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1.6 Recursion with Parameter Substitution

1.6.1 Substitution in parameters. Suppose that

p[ﬂ]77—[$7&7g]3 1[:7]7@]7' . ,5’k[33',g]
are terms which do not apply f with all their free variables indicated. Consider
the (n+1)-ary function f satisfying

f(0,9) = ply]
f(LL'+ 17@) =T[x,f(x,61[x7y’])7...,f(x,&k[:r,g’]),g}'].

We say that f is defined by recursion with parameter substitution.

At the end of this section we will show that primitive recursive functions
are closed under recursion with parameter substitution (see Thm. 1.6.12). In
fact, the claim will be proved for two instances of recursions with parameter
substitution: for the case when k =1 or k = 2. Our method method of proof
will be perfectly general, however.

Recursion with Parameter Substitution: Case k=1

1.6.2 Fixing notation. At the end of this subsection (see Thm. 1.6.5) we
will show that primitive recursive functions are closed under recursion with
parameter substitution for the case when k = 1. To simplify the discussion we
shall consider definitions with one parameter substitution (n =1):

f(0,y) =9(y)
f(l‘ + lvy) = h(x,f(a:,a[x,y]),y).

1.6.3 Auxiliary functions. The binary function x;(z) satisfies

xo(z) =2 (1)
xi1(x) =x3(x) = 1 (2)

and it is defined explicitly
xi(x)=x=1i

as a primitive recursive function.
The ternary function y;(x,y) is defined by primitive recursion on 4

yo(z,y) =y (3)
vir1(z,y) = U[Xi+1($)7}’i($7y)] (4)

as a primitive recursive function.
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1.6.4 Course of values function. The ternary function ?i(az,y) satisfies
i=x > fi(z.y)={9(yi(z,)),0) (1)
i<a > fi(zy)=rxi(@) = 1, fi (2,9), yi(z,9)], (2)
where 7. is the term
T<[x,a,y] = (h(m,nl(a)7y),a).

The function is defined by backward recursion as a p.r. function by

0 ifi>z+1,

Tg[i77i+1(1’7y)7x;y] ifi<x+]—7

71(w7y) :{
where 7< is the term
Ts[i7a71‘7y] = l)(Z =% Ty <g(yz(a:,y)),0>,7'<[xl(x) - 17aayi(xvy)])'
We also have

inefi(x,y)=70(Xi(fﬂ)»}’i($»y))~ 3)

Proof. (1),(2): Directly from definition. (3): By backward induction on the
difference x =i as Vy(3). So take any ¢,x,y such that ¢ <z and consider two
cases. If ¢ = x then we have

Folx ) Y (g(yi(2,)),0) "2 (g(y0(0, vz, 1)), 0) =

= £o(0,yi(z,y)) = fo(z = i,yi(z,)) = fo(xi(z), y:(2,9)).

If 7 < x then first note that we have

x1(xi(2)) = xi11(2) (1)
yi(xi(2),yi(z,y)) = yir1(z,y). (T2)
Indeed, we have
x1(xi(2)) V2P x0(xs(2) = 12 xi(2) = 17029 i (1)

yi (i (@), yi(m, ) 2 oxi (xi (), o (xi(x), yi(w, )] T
= olxin(@)yil@ )] T2V i (e y).

We have 7 + 1 <z and thus

(2

x;(z) =1 12 )xl(xi(x)) () xip1(z)=x=(i+1) <z =i
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Therefore

71 (Xi(x)v yi(z, y)) £ 70(X1 (x:(2)),y1(xi(2),y:(z, y))) (t1):(12)

= FO(X“&(.I), y1+1(x7 y))

Note that the induction hypothesis is applied with y;(z,y) in place of y. This
means that we have

71(Xi(1')7yi(xay)) :70(Xi+1(x)aYi+1($7y)) . (T3)
The induction step follows from
Fiwy) @ relxi(@) = 1L o (@, 0), yile )] "
refxi) = 1. Fo (ko1 (), i1 (2,9)). yi ()| 2
[xi(@) = LTy (xi (@), yi(@,9)), yi ()] 0
T<[xo(xi(2)) = 1, f1 (x:(2), yi(2,9)), yo (x:(2), yi(2,y))]
?O(Xi(x)vyi(mﬂl/))- O

1.6.4(2)

1.6.5 Theorem Primitive recursive functions are closed under recursion
with parameter substitution for the case k=1.

Proof. Let f be defined by the recursion with parameter substitution as in
Par. 1.6.2 from p.r. functions. Let further f be its course of values function
as in Par. 1.6.4. We claim that we have

f(x,y) =m folx,y). (1)

The function f is primitive recursive and so is f.
This is proved by induction on x as Vy(f;). In the base case we have

£0,9) = 9(y) = m{g().0) 2P mg(yo(x,9)),0) 2V 1 Fo (0,p).

In the induction step first note that we have

xi(z+1)=x (t2)
yi(z+1y)=olz,y]. (t3)
Indeed, we have
x1(x+1) 16302) xo(z+1)=1 RS
1.6.3(4 2),1.6.3(3
y1($ + 17y) :( ) J[Xl(x + 1)7}’0($ + 17y)] (F=) = @ U[$7y]'

Now we may continue
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fa+1,y) =h(z, f(z.0lz.y]).y) =
Mz Fo(w,olz,y]),y) 2T
Wz, w1 fo(x1(z+1),y1(z+1,y)),y)
iz Fy (e +1,y),y) "
h(xo(z+1) = 1,71 f1(z +1,y),yo(z + 1,y))
T fo(x+1,y). o

1.6.4(3)

1.6.4(2)

Recursion with Parameter Substitution: Case k=2

1.6.6 Fixing notation. At the end of this subsection (see Thm. 1.6.11) we
will show that primitive recursive functions are closed under recursion with
parameter substitution for the case when k = 2. To simplify the discussion we
shall consider definitions with one parameter substitution (n =1):

f(0,9) =9(y)
f(SC + lay) = h(:c,f(a:,al[a:,y]),f(x,ag [x’y])vy)

1.6.7 Dyadic representation of natural numbers. The dyadic succes-
sors are unary p.r. functions 1 and z2 explicitly defined by

r1=2x+1
r2=2x+2.

It is not difficult to see that every natural number has a unique representa-
tion as a dyadic numeral which are terms built up from the constant 0 by
applications of dyadic successors. Example:

0=0 012=2(2x0+1)+2=4
01=2x0+1=1 021=2(2x0+2)+1=5
02=2x0+2=2 022=2(2x0+2)+2=6
011=2(2x0+1)+1=3 0111 =2(2(2x0+1)+1)+1="7.

1.6.8 Dyadic size. The unary dyadic size function |z|, yields the number of
dyadic successors in the dyadic numeral denoting the number x. The function
satisfies the identities

|O|d =0 (1)
lz1]g = |zfg +1 (2)
|22]q = |z]q +1 (3)

and it is defined by bounded minimalization
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7|, = un <xfz +1< 2"
as a primitive recursive function. We also have
lz|y<n o az+1<2™ (4)

Proof. We have n < 2" and therefore 3z <nz +1 < 2" since it suffices to
take x :=n. From this and the definition we obtain

z+1<2Mlatt (t1)
2"t |74 < m. (T2)

(1): We have 0 +1 <2 =2 and thus |0, <0 by (,); hence |0|, = 0.
(2): From (t,) we obtain

r+1<

21+1=z+1+xz+1<2lattpolelarl — golelatt _ glelg+1+t

and thus |z1|; <|z[; +1 by (t). The reverse inequality is proved as follows.
From (};) again we obtain

2(z+1) =21 +1 < 2tla*t = 99lz3la

Hence 2 + 1 < 2/**a. Tt must be |z1|, # 0 and therefore z + 1 < 21#%la*1+1 Now
() applies and we get |z|, < |z1|, = 1, or equivalently ||, + 1 <|z1],.

(3): This is proved similarly.

(4): If 2|, < n then @ + 1 < 27la*t < 27+1 by (1)), The reverse direction is,
in fact, the property (f5). |

1.6.9 Auxiliary functions. The binary function x;(x) satisfies

xo(7) =2 (1)
xi () =x(x) 1 (2)
X2 () =x(z) = 1 (3)

and it is defined explicitly
xi(x) = = ilq

as a primitive recursive function.
The ternary function y;(x,y) satisfies

I
=

yo(z,y) =y (
Yil(%y) = 01[Xi1($)7}’i($,y)]
Yiz(xvy) =02 [Xz’2(x)7}’i(1'7y)]

—~~
(@23
= =

and it is defined by course of values recursion on %
yo(z,y) =y
yi+1(x7 y) = D((Z + 1) mod 27 01 [xi+1(w)7 y¢+2($, y)]? 0—2[xi+1('r)7 Y¢+2($7 y)])

as a primitive recursive function.
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Proof. (1): By 1.6.8(1) we have xo(z) =z = 0|, =2 = 0 = z. (2): It follows from

. 1.6.8(2 . .
xia () =z =|it]y 2P w e (fily + 1) =2 =iy < 1= xi(x) = 1.

(3): This is proved similarly.
(4): From definition. (5): It follows from

Yir (2,9) = y2ir1(2,y) = 01[X2i11(2), ya2i2(2, )] = 01 [xia (2), yi (2, ) |.
(6): This is proved similarly. o
1.6.10 Course of values function. The ternary function f,(z,y) satisfies

|i|d:x_)7i(‘r7y):<g(yi($7y))7070) (1)
|i|d <z = Ti(xay) = T<[Xi(x) - la?u(x?y)a?iz(xvy)vyi(x?y)]v (2)
where 7. is the term
T<[x,a1,a9,y] = (h(x,nl(al),nl(ag),y),al,a2>.

The function is defined by backward recursion as a p.r. function by

0 if 3>20+1 =1,

fl(:r’y) {Tﬁ[i7?i1($7y)77i2(x7y)wxay] ifi< 23?+1 - la

where 7< is the term

Ts[iaalva%irvy] = D(|Z|d =% T, (g(yl(x7y))7070)77—<[X1($) - 17a1ua27yi(xay)])'
We also have

lilg <z~ fi(z,y) = Fo(xi(2),yi(z,y)). (3)
Proof. (1),(2): Tt follows from the definition by noting that we have

1 1.6.8(4)
<

<2 2] o irl<2™ lilq <.

(3): By backward induction on the difference z = |i|; as Yy(3). So take any
i,x,y such that [i|; <z and consider two cases. If |i|; = = then we have

?z(xvy) (i) (g(yl(xay))v()vo) 163(4) <g(YO(07yl(xay)))aOvO) =
= fo(0,yi(2,9)) = Fola = lily, yi(z,9)) = fo(xi(2), yi(2,v)).

If |i| < = then first note that we have
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X01(Xi (7)) = Xix (2) AX02(Xi(2)) = Xi2(T) (1)
you(%i(7),yi(2,9)) = yir (2, y) Ayo2(xi(2),yi(7,9)) = yia (7, y). (f2)

For instance, we have

1.6.9(2) 1.6.9(1) 1.6.9(2)

xo(xi(z)) ~ 1

1.6.9(5
Yo (xi(2), yi (2, ) "2

x;(z)=1 X, ()

(11):L.6.9(4)

Xo1 (xi(7))
o1[x0:(xi(2)), yo(xi (), yi(z,y))]

= alxa@yi@ )] yay).
We have |i1|, =i|; +1 <2 by 1.6.8(2) and thus

1.6.9(2 1 . .
xi () = 01], 2P x0, (i (2)) W xin (@) = = ] < 2 = .

Therefore

Fou (xi (@), 3i (2 9)) E Fo (%01 (xi(2)), you (xi(2), i ))) 2
= fo(xi(2),yi(2,9)).

Note that the induction hypothesis is applied with y;(z,y) in place of y. This
means that we have

701 (Xz'(x), vi(z, y)) = 70(Xi1(x)v v (z, y)) (T3)

and by a similar argument also

Foa(xi(2),yi(2,9)) = fo(xiz(2), ¥ia (2, 9))- (fa)

The induction step follows from

?i(xvy) (i) T<[Xi($) = 1,?i1($,y),?i2(x7y),yi(g;’y)] His
T<[Xi(x) - 17?O(Xi1($)7Yi1($»y))»?o(Xiz(m),y¢2($,y)),yi(m7y)] (TS)é(M)
T<[Xi($) - 1ﬂ701(Xi(‘r)7Yi(x7y))7702(Xi($),Yi($7y)),yi($,y)] 1.6.901)(4)

T<[X0(Xi(l‘)) - 17701(xi(x)7yi($7y))v?Oz(Xi(x)aYi(x7y))vYO(xi(‘r)7Yi(x7y))]
To(Xi(ﬂf)’yz‘(%Z/)) O

1.6.10(2)

1.6.11 Theorem Primitive recursive functions are closed under recursion
with parameter substitution for the case k = 2.

Proof. Let f be defined by the recursion with parameter substitution as in
Par. 1.6.6 from p.r. functions. Let further f be its course of values function
as in Par. 1.6.10. We claim that we have
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F(a,y) =mfo(z,y). (1)

The function f is primitive recursive and so is f.
This is proved by induction on x as Yy(f;). In the base case we have

£0.9) = 9(y) =i (9().0,0) "= 1 (g(vo(2.)).0,0) "= 1 Fo (0.1).
In the induction step first note that we have
xoi(r+1)=xAx0(T+1)=2x (T5)
You(z +Ly) = o1z, y] Ayoa(z +1,9) = o2z, y]. (f3)
Indeed, we have
xor(z+1) "2 xo@ 1) =12 o1 =g
you(w+ 1y) 27 o1 [xou (@ + 1, yo (e + L)) T oy,
Other conjuncts are proved similarly. Now we may continue
f(x+1,y) = b, f(z,01[2,y]), f(z,05[2,y]),y) =
(i fo (o, on o,y Fo (ool y])y) 2
1.6.10(3)

W@, 71 fo(x0:(z +1),y0u(x +1,9)), T fo (%02 (2 + 1), y0:(z + 1,9)), )

h(l'7751701(56 + 1a y)77517o2(56 + 1, y)7y) 1'6'9£1)(4)

h(Xo(SC + 1) = 177[:1701(:6 + lay)an1?02(z + 17y)7y0(I + lvy)
i fo(z +1,y). o

) 1.6.10(2)

Recursion with Parameter Substitution: General Case

1.6.12 Theorem Primitive recursive functions are closed under recursion
with parameter substitution.

Proof. By inspection of the proof of Thms. 1.6.5 and 1.6.11. ]



