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Review: Dyadic concatenation

X|ye—dzxz=y
Powsy(p) < Yd((d +2) | p— 2| d)
2 = i, [Powa(p) A x + 1 < 2-p]
xxy=x2¥ 4y
We have also defined
D_two(m) <> 3nyInam=ny x2x ny

i.e. "D_two(m) iff m=1x%---x1.
x|

——
However, we have for x >0 2X =T74%...x1%x2

Ix|

e N .
Also 2% = 1. Thus, forany x 2X=1=Tx..-x1ie.



Logika pre
informatikov
2

Introduction
of dyadic
pairing into
PA

Marker sequences

To every number m there are unique numbers n and b as well
as numbers a1, az, ..., a, of unique dyadic length such that

n

lar+1| laz+1| lan+1] ||

—f—
m=1x---%k1*2%L1k---*x1x2x---*xLk---x1x2x1x---%x1.
This can be also written as:

m = olatll  olatl] L olanl *(Q\b\_l)

Note that that x + 1 and 2**1l have the same length because
of idempotency: 2/x+1l = 22*].

To every m and w of the same length there are unique n, b,
ai, az, ..., an S.t.:

w=(ag+1)x(ax+1)*---x(ap+1)xb
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Properties of squares

Square is an injection:
x? = y2 —X=Y

and v/2 is irrational: y > 0 — (f)2 # 2 for x,y € Z. This is
expressed in PA as

x>=2y2 5 x=0Ay=0
Hence
ix?=jy’Ax>0N0<ij<2—i=jAx=y

This property is used in the uniqueness property on the
following slide.
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Existence of splits
Iw3iBm(t = wx ix mA 20w =2ml A2l < 2)

We can view this as every number t can be decomposed into

two numbers of length almost \/m: t= % andi=0,1,2
m

Uniqueness of splits:

Wik i1 *xm = Wz*iz*mz/\2"1| §2/\2‘W1| :2|m1|/\
Introduction
f dyadi i w: m : :
pairing into 2lel <2 p2lwel = 2mel g = wy A iy = i A my = my
PA



t= {m} <—>t=v*m/\E|wEIi(v:W*,'/\2|m| — olwl A olil <?2)

w| i

We can vizualize the definition as:; t =

v
*
Splits exist Jvdmt =

(m] |

m and they are unique:
R
ANt = [ ] —Vvi=wnAm =m
my

«O» «F»r « =>»

« =
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Adjustment of splits

If t = ,‘7’1 then t = w x i where i = 0,1,2 and
ag+1)*x(ax+1)*---*x(ap+1)xb

m =2t olatll o oolanttl (olbl )

w —=

bsi
The tail part such that: bx i (25l —1) = [21)*_’ 1] is an

atom.
/

We now define Adj(t) = [,V;,] removing the atom:

W’:(31+1)*(32+1)* ek (ap+1)
m’ = 2latll olaatll L olant]

N . V1 % V2 il _ om0
Adj(t) = s < FvIv,IdmIb(t = {mO*(ZbLl)] A 21 = 21MEE A
L [w
=[]

Note that: vi = w/, m0 = m’, and vo =-bx i
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Dyadic list concatenation and pairing

We define the concatenation:

sBt=u< IvidvwdmIx(Adj(s) = [,‘;1} At = [
1

ui[vl*vz])

mi % moy

and the pairing:

Thus

x;t=((x+1)«2*\¢

timﬁs;ti[

(x+1)*v
olx+1] o m

|

V2
my

&
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