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1.4 Course of Values Recursion

1.4.1 Course of values recursive definitions. Suppose that

ρ[Ñy], τ[x, Ña, Ñy], σ1[x, Ñy], σ2[x, Ñy], . . . , σk[x, Ñy]

are terms which do not apply f with all their free variables indicated s.t.

σ1[x, Ñy] B x σ2[x, Ñy] B x . . . σk[x, Ñy] B x.

Consider the (n+1)-ary function f satisfying

f(0, Ñy) = ρ[Ñy]
f(x + 1, Ñy) = τ[x, f(σ1[x, Ñy], Ñy), . . . , f(σk[x, Ñy], Ñy), Ñy].

We say that f is defined by course of values recursion.
We keep the notation introduced in this paragraph fixed until the end of

this section where we prove in Thm. 1.4.4 that p.r. functions are closed under
course of values recursive definitions.

1.4.2 The outline of the proof. We wish to introduce as primitive recur-
sive the course of values function f(x, Ñy) which yields the course of values
sequence for f(x, Ñy), i.e. we would like to have

f(x, Ñy) = af(x, Ñy), f(x − 1, Ñy), . . . , f(2, Ñy), f(1, Ñy), f(0, Ñy),0f.

Note that then the following holds for every z B x:

f(z, Ñy) = �f(x, Ñy)�
x�z

.

Thus the function f can be defined explicitly by

f(x, Ñy) = �f(x, Ñy)�
0
.

1.4.3 Course of values function. We define the (n+1)-ary course of value
function f(x, Ñy) as primitive recursive by the primitive recursive definition:

f(0, Ñy) = `ρ[Ñy],0e
f(x + 1, Ñy) = aτ�x, �f(x, Ñy)�

x�σ1[x,Ñy], . . . , �f(x, Ñy)�
x�σk[x,Ñy], Ñy�, f(x, Ñy)f.

The following holds for every i = 1, . . . , k:

�f(σi[x, Ñy], Ñy)�
0
= �f(x, Ñy)�

x�σi[x,Ñy]. (1)

Proof. First note that we have

�f(x1 + x2, Ñy)�x2
= �f(x1, Ñy)�0

. (†1)
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This is proved by induction on x2. The base case is obvious and the induction
step follows from

�f(x1 + x2 + 1, Ñy)�
x2+1

= �aτ[. . . ], f(x1 + x2, Ñy)f�x2+1
=

= �f(x1 + x2, Ñy)�x2

IH= �f(x1, Ñy)�0
.

Now we ready to prove (1). For every i = 1, . . . , k we have

σi[x, Ñy] + (x � σi[x, Ñy]) = x (†2)

since σi[x, Ñy] B x. Consequently

�f(σi[x, Ñy], Ñy)�
0

(†1)= �f(σi[x, Ñy] + (x � σi[x, Ñy]), Ñy)�
x�σi[x,Ñy]

(†2)=

= �f(x, Ñy)�
x�σi[x,Ñy]. A@

1.4.4 Theorem Primitive recursive functions are closed under course of val-
ues recursion.

Proof. Let f be defined by the course of values recursion as in Par. 1.4.1 from
p.r. functions. Let further f be its course of values function as in Par. 1.4.3.
We claim that we have

f(x, Ñy) = �f(x, Ñy)�
0
.

The function f is primitive recursive and so is f .
The property is proved by complete induction on x.There are two cases to

consider. If x = 0 then we have

f(0, Ñy) = ρ[Ñy] = �`ρ[Ñy],0e�
0
= �f(0, Ñy)�

0
.

If x = z + 1 for some z then σi[z, Ñy] B z < z + 1 and thus

f(z + 1, Ñy) = τ[z, . . . f(σi[z, Ñy], Ñy) . . . , Ñy] IHs=
= τ�z, . . . �f(σi[z, Ñy], Ñy)�

0
. . . , Ñy� 1.4.3(1)=

= τ�z, . . . �f(z, Ñy)�
z�σi[z,Ñy] . . . , Ñy� = �f(z + 1, Ñy)�

0
. A@


