers need not be
developed. Last but not least, we have a preliminary plan how the
task of verifying weak equivalence can be modularized using≡m.

Yet the potential gain from the modular verification strategy has to
be evaluated by conducting experiments. A further theoretical ques-
tion is how the existing model theory based onSE-modelsandUE-
models[3] is tailored to the case of modular equivalence. There is

also a need to expand the module architecture and module theorem
proposed here to cover other classes of logic programs such as e.g.
weight constraint programs, and disjunctive/nested programs.
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