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Propositional
Logic

The language of propositional logic

Propositional formulas are formed from

e propositional variables (Py, Py, ...) by
e propositional connectives which are
enullary: truth (T), falsehood (L)
eunary: negation ()
ebinary: disjunction (V), conjunction (A)

implication (—), equivalence (<)

Binary are infix (—, <> groups to the right, the rest to the left)

Precedence from highest is =, A, V, (—,«<). Thus
P1 — Py < P3V =Py A Ps abbreviates
P1 — (P2 < (P3V (=(Pa) A Ps)))
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Propositional
Logic

Truth functions

We identify the truth values true and false with the nullary
symbols T and _L respectively.

The remaining connectives are interpreted as functions over
truth values satisfying:

P1| P || =P1 | PAINP2 | PiVPy | Pi— Py | P1—P>

L] L T 1L 1L T T

LT T 1 T T 1

T L 1 L T L 1L

T T 1 T T T T
We have

A~ B=(A— B)AN(B— A)
“A=A— L

A—B=-AVB

ANB=—(-AV-B)
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Propositional
Logic

Tautologies

Of special interest are those propositional formulas A which are
true (T) for all possible truth values of its propositional
variables, in writing F, A.

Every such formula is a tautology.

Tautologies are the cornerstones of mathematical logic.

Some examples of (schemas of) tautologies:
Fpr(A=-B—C)—AANB—C

Fpr(A-B—-(C)—=(A—-B)—A-C
Fp(A— B) < -B— —A

for any propositional formulas A, B, and C
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2 Propositional satisfaction relation
Propositional
Logic A propositional valuation, or an propositional assignment v
is a (possibly infinite) set v C N The idea is that the P; = T iff
i €v.

We say that a formula A is satisfied in v, in writing |=; A,
if A is true for the assignment v.

We thus have:

Fp Piifficv

Fp —A iff not Fp Aiff 77 A

Fp, ANBiff Fj Aand F] B

Fp AV BIiff Ej AorFp B

FpbA— B iff whenever FpAalsoFp B

Thus A is a tautology iff F A for all valuations v.

Coincidence property if two valuations v and w are such that
i € viff i € w forall P; occurring in A then Fj Aiff EJ A
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Propositional
Logic

Satisfaction relation for sets of propositional formulas

For T a set of formulas and v a valuation (both possibly
infinite), we say that v satisfies T, in writing IZE T, iff for all
A€ T we have Fj A.

We say that S is a propositional (tautological)
consequence of T, in writing T F, S, iff for all v satisfying T
(i.e. Fp T) at least one A € S is satisfied (i.e. Fj A)

The special case when T =, {A} is the most important relation
in mathematical logic. We write T =, A instead of T F, {A}
and say that A tautologically follows from T. Note that

0 =p {A} iff A is tautology.

If T E, S holds then we say that the propositional sequent
T Fp S is valid
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Propositional
Logic

Compactness theorem for propositional consequence

T Ep S iff there are finite T"C T and S’ C Ssit. T'E, S
If T"={A1,...,Ap}and " ={By,...,Bn} we have T'E, 5’
iff

':pAl/\-"/\An—>Bl\/"'\/Bm
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informatikov Saturation of propositional sequents
Propositional Closure:
Logic ATE,AS, L,TE,S, TE, T,S are valid

Flattenings:

e TE,A—B,SiffATF,B,A—B,S
e TE,AVB,Siff TE, A,B,AVB,S
e ANB, TE,SiffA,B,ANB, TF, S
Splits:

e A— B, TFE,S iff

B A—B, TFE,Sand A— B, TE, A 'S
e AVB, TF,Siff

AAVB, TFE,Sand B AVB, TE, S
e TE,ANB,S iff
TE,AAAANB,Sand TF, B,AAB,S
Inversions:

e TE,-ASIffA TE,-AS

e “A TFE,Siff -A TE, AS

Cuts:

TE,SiffA,TE,Sand TE, A,'S

Here A, ..., Ak stands for A1, ..., Ax, 0 and
Ai, ..., Ak, S stands for SU {A1,..., Ac}.
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Propositional
Logic

Propositional tableaux
as trees of sequents

A branch with formulas Ay, ..., A, Bi*, ..., Bnh* can be viewed as a
finite sequent:

{A1,...,An} Fp {B1,... Bn} A tableau can be viewed as a
conjunction of sequents corresponding to its branches.

Tableau rules: correspond to saturation of sequents:

A branch closes when it contains L, Tx, A, Ax

Flattens:
A— Bx AVBx AAB

A Bx Ax, Bx A B

Splits:
A—B AVB AABx

B|Ax A|B Ax|Bx

Inversions, Cuts, and Axioms:

DAx oA hen Ac T
A Ax AlAr AVMNAE
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2 Saturated sequents

Propositional

Logic A sequent T ¥, S (a branch of a tableau) is saturated if no
rule can be applied to it, i.e.
oif Ao BeSthenAc Tand B€eS

eif AVBeSthenAecSand Be S
eit ANBeTthenAcTand Be T

oif A= BcTthenBeTorAcS
oif A VBec TthenAc TorBeT
oif ANABcSthen AcSorBecS

oif “AcSthenAec T
oif " Ac Tthen A€ S

If a saturated sequent is closed then it is valid because it
cannot be falsified in any v.

If a saturated sequent is valid then it is closed, because if not
closed then v = {i | P; € T} falsifies the sequent.
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Propositional
Logic -
Soundness and completeness of propositional tableaux

We write T, S >, T’ E, S’ when the first sequent is a
father of the second one.
We have T E, S iff T' £, S’ for all saturated sons.

When we write T =, A for there is a closed tableau for the
goal A then we have

Soundness: if T, Athen TF, A
Completeness: if T =, Athen T, A
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Equational
Logic

Language of equational logic

L consists of terms given by denumerable sets of function
symbols f; and predicate symbols P; (each with arity n > 0).
We always have = among predicate symbols.

Terms: are concrete sequences of symbols defined by:

@ (object) variables xg, x1, ..., Yo, ¥1, - - .are terms,
@ if 71, ..., 7, are terms and the function symbol f; has arity
n > 0 then fi(71,...,7) is a term.

Function symbols of arity 0 are constants
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Equational
Logic

Formulas are concrete sequences of symbols consisting of:

@ atomic formulas P;(1,...,7,) with 74, ..., 7, terms,
® propositional formulas L, T, =A1, A1 V Az, A1 A Ay,
A; — A, A1 «— As with Ay, Ay formulas,
We write 71 = 1, for identities =(71, 72).

Predicate symbols of arity 0 are propositional constants and
they correspond to propositional variables.
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Equational
Logic

Quasi-tautological consequence

We wish to define equationally valid sequents T F; S such
that if T E, S then T E; S (i.e. all tautologies are eq. valid).
But we also wish to use the properties of =, for instance,

F; 1 = 7 — 7 = 71 which is not in general a tautology but it
is a quasi-tautology.

If TFE; A we say that A is a quasi-tautological consequence
of T.

We wish the reduction to propositional logic:
TF SitFT,EqF, S

where Eq are the axioms of identity.
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Equational
Logic

Identity (equational) axioms

for every equational language L the set of sentences 7 = 7 are
reflexivity axioms,
are symmetry axioms,

T=0—>0=p—>T=0p

are transitivity axioms, and

TI=01— = Tp=0p—
f(r1y...,m) =f(01,...,0n)
TI=01— = Tp=0p—

P(7i,...,m) — P(o1,...,0n)
are substitution axioms where f,P € L

We designate all by Eq and call them equation (identity)
axioms (for £).
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Equational
Logic

Interpretation of languages of identity

We wish to introduce interpretations M of L corresponding
to propostional valuations v such that FZ,M A if A is satisfied
in M.

This should extend propositional valuations, for instance, we
wish:

ol:,M A/\Biffl:,MAand IZIM B

° IZIM —A iff not |=,M A

But we also wish F™ Eq, i.e. for instance:
o if ':IA/[ 71 = 7o then ':;/M To = T1
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Equational
Logic

Interpretations M for L

consist of domains D, of interpretions ™ of functions
symbols f € £ as n-ary functions over D and of interpretions
PM of predicate symbols P € £ as n-ary relations over D.
(D,...fM ... PM_ . ) are structures for L.

In interpretations M we also need to assign objects x
from D to the (object) variables x.

Terms 7 of L are interpreted in M by denotations " ¢ D
s.t.

o f(71,. .., )M = MM, ... 7M.

r'n

M

Atomic formulas are interpreted by defining:

° |='I-M P(71,...,7n) iff PM(TIM7 ... ,T,{Vl),

o FM = iff M = M

and we close the satisfaction relation propositionally.
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Saturation of identity sequents

S We define T ; S to hold iff for all interpretations M
‘ satisfying T, i.e. IZ,M T, thereisan A€ S s.t. F:,M A.
Thus F; A, i.e. Ais a quasi-tautology, iff =M A for all M.
We have

o TE; Siffr=7,TF;S

e =7, TESiftn=n,n=mnTES

o Ty =To, 2 =13, I F; Siff
Mm=m3,T1="T2,T2=13,1F S

o 7"':,6’ TE; Sifff(T)=1f(p),7=p, TE S

o T=7p,P(T), TE; Siff P(p), 7=p,P(7), TE; S

plus all saturations corresponding to the @ propositional ones.
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reflexivity rules:

Equational

Logic T =T

symmetry rules:

T=0
oc=T
transitivity rules:
T = =p
T=p

substitution rules:

TL=01 Ty =0
f(r1,...,mn) =f(01,...,0n)
Tm=01Th=0n P(11,...,7n)
P(o1,...,0n)

fel

Pel




Logika pre
informatikov
2

Equationally saturated sequents

Equational
Logic

T E; S is equationally saturated if it is @ propositionally
saturated and

eT=17¢cT
eifm=mecTthenm=m€T

e ifri=m,mn=m3€Ttheny=13€T
o if 7T=p¢€ Tthen f(T)=f(p)eT

o if 7=p,P(T) € T then P(p) € T

We have T F; S iff all equationally saturated sons are closed.
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Equational

Logic e Formula A je ekvaéne dokazatelna z mnoziny axiém T
(T F; A) prave vtedy, ked existuje uzavreté tablo pre ciel A

¢ Vhodnost a aplnost ekvacnych tabiel
(soundness & completeness)

T i A prave vtedy, ked T F; A

< Sporom:
Predpokladame T /; A a skonsStruujeme interpretaciu M
zo syntaktického materialu (herbrandovski) tak, aby
=M T, ale M A
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Equational
Logic

Redukcia ekvacnej logiky do propozicnej

e Syntakticka redukcia
T i A prave vtedy, ked T,EqF, A
e Sémanticka redukcia
T Ij A préve vtedy, ked T,Eq, 7 Fp A

TEA < THA < T Eqr,A < T,EqF, A
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e Termy ako v @ ekvaénej logike
Kvantifikacna
logika e Formuly
e atomické: P;(7y,...,7,), ak 71, ..., 7, sO termy
a P; je predikatovy symbol arity n
e propozi¢né: 1, T, -A;, A1 A Ap, A1V Ay, A1 — As,
A; < A, ak A1 a Ap si formuly
¢ kvantifikacné:
e existenéné: Ix A[x],
e vSeobecné: Vx A[x],
ak A[x] je formula, v ktorej sa méze vyskytovat objektova
premenna x
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Kvantifikacna
logika

Volné a viazané premenné

Premennd x je viazana (bound) vo formulach
Ix Alx] a Vx A[x]

Premenné, ktoré nie sl viazané, sa volné (free)
Jzx = f(z) = Vy(P(y,x) V Ixy = g(x,x))

Dosadenie: Ak A[x] je formula, v ktorej sa méze
vyskytovat premennd x, A[7] vznikne dosadenim termu 7
za volné vyskyty x

T = ff(7)

Az (7)) =f(z) = Vy(P(y,ff(7))VIxy = g(x,x))

Formula bez volnych premennych sa nazyva veta
(sentence)
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e Struktary a interpretacie ako v @ ekvacnej logike
e Relicia =" A:
Kvantifikatn4 formula A je splnena (satisfied; tiez pravdiva)
logika v interpretacii M
e pre atomické A ako @=M A
o =M 3x Alx] prave vtedy, ked =" Aly] plati pre aspoii
jedno rozsirenie (expansion) M’ interpretdcie M
o intepretaciu novej premennej y
o =M Vx Alx] prave vtedy, ked =M A[y] plati pre vietky

rozsirenia M’ interpretdcie M o intepretdciu novej
premennej y

e pre propozi¢né A (—A;, A1 A Ag, ...) analogicky ako
propozi¢na pravdivost
o Interpreticia M spiiia mnozinu formal T (=M T) prave
vtedy, ked pre vietky formuly A € T plati =" A



Ve pre Logické vyplyvanie a platné formuly

informatikov
2

Kvantifikacna

st e Mnozina formil S logicky vyplyva z mnoziny formal T
(S is a logical consequence of T; T £ S) prave vtedy,
ked v kazdej interpretacii M spliajicej T plati =M A
pre aspoil jedno A€ S

e Formula A je platna (valid; E A), ked () & {A}, teda ked

je A splnena v kazdej interpretacii
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Kvantifikacna
logika

Tautoldgie, kvazitautoldgie a platné formuly

Vsetky tautoldgie su kvazitautolégiami (Fp, A = F; A)
Vsetky kvazitautoldgie s platnymi formulami

(':,' A =FE A)

Ale nie naopak!

x =y — y = x: kvazitautoldgia, ale nie tautoldgia

Z pohladu propoziénej logiky st atomické a kvantifikaéné
formuly propoziénymi premennymi
Vx(a=bAb=c)—a=c:

platna formula, ale nie kvazitautoldgia

Z pohladu ekvacnej logiky st kvantifikaéné formuly
propozicnymi konstantami
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Logické vyplyvanie T = S ma nasledujlce vlastnosti, ktoré ndm
umoznia saturovat mnoziny T a S.
A o VxA[x], T E S prave vtedy, ked A[7],VxA[x], TE S
pre lubovolny term 7
o T F 3xA[x],S prave vtedy, ked T = A[7], Ix Alx], S
pre lubovolny term 7
e IxA[x], T E S prave vtedy, ked A[z],3xA[x], T E S
pre novil premenni z (nie je volnd v T ani v S)
o TEVxA[x],S prave vtedy, ked T F A[z],Vx A[x], S
pre novil premennu z
e VSetky saturacné vlastnosti @ kvazitautologického
a @ propozi¢ného vyplyvania
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e Instanciaéné pravidla (instantiation rules)

Kvantifikacna

logika Vx Alx] Ix A[x]* (3
Al7] ’ Al7]*

pre lubovolny term 7

e Pravidld s vlastnou premennou (eigen-variable rules)

Ix A[x] Vx A[x]*( 0
AlZ] ’ Alz]* ’

kde z je premennd, ktord sa v table eSte nevyskytla volna



infeematioy Kvantifikacné axiomy

2

Kvantifikanym pravidldam zodpovedaji kvantifika¢né axiémy

e Instanciacné axiomy

Vx Alx] — Al7]
Kvantifikacna
logika A[T] — dx A[X]

pre lubovolny term 7
e Axidémy s vlastnymi premennymi
e dosved¢ujica (witnessing)

Ix Alx] — Alz]

vlastnd premennd z sa nazyva svedok (witness)
e kontraprikladova

Alz] — Vx Alx]

vlastna premenna z sa nazyva kontrapriklad
(counterexample)

pre ,vhodni(" premenn( z
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Poziadavky na vlastné premenné
Contiikatns e Vlastna premenna axiémy 3x A[x] — A[z] sa nesmie
logika vyskytovat v Ix A[x]
e Vlastnd premennd axiémy A[z] — Vx A[x] sa nesmie
vyskytovat v Vx A[x]
e Vsetky kvantifikacné axidmy pouzité v table musia tvorit
regularnu mnozinu, teda je mozné usporiadat ich do
postupnosti

(Q1, Q2, ..., Qn)

tak, Ze vlastna premenna axiémy Qj11, i < n,
sa nevyskytuje v Ziadnej axidme Q; pre 1 < j <i



do ekvacnej:

Kvantifikacné axiomy umoznia redukovat kvantifika¢nd logiku

T E S prdve vtedy, ked T,Q F; S

pre vhodne zvolendt mnozinu kvantifikaénych axiém Q

«O» «F»r « =>»
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Kvantifikaéna e Formula A je kvantifikaéne dokazatelna z mnoziny
fogtka axiém T (T + A) prave vtedy, ked existuje uzavreté
kvantifikaéné tablo pre ciel A

¢ Vhodnost kvantifikaénych tabiel (soundness)
Ak T+ A, potom TEA

¢ Indukciou na konstrukciu tabla z vlastnosti @ logického
vyplyvania
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Kvantifikacna
logika

Kvantifikacne saturované sekventy

Sekvent T E S (vetva tabla) je kvantifikacne saturovany, ak

je

ekvacne saturovany a navyse
ak Vx A[x] € T, tak A[r] € T pre kazdy term 7,
ak Ix A[x] € S, tak A[r] € S pre kazdy term T,

ak Ix A[x] € T, tak A[z] € T pre aspori jednu
premenni z,

ak Vx A[x] € S, tak A[z] € S pre aspori jednu premenn( z.
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Uplnost kvantifikaénych tabiel

o Godelova veta o Gplnosti (completeness)

Kvantifikacna
logika

Ak TEA tak THA

e Nepriamo:

Predpokladame T ¥ A

Kazdé tablo ma otvoren( vetvu

Skonstruujeme systematické tablo

Otvorené vetvy s saturované

Specialny pripad:

kone¢nd vetva saturovand vzhladom na vlastné premenné
Z otvorenej vetvy skonStruujeme interpretdciu M (zo
syntaktického materidlu) spiﬁajﬂcu vsetky predpoklady
(teda aj T), ale Ziaden ciel (teda ani A), t. j. M T

a M A, preto TE A



teetsla Redukcia kvantifikacnej logiky
i do ekvacnej a propozicnej

e Syntakticka redukcia:
A T + A prave vtedy, ked existuje reguldrna mnozina Q, pre
ktor( T, Q F; A

e Sémanticka redukcia:
Existuje reguldrna mnozina Q taka, ze

T E A prive vtedy, ked T,Q F; A
¢ Redukcia do propozic¢nej logiky:

T = A prave vtedy, ked T,Eq,QF, A
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e Godel’s completeness and soundness:

Extension of
theories

TEAIfTHA
¢ Reduction of predicate logic to propositional:

TEAIff T,Eq,QkE, A
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o Extension of languages: £’ is an extension of L if every
symbol of L is a symbol of L/,

o o o Extension of theories: T’ is an extension of T if the

xtension o

theories language of T’ extends the language of T and T’ A for
al Ae T,

e Conservative extensions: An extension T’ of T is
conservative iff from T’/ A where A is in the language
of T we have TH A

o Consistent theories: A theory T is consistent if Tt/ L.
Clearly, if T’ is conservative over a consistent T then also
T’ is consistent



Logika pre
informatikov
2

Extension of
theories

Extension by definitions
with predicate symbols

Let T be a theory in £ which does not contain n-ary
predicate symbol P, and A[X] a formula of £ with just the
n-variables X free,

then T/ = T + VX(P(X) < A[X]) is an extension of T in
the language £ + P,

Elimination of P: Let B* be like B but with every P(7)
replaced by A[T],

T'+ B < B*, proof is straightforward,

T’ is conservative over T: If T' E B € L take any

EM T, expand it to M T7, conclude EM' B, and EM B.
Hence T E B

Translation: 7'+~ B iff T+ B* forany B€ L+ P
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Extension of
theories

Extension by definitions
with function symbols

Let T be a theory in £ which does not contain n-ary
function symbol f, and A[X,y| a formula of £ with just
the n+ 1-variables X, y free,

if the existence condition: T - JyA[X, y| holds then
T' =T + A[X, f(X)] is conservative over T: If

T'E B € L take any EM T, expand it to M
conclude M B, and EM B. Hence T = B

if also the uniqueness condition:

T+ A[%, y1] = A[X, y2] — y1 = y» holds

then T = T + VX(f(X) = y < A[X, y]) is conservative
over T because T’ extends T".

Elimination of 7: Let B* be like B but with every atomic
subformula C,[f(7)] replaced by Jy(A[7, y] A Cly]),

T" + B < B*, proof is straightforward,

Translation: 7"+ B iff T+ B* forany Be L + P
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e T'is an extensionof T if T"EAforall Ac T (T’ can
prove new facts about formulas of £71)

e T’ is a conservative extension of T if forall Ac Lt

Pearo from T'"EAweget TE A. (T’ cannot prove new facts

about formulas of £1 but it can about formulas of L1/),

e Special case of conservative extensions are extensions by
definitions where no new facts about formulas of L1/ can
be proved because every theorem of T’ can be translated
to an equivalent theorem of T.
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Peano
Arithmetic

Goals

For arbitrary theory T we have learnt to prove theorems
A of extensions T’ as logical consequences: T' = A,
we will now study a particular theory Peano arithmetic
(PA)

our goal is to show that the clauses of legal CL
definitions are theorems in definitional extensions of PA
Thus all properties of CL programs are provable in PA but
the extensions make for readability and for the
computability directly from the clauses
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Peano
Arithmetic

Peano arithmetic

The language of PA consists of the constant 0 and function
symbols x’, x +y, x-y.

The standard structure N has the domain N of natural
numbers with the intended interpretaion of symbols in that
order as zero, successor, addition, and multiplication
functions.

The axioms of PA are

x' #0 X =y —-x=y
O+ty=y X +y=(x+y)
0-y=0 Xy=(x-y)+y
A0, y] A Vx(Alx, y] — A[X,¥]) — Alx, y]
for all formulas A[x, y] of the language of PA. The last axioms

are called the axioms of mathematical induction with x
called the induction variable and y (if any) the parameters
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Peano
Arithmetic

Incompleteness of PA: Goodstein’s sequence

For x > 0 write the number x — 1 fully in base n > 2. For
instance, for x = 528 and n = 2:

_ 09 | nd 1 923+l | 922 _ 522l | 502t
x =528 =2 I|—2 +1=2 +2° =2 +2
x =527 =2%"" 42241 4 22" L 91 1 1 and change to base
n+1=3: )
Po(x) =33 " 433+1 433 131 41,
Subtract one and change to base 4, obtain P,;1(Pn(x)), and
continue. This is called Goodstein’s sequence
There is a formula A[n, x| of PA which says Goodstein’s
sequence for n > 2 and any x terminates in finitely many
steps in 0
We have =V ¥nVxA[n, x] but PA I/ ¥YnVxA[n, x].
Hence by Godel’s completeness there is a non-standard
structure M for natural numbers s.t. ™ PA 4 =VnVxA|n, x].



Logika pre

Logika pre. Incompleteness theorem of Gédel
2

To every consistent extension T of PA in the same language
there is a sentence A of PA such that BV T + A but neither
Peano THAnor TH-A
Thus arithmetic is essentially incomplete, i.e. to every such

T there is a non-standard model of arithmetic M such that
FM T +-A
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Extensions of
PA

Case and induction commands of CL

PA proves x =0V Jy x = y’
this justifies a case analysis command case Ni; z which
behaves as:

z=0|z=y
Typically used when in assumptions z % 0 and we wish its
predecessor.
PA proves x +1 = x’ and, and hence x =0V 3dyx =y +1
this justifies a case analysis command case N; z which
behaves as:

z=0|z=y+1
We also have N-induction rule: ind N; x;

[x]
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Extensions of
PA

Definitional extensions with predicate
symbols

x<ye—dzx+Z =y
XSyeo=x<yVx=y

PA now proves

both symbols transitive,
< irreflexive: x £ x,

< antisymmetric: x <y Ay <x —-x=y
<linear: x <yVx=yVy<x,
<linear: x <yVy<x

The last two justify the case rules of

Trichotomy case Trich; x, y
x<yl|lx=y|x>y

Dichotomy case Dich;x,y ——
x<yl|x>y
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Extensions of
PA

Induction with measure

For any formula ¢[X] and term u[X] PA proves the induction
with measure

VX(VY(uly] < plX] — oly]) — ¢[X]) — ¢IX]

This justifies the induction rule: indm u[;]

Vy(ulyl < plxX] — ¢ly])
P[X]+
A special case when the measure u[X] is just x we have
complete induction:

Ix(Vy(y < x — ¢lyl) = ¢[x]) — ¢[x]

and the rule: indm x

Vy(y < x — ¢ly])
o[x]*
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Extensions of
PA

Definitional extensions with function symbols

In arbtritrary theory T a new f by its defining axiom:
f(X) =y < ¢[%,y]
provided T proves the existence and uniqueness conditions:
VX3yo[X, y]
O[X, y1] A 9[X, y2] — y1 = y2
If PA proves the existence VXJy¢[X, y] then we can uniquely

pick the least number y such that ¢[x, y].
Extension of PA by minimization adds two new axioms

ol F(X)] 2z <f(X) = ~9lX 2]

This is done by defining f(X) = p,[¢[X, y]].
CL command use f makes the two axioms accessible.
Minimization is equivalent to extending PA with

f(X) =y < o[X,y| AVz(z < y — —¢[X, 2])

where both the existence and uniqueness are provable.
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Extensions of
PA

Introduction of modified subtraction

PA proves VxVy3d(y < x — y +d = x)
We can thus extend PA by minimization:

x+y=pgly <x—y+d=x]
and the two axioms are accessible as

y<x—y+(x+y)=x
z<x+y—>(y<x—y+z=x)

From the last we get x <y — x =y < z and then

x<y—-x=y=0



PA proves

minimizations:

VxVy3qar(ly >0 = x=qy+rAr<y)
This is the existence condition for two extensions by

X+y=pgly >0—=3r(x=qy+rAr<y)

xmody=ypy>0—-3g(x=qy+rAr<y)

«O» «F»r « =>»

« =

DA
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PA

Towards the recursive CL definitions

In order to be able to introduce functions defined in CL by
recursion we need some kind of coding of sequences, i.e. lists

in PA.
Cantor’s pairing function does not suffice, we need also list

concatenation!
We can introduce a dyadic pairing x; y and concatenation

x H y functions s.t

XL, Y1 =X, 2> X1 =X ANYy1 =¥
X<X YNy <Xx;y

Defining: Atom(x) <> VyVzx # y;z
we can introduce H to satisfy:
Atom(x) - xBHz =1z

(x;y)Bz=x;yHz.
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Extensions of
PA

Predicates of divisibility and powers of two

We explicitly define the predicate of divisibility x | y:
X|y—3dzy=2zx

and then the predicate Pow,(p) holding iff p = 2% for some x.
In absence of exponentiation (it has a recursive definition) we
can define the predicate of p is a power of two explicitly as:

Powsy(p) <~ Vd(d | p—d=1V2]|d)
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Introduction
of dyadic
concatenation
into PA

Review: Powers of two

Definition:
Powsy(p) < Vd(d | p—d=1V2]|d)
Provably equivalent properties:

—Pow(0)
Pows(x1) <> x =0
Pow3(x0) < x > 0 A Pows(x)

This is equivalent again to recursive clauses:

Powy(x1) < x =0
Pow3(x0) < x > 0 A Powa(x)

CL requires a default clause explicit:
Powy(x0) — x=0A0=1

We can now clausally redefine Pow, and let CL make use
commands automatically



Logika pre
informatikov
2

Introduction
of dyadic
concatenation
into PA

Binary case and induction

Clauses for Pow; are by binary discrimination:
x=y0Vx=yl

proved from the properties of division
This justifies Binary case rule in CL: case Nb; x:

x=y0 | x=y0

y=01y>0 x=1

Complete induction proves the schema of Binary induction:
PO] AVX(x > 0 A gx] — ¢[x0]) AVxX(Sx] — ¢[x1]) — ¢[x]
This justifies Binary induction rule in CL: ind Nb; x

x>0
| ol
@[x0]x

P[]
o[x1]*

x=0

¢[x0]*
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of dyadic
concatenation
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Towards dyadic concatenation in PA

We wish PA to prove the following recurrences as theorems

x*x0=x
x*xyl=(x*y)l
Xx*y2=(x*y)2

For that we need to define x explicitly:
xxy=x2" 4y
For that we need to introduce into PA the dyadic length

power function: Dip(x) = 21
Note that we cannot directly define: |x| or 2%, but we can 21X
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Introduction
of dyadic
concatenation
into PA

2IXI: Hlustration

For x such that 7 < x < 14 we have

0112
0112
0112
0112
0112
0112
0112
0112

olxl —

if x=7 =0111
if x=8 =0112
if x=9 =0121
if x=10= 0122
if x=11=0211
if x=12=10212

if x =13 =0221
if x =14 = 0222

Note: y xx = y-84+x = y-23 + x = y2X 4 x
Also note idempotency: 212°/| = 218,
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Introduction
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Introduction of 2/ into PA

By extension by definition:
2M = p s Powa(p) Ap < x+1<2p

because for x > 0 we have

Ix] Ix|+1
—~ —~
(1...1)2:2|X\ 1 §X<2\X\+1_1:(1...1)2

We extend CL by minimization:
2 = i [Powa(p) A x +1 < 2-p]
We need to prove the existence condition:
dp(Powa(p) A x +1 < 2-p)

which says that powers of two are unbounded
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Introduction
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into PA

Comparison of dyadic length

We cannot define in PA the dyadic length |x| yet, but we can
compare the dyadic length of two numbers:

The numbers x and y have the same dyadic length iff
olxl — olyl

or

The number x has a shorter dyadic length than y iff 2% < 21YI
This is possible because 2¥ is injective



After defining

2 = i, [Powa(p) A x +1 < 2-p]
PA proves:
olol — 1

olx1| _ 5 olx|
olx2| _ 5.olx|

because intuitively 21x1I = 2ixI+1 = 2.2lx]
The clauses are by dyadic recursion.

«O» «F»r « =>»

« =

DA
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Introduction
of dyadic
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into PA

Dyadic case and induction

Clauses for 21| are by dyadic discrimination:
x=0Vx=ylVx=y2

proved by binary case analysis
This justifies Dyadic case rule in CL: case Ny; x:

x=0|x=yl|x=y2
Complete induction proves the schema of Dyadic induction:
P[0] AVX([x] — ox1]) AVx([x] — ¢[x2]) — ¢[x]

This justifies Dyadic induction rule in CL: ind Ny; x

9[x]
o[x2]*

¢[x]
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Clauses for « as theorems of PA

We explicitly define x x y = x-2¥I + y and prove as theorems
the clauses for x by dyadic recursion:

x*0=x
xxyl=(x*y)l
X*xy2=(xxy)2

We can now properties of dyadic concatenation by dyadic
induction with automatical uses of clauses.
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Introduction
of dyadic
concatenation
into PA

Auxiliary predicate

We explicitly define
D_two(m) < ImiImay m = my2 * my
Note that
m=m2xmy = (my*02)xmy =myx2%my
And prove as theorems its clauses by dyadic recursion:

D_two(m1) «— D _two(m)
D_two(m?2) .



Logika pre
informatikov
2

Introduction
of dyadic
concatenation
into PA

The relevance of D_two

This predicate is D_two important because PA proves
In(2X Y = nx 2 A ~D_two(n))

e 2kt = (1. 1) % 2.
PA then proves the existence of leading powers:
D_two(m) — 3x3my m = 2X+ o my

n

. . . /-A-\
i.e. if m contains 2 then m = (1---1)2 x 2% m; for some mjy, n.
PA also proves the existence of trailing ones

Imy3In(m = m10 x n A =D _two(n))

||

i.e. m=m0x(1l---1), for some my, n
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Introduction
of dyadic
pairing into
PA

Review: Dyadic concatenation

xX|ye—dzxz=y
Pows(p) < Yd((d +2) | p— 2] d)
2 = pip[Powa(p) A x + 1 < 2-p]
xky=x2¥ 4y
We have also defined
D_two(m) «<» InyInam=ny x2* ny

i.e. "D_two(m) iff m=1x%---x1.
x|

——
However, we have for x >0 2X =T1x...x1%x2

Ix|

e N .
Also 2% = 1. Thus, forany x 2X=1=Tx..-x1ie.
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Introduction
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Marker sequences

To every number m there are unique numbers n and b as well
as numbers a1, az, ..., a, of unique dyadic length such that

n

lar+1| laz+1] lan+1] ||

—t—
m=1x---%k1%2%1xk---*x1x2x---*xLk---x1x2x1x---%x1.
This can be also written as:

m = olatll  olatl] L olanl *(Q\b\_l)

Note that that x + 1 and 2**1l have the same length because
of idempotency: 2/x+1l = 22*],

To every m and w of the same length there are unique n, b,
ai, az, ..., an S.t.:

w=(ag+1)x(ax+1)*---x(ap+1)xb
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Introduction
of dyadic
pairing into
PA

Properties of squares

Square is an injection:
x? = y2 —X=Y

and v/2 is irrational: y > 0 — (f)2 # 2 for x,y € Z. This is
expressed in PA as

x2=2y2 5 x=0Ay=0
Hence
ix?=jy’Ax>0N0<ij<2—i=jAx=y

This property is used in the uniqueness property on the
following slide.
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Existence of splits
I3iBm(t = wx ix mA 20w =2ml A2l < 2)

We can view this as every number t can be decomposed into

two numbers of length almost \/m: t= % andi=0,1,2
m

Uniqueness of splits:

Wik i1 *xm = Wz*iz*mz/\2"1| §2/\2‘W1| :2|m1|/\
Introduction
f dyadi i w: m : :
pairing into 2lel <2 p2lwel = 2mel g = wy A iy = iy A my = my
PA



t= {m} <—>t=v*m/\E|wEIi(v:W*,'/\2|m| — olwl A olil <?2)

w| i

We can vizualize the definition as:; t =

v
*
Splits exist Jvdmt =

(m] |

m and they are unique:
R
ANt = [ ] —Vvi=wnAm =m
my

«O» «F»r « =>»

« =

DA
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Introduction
of dyadic
pairing into
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Adjustment of splits

If t = ,‘7’1 then t = w x i where i = 0,1, 2 and
ag+1)*x(ax+1)*---*x(ap+1)xb

m =2t olatll o oolantil (olbl )

w —=

bsi
The tail part such that: bx i (2/° — 1) = [21)*_’ 1] is an

atom.
/

We now define Adj(t) = [,V;,] removing the atom:

W’:(31+1)*(32+1)* ek (ap+1)
m' = 2latll olaatll L olant]

N . V1 % Vo il _ om0
Adj(t) = s < FvIv,IdmIb(t = {mO*(ZbLl)] AWARE I
L [w
=[]

Note that: vi = w/, m0 = m’, and vo =-bx i
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Dyadic list concatenation and pairing

We define the concatenation:

sBt=u«< IvidvwdmIx(Adj(s) = [,‘;1} ANt = [
1

ui[vl*vz])

mi % moy

and the pairing:

Thus

x;t=((x+1)«2*\¢

timﬁs;ti[

(x+1)*v
olx+1l o m

|

V2
my

&
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The Schema
of Nested
Iteration in

PA

The schema of nested iteration

For every three-place function g, unary measure function y,

and a constant C giving a recursion count introduced into PA

such that

Fg(x,n,a) = vl — u(v) < p(x)
21 g(x,0,a)

we wish to introduce a three-place nested iteration function

g* such that:

l_g*(xvma):)/‘_g( )

y0

Fg*(x,na) =y —g(x,n,a)=viAn=m+1A

*(v C 0)=wAg*(x,mal(w;0)) =

The measure of this recursion is u(x)-C + n because
w(x)-C 4+ n > u(x)-C + m (for the outer recursion) and

1()-C +n > (u(v) +

recursion).

1)-C = p(v)-C + C (for the inner

y
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Example: Reduction of Fibonacci sequence to
nested iteration

Fo=F =1 and Fyy2 = Fx + Fx41. For this explicitly define
C =2, pu(x) =x, and

(x=2)1 ifx>2An>2

(x=1)1 fx>2An=1Aa=ub
(u+2)0 fx>2Na=u;z;b

10 otherwise

g(x7 n7 a) -

Since PA proves 2 | g(x,0,a) and g(x,n,a) = vl — v < x we
can use the schema of iteration:
Fg*(x,n,a) =v «— g(x,n,a) = v0
Fg*(x,na)=y —g(x,n,a)=viAn=m+1A
g (v,C,0)=wAg*(x,mal (w;0)) =

We can now explicitly define F, = g*(x, C,0) and prove in PA
the recurrences for F.
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PA

Arithmetization of computation trees for g*

We will code derivations of identities g*(x, n,a) =y

where i abbreviates S7(0). -
The nodes in trees satisfy local conditions:

*(x,n,a) = .
g(o‘o) 4 if g(x,n,a) = y0

g(x,n+1,a)=y _
T (x 3 f 1,a)=vl
e CO—wlg(naB0)=y ' EONTLI=Y

We arithmetize g*(x, n,a) = y as Lb(x, n, a, y) where
Lb(x,n,a,y) = x; n; a;y and abbreviate this to
(g"(x,n,a)="y).
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Iteration in

PA

The predicate Ct

Computation trees are flattened to lists containing
(g*(x, n,a)="y) such that for t = (g*(x, n,a)="y);s the list s
contains the sons (if any).

Lcond(x,n,a,y,t) < 3v(g(x,n,a) =vOAv=yV
dmaiw(n=m+1Ag(x,n,a) =v1A
(g*(v,C,0)="w) c t A(g8"(x,m,al (w;0))="y) € t))
Ct(s)—VxVnVaVyVt((g*(x, n,a)="y); t C s—Lcond(x, n,a,y,t))
We then prove
Ct(s) Nt T s — Ct(t)
Adj(s) = 0 — Ct(s)
VxVnVaVy b # (g"(x, n,a)="y) — Ct(b;s) < Ct(s)
Ct((g"(x,n,a)="y);s) < Lcond((x,n,a,y,s) A Ct(s)
Ct(s) A Ct(t) — Ct(sHt)



Logika pre
informatikov
2

The Schema
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Graph of nested iteration function

We introduce a four-place predicate g*(x, n, a) = y, which will

be the graph of g*:
g*(x,n,a) =y < JtCt((g*(x,n,a)="y); t) .
We have the following recurrences:

Fg(x,na)=v0—g'(x,na) =y y=v
l—g(x,n+1,a): V]'_>g*(X7n—i_17a)iy<_>
w(g*(v, C,0) = w A g"(x, n,all(w;0)) = y)

(1)
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Introducttion of nested iteration function

By measure induction with 1(x)-C + n we prove the
existence and uniqueness which assert that g*(x,n,a) =y is
indeed a graph:

~3yg*(x,na) =y
H g*(X7 n, a) = i A g*(Xa n, a) = Yo — Y1 =)

We can thus introduce g* by minimization:
g (x,n,a) = py[g*(x, n,a) = y]

and prove the desired recurrences.
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Discriminators without patterns:
e negation: A | -A
e test on zero: s =0 s >0
e trichotomy:s<t|s=t|s>t
Discriminators with patterns:
o let:s==z
e binary: s=z0Nz=0|s=20Az>0]|s==z1
e division by four: s =42+ vA0<v <3

¢ exactly one alternative holds

e pattern variables uniquely exist

CL: Explicit
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e discr. on the head of lists: Adj(s) =0|s =zt

e discr. on the tail of lists:
Adj(s) =0|s=tH (z; u) ANAdj(u) =0

The head discrimination used in a clausal definition:

Rev(t) =t — Adj(t)
Rev(x; t) = Rev(t) B (x;0)

CL: Explicit
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general division: providedt > 0 thens=tz4+vAO0<v <t
special discrimination for g*: provided PA proves

g(x,n,a) = vl — p(v) < p(x)
2] g(x,0,a)

we have g(s,n,a) =v0 | g(s,n,a) =vliAn=m+1
This is used in the clauses for g*:

g (x,n,a)=v — g(x,n,a) = v0
g"(x,n+1,a)=g"(x,n,al (g"(v, C,0);0)) — g(x, n+1,a)=v1

CL: Explicit
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CL: Explicit

General form of provable discriminators

We use bold variables x for possibly empty sequences of
variables x1, ..., Xp,

we let 3xD to stand for 3x; ...3x,D (n can be empty), and
write x =y for xy = y1 A+ Xp = Vp.

Suppose that PA proves for k > 1:

321D1[21] vV 322D2[22] VeV HZka[Zk]
D,'[Z,'] — —|D_,'[ZJ'] for all 1 < i 751 < k
Di[zi] ADjw] = z; =w forall1<i<k
This means that exactly one D;[z]; holds with uniquely

determined patterns z;.
We can then use

Di[z1] | Dafza] | - -- | Dfz]

as provable discriminators (we can even permit conditional
discrimination).
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CL: Explicit

Clausal formulas

In the following we will write A[x; v] for a formula with the
output variable v free and with other free variables among the

input variables x
A formula A[x; v] is a clausal formula if A is either of a form
e s[x] =vor

[
3z1(Dq[x, z1]) A A1[x, z1; v]) V- - - V Tz (D [x, 2] A Ak, 2k, v])
where D1, ..., Dy is a provable discriminator and A, ..., A,

are clausal formulas.
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CL: Explicit

Using clausal formulas in explicit definitions

In all clausal formulas A[x; v] for every x the output variable is
uniquely determined, i.e. PA proves:

JvA[x; v]
Alx; V] \NA[x;w] - v=w
We can thus explictly introduce into PA a new function symbol

f by:
f(x)=v < Alx;v],

orin CL by f(x) = p[A[x; v]].
The above equivalence is actually equivalent in PA to

f(x) = v« Alx; v]

because if in the direction (—) f(x) = v holds then A[x; w] for
some w by existence and w = f(x) by («).
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We now assign to every formula B, every clausal formula

A[x; v] and a new function symbol f a finite set of clauses by
the unfolding operator U[f, B, A] such that:

o if A =s[x] = v then U[f,B,A] = {f(x) = v «— BAs[x] = v}
and if

A = 3z;(D1[x, z1]AA1[x, z1; v])V- - -VIZk (Dg[x, zk | NAK[X, 2k, v])
then
U[f,B, A] = Ui<i<x U[f, (B A Di[x, zj]), Ai[x, zj, v]]
If U[f, T,A[x;v]] = {Ci,,...Cpn} then we have
Ff(x) = b« Alx;v] iff - C; and ...and - Cp,

CL: Explicit
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2

For recursive clausal definitions we extend clausal formulas for
f to recursive ones with a new rule:
o f(s[x]) =z A Ai[x,z; v] is a recursive clausal formula if

e s is a sequence of terms not applying the function symbol
f and,
e A;[x,z;v], is a recursive clausal formula.

Our plan is to extend PA for suitable clausal formulas A[x; v]
by extension by definition of f such that

Ff(x) =v < Ax; V]

and then unfold this into provably equivalent recursive
clauses for f
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Iterated functions ga

For every recursive clausal formula A[x; v] we will define an
explicit clausal formula B[n, a, x; v] for an explicit definition of
a three-argument function ga(x, n, a) (below only g) such that

(when x is not an n-tuple then g yields 0) and for an unary
measure function p and a numeral C = k we have

- g(x,m,3) = v1— ju(v) < u(x)
2] g(x,0,a)

Such an A is called regular.
We then define the iteration function g* and from it explicitly

f(x)=g"((x1;...;xn), C,0)

PA will then prove the recursive clauses unfolded from A.



el Construction of B

2

By recursion on the structure of A. When A is:
e s[x] = v then B[n, a,x] is (s[x])0 = v.
° Eizl(Dl[x,zl] VAN Al[X,Zl; V]) VeV E|Zk(Dk[X7 Zk] VAN
A [x,zk, v]) then B is
Jz1(D1[x,z1] A B1[n, a,x,z1; v]) V - - V Fz4(Dg[x, zk] A
Bk[n, a,x, zk, v])

o f(s[x]) = z A A1]x, z; v] we obtain B1[n, a,x, z; v] by IH
and set B to

Adj(a) =0A(n=0A(0)0=vVn>0A(s[x])l=v)V
dz3b(a = z; bAB1[m, b, x, z; v]))



Logika pre
informatikov
2

Clausal definitions of predicates P

are by clausal definitions of their characteristic functions f
such that - f(x) = v < A[x; v] where the (recursive) clausal
formula A has the final assignments of the form 1 = v (true)
or 0 = v (false) and recursions in it are always followed by
discriminations on zero:

f(s)=zAN(z=0ANA1Vz>0AA)

where neither A1 nor A, contain z free.
We then explicitly define P(x) < f(x) > 0 and prove in PA
the (recursive) clauses for P obtained by unfolding of A where:

f(x)=v—BAl=v = P(x) —B
f(x)=v—BAO=v = -P(x)—B

We also change all above unfolded recursions as follows:

[F]P(x) — B A f(s)=z A z=0 A Aj=[]P(x) — ---=P(s) A A
[F]P(x) — B A f(s)=z A z>0 A Ag=[-]P(x) = - --P(s).A Ay
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