5.2 Primitive Recursion

5.2.1 Exponentiation. The binary exponentiation function z¥ is a p.r.
function by the following primitive recursive definition:

2°=1

y+1

Y97 = xaY.

We list here some properties of the exponentiation function:

a2V =0 2=0Ay+0 (1)
paz/=1oxz=1vy=0 (2)
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baxz>l-oaY=2"y=2 (6)
paxz>l-oaV<a® oy<z (7)
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Proof. (1): By induction on y. The base case follows directly from definition
because 2° = 1 # 0. In the inductive case we have

xy+1:Oézxy:O©Jc:0vxy:ng:OV(x:O/\y#O)(2»)

<2r=0<2=0Ay+1=+0.

The step marked by (*1) is by case analysis on whether or not z = 0.
(2): By induction on y. The base case follows directly from definition. In
the inductive case we have

(*2)

xy+1:1<:>zxy:1@9::1Axyzlgz:1/\(levy:0) <
sr=leor=1vy+1=0.
The step marked by (*2) is by case analysis on whether or not z = 1.

(3): Directly from (1) and (3).
(4): By induction on y. The base case follows from

In the inductive case we have
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(5): Assume z # 0 and prove by induction on y that



z

Vz(y >z » 2% =¥ + 2%).

In the base case take any z such that 0 > z. Then z = 0 and we have
0+0 0

T =2%=1=1+1=2"+2"

In the inductive case take any z such that y + 1 > z and consider two cases.
If z =0 then we have

xy+140 _ xy+1 — xy+1 2 1= xy+1 +.’130.
If z =21 +1 for some z; then y > z; and we obtain
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gD C gy By 05 U gy s (pa) = gVt s pP L

Note that the induction hypothesis is applied with z; in place of z. The step
marked by (x3) follows from the assumption z # 0.
(6): Assume z > 1 and prove by induction on y that

Vz(a¥ =2 oy = 2).
In the base case take any z and we obtain

2
xozxzélzngI:1VZ:0<:>O:Z.

In the inductive case take any z and consider two cases. If z = 0 then we have

0

Mol ol =ler=1r2Y=1e1<y+1=0.

If z = z; + 1 for some z; then we have

H
Mo gl eV =t Sy=z <o y+l=2+1.
Note that the induction hypothesis is applied with z; in place of z.

The remaining properties are proved similarly. ]



